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Abstract

The category of unrelated parallel machines is one of the most realistic models of heterogeneous multiprocessor systems. In this model, the
pair of task and machine (processor) jointly specifies the required execution time and energy to complete the task. In this paper, we consider
the problem of scheduling real-time tasks on a set of unrelated parallel machines with the capability of voltage selection through Dynamic
Voltage Scaling (DVS). The tasks can migrate among the processors and each processor is also permitted to switch among a set of discrete
voltage levels (and thus, task-specific speed levels) to minimize the overall system energy usage. A polynomial-time Energy-Optimal
Real-Time Scheduling Algorithm (EORTSA) is proposed: At first, the problem of energy-optimal task-to-machine and voltage-level-to-task
assignments are formulated as a linear program and used as a polynomial-time schedule ability test for periodic tasks. Second, task sets
which are passed the schedule ability test are feasibly scheduled on the machines using a matching-based algorithm. We prove that the worst
number of migratory tasks is 2m, where m is the number of machines. Also, the worst-case total number of migrations, preemptions and
voltage-level switches is of O(m?) in each schedule e period, which is a period of time between two arbitrary consecutive task releases in the
system. Comparisons with the PCG algorithm show up to 60% energy saving and reveal that EORTSA outperforms PCG in terms of average
number of task migrations and preemptions, especially in systems with large number of tasks.

Keywords: Dynamic Voltage Scaling (DVS), Energy Optimization, Migration, Real-Time Systems, Scheduling, Unrelated Parallel
Machines.

1. Introduction MPSoCs, clouds, etc.) have resulted great speedups through
the execution of different tasks in parallel. The parallel
processing elements in the mentioned systems may have
either equivalent capabilities (e.g., multi-core processors or
homogeneous multi-server systems) or different capabilities
and characteristics (e.g., asymmetric multiprocessors or
heterogeneous multi-server systems with different services as
well as cloud computing systems).

Even systems which are supposed to have homogeneous
processors may actually be heterogeneous due to reasons
such as process variation [1] and processor aging [2]. In

Real-time embedded applications need predictable
computing platforms and deep information about their
behavior with respect to different patterns of usage to satisfy
their time-sensitive requirements. Such applications include
safety-critical decision making systems such as those related
to earthquake, Air Traffic Control (ATC), transportation,
militarism, and many others which mostly have real-time and
distributed natures. Recent advances in multiprocessor and
distributed system design (multi/many-core processors,
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overall, the diversity of available computer systems which
can be connected through interconnection networks, and the
distributed nature of the above-mentioned applications,
confirm that most systems are inherently heterogeneous.
These heterogenecities may be observed in both the
computing capability and power consumption of the
processing elements, with an emphasis to the fact that one
major concern in the design and management of such
systems is their energy usage.

As energy is an expensive resource nowadays, many
studies in the context of real-time systems have been
concentrated on the methods of energy saving in centralized
[3, 4, 5] and distributed [6, 7] real-time systems with the
consideration of the fact that the performance of such
systems should remain in an acceptable level. A well-known
method to do such management is to use dynamic voltage
scaling (DVS) [5], which is available in most modern
microprocessors [8, 9].

Meanwhile, another important property of the
heterogeneous distributed real-time systems is that at a
specific voltage-level of a DVS-enabled processor, the speed
and energy usage are task-specific, namely they depend on
the task running on the processor. This property, which is
valid for unrelated parallel machines (as defined formally in
Section 2), is a realistic consideration for today’s computing
systems. Such systems may contain different processing
units (e.g., graphics co-processors, math co-processors,
CPUs with different architectures, etc.), where each unit may
better work for specific tasks from both aspects of
computation speed and power usage. (Throughout this paper,
we use the two terms machine and processor
interchangeably).

In the current study, we present a scheduling algorithm
for a relatively complex multiprocessor system which
reflects a general behavior of the distributed real-time
systems mentioned above. We consider a distributed system
with periodic real-time tasks, where the system processors
are heterogeneous from both aspects of processing capability
and power usage. Furthermore, we suppose that speed and
energy usage at a specific voltage-level of the processor are
task-specific.

We consider a multi-criteria optimization problem which
within the real-time tasks should meet their deadline and the
energy usage should be minimized. Also, some methods will
be proposed to reduce the number of task migrations as
well as preemption and voltage-level switches. To the
best of our knowledge, we are unaware of any previous
study on a similar problem with the properties stated in this
paper.

The rest of this paper is organized as follows. The next
section reviews some previous work on identical, uniform,
and unrelated parallel machines. Then, we present a precise
definition of the problem considered in the current study in
Section 3. In Section 4, the concept of a schedule period
is introduced to reduce the problem to an abstract
version. Next, in Section 5, the proposed scheduling
algorithm and the respective schedule ability test are
described, whereas its optimality and correctnessare proved.
In Section 6, we discuss our method to reduce the degree of
migrations as well as the number of preemptions and
voltage-level switches. Section 7 reports the simulation
results and Section 8 concludes the paper and indicates some
future works.

2. Background

In this section, we review the properties and the respective
studies of three categories of multiprocessor systems, namely
identical, uniform, and unrelated parallel machines.

2.1. Identical Parallel Machines

The set of machines which are all identical and have the
same computational power is called a set of identical parallel
machines. In 1969, Muntz and Coffman [10] presented a
level algorithm for systems with two identical processors. A
strict fairness constraint for such systems, called P-fair, and a
scheduling algorithm based on P-fair has been presented by
Baruah et al. [11]. According to this algorithm, the resources
are given to the tasks in proportion to their weights. Due to
its strict fairness, this algorithm needs to reschedule tasks
many times, which results in many task switches and
migrations, and reduces the efficiency of the algorithm. A
similar idea, namely the Fluid schedule is also given by
Holman and Anderson [12].

The Fluid schedule, which is an ideal policy, assumes
that each task executes at a constant rate. This algorithm is
almost inefficient due to its high number of rescheduling.
However, in the study, the Stagger model is also proposed
which improves the P-fair algorithm.

Dertouzos and Mok [13] presented a model for
expressing the relation between the laxity and remaining
computation time of a task, called Laxity and Computation
plane (L-C plane). The laxity of a task is a measure of
urgency, which is represented on the x-axis and its remaining
computation time is shown on the y-axis. Cho et al.[14]
extended the idea of representing tasks as tokens in the L-C
plane and introduced Time and Local Execution Time
Domain Planes (T-L planes), where time and the remaining
execution time are represented on the x-axis and y-axis,
respectively. They proposed Largest Local Remaining
Execution Time First (LLREF) scheduling algorithm based
on the T-L plane and proved that it is an optimal online
scheduling algorithm for identical parallel machines.

Megel et al. [57] introduced a novel approach to decrease
preemption and migration count in optimal global real-time
scheduling on identical multiprocessors. Their approach is
composed of an offline and an online step. In the offline step,
a linear program decides about placing jobs on intervals.
Scheduling of associated jobs within each interval is done
dynamically by an online local scheduler. Their approach
suffers from severe issues: the proposed mixed integer linear
programming of offline part is computationally complex
since the problem is solving in a hyper period and the
number of MILP variables scale with the task count,
processor count and length of the hyper period.

For the sake of energy efficiency, different approaches
have been investigated which usually consider continuous
voltage-levels for the identical machines. Lee [15], through
Dynamic Voltage and Frequency Scaling (DVES) in a
lightly-loaded multi-core system with periodic tasks,
achieved up to 64% energy saving comparing to some simple
methods. Chen et al. [16] devised a 1.13-approximation
algorithm for scheduling migratory periodic tasks on
identical multiprocessors, assuming each processor can take
arbitrary operating frequencies. Later, Chen and Kuo [17]
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proposed an optimal algorithm for migratory tasks and a
1.412-approximation when for non-migratory tasks,
considering that the tasks have different power
characteristics. Also, Chen et al. [18] proposed an algorithm
with a 1.283-approximation bound for energy usage to
schedule periodic tasks over identical DVS-enabled
multiprocessor, considering both dynamic and static sources
of power consumptions. If the overhead of turning processors
on and off is not negligible, though, their algorithm is within
a 2-approximation bound.

2.2. Uniform Parallel Machines

A set of processors which are solely characterized by their
computation speeds is called a set of uniform parallel
machines. Therefore, a job that executes for t time units on a
processor with the computation speed s performs s X t units
of execution. Horvath et al. [19] extended the idea of the
level algorithm proposed in [10] to uniform heterogeneous
multiprocessors. Gonzalez and Sahni [20] proposed an
offline optimalO(n + m) scheduling algorithm with no more
than 2(m — 1) preemptions, where n is the number of tasks
and m is the number of processors.

Other works have also been done on the online
scheduling. Hochbaum and Shmoys [21] presented a
polynomial approximation algorithm to solve the minimum
makespan problem on uniform heterogeneous
multiprocessors. Baruah and Goossens [22] tried to adapt the
Rate Monotonic (RM) scheduling algorithm [23] to find a
static-priority online scheduling algorithm for uniform
multiprocessors.

They also presented a RM-feasibility test for this
problem, generalizing the RM-feasibility test of identical
heterogeneous multiprocessor systems. In a different study,
Funk et al. [24] presented a feasibility condition for periodic
task sets to be executed on uniform heterogeneous
multiprocessors. This condition (which is called FGB in
[25]) is based on the Earliest Deadline First (EDF)
scheduling algorithm [23].

In the same study, they also presented an EDF-feasibility
test; however, no efficient algorithm was found to schedule
the task sets satisfying the FGB condition. Chen and Hsueh
[25] proposed an optimal online O(n?logn) scheduling
algorithm called PCG with at most n rescheduling, where n is
the number of tasks. In their study, T-L. plane was
introduced and a greedy algorithm was proposed. They also
proved the optimality of their algorithm based on the FGB
condition.

In regard of energy efficiency in uniform parallel
machines, Funaoka et al. [54] proposed a real-time static
voltage and frequency scaling (RT-SVFS) technique based
on an optimal real-time scheduling algorithm (LLREF) by
means of T-L Plane transformation, which is a technique to
apply processor frequency scaling to LLREF scheduling.
They proposed a uniform RT-SVFS algorithm and then
extended it to an independent RT-SVFS for uniform
platforms.

Later, in [55] they extended this work and proposed a
real-time dynamic voltage and frequency scaling (RT-DVEFS)
techniques based on RT-SVFS. Despite the significant
run-time overhead associated to it, RT-DVFS obtains better
energy saving than RT-SVFS.

2.3. Unrelated Parallel Machines

In unrelated parallel machines, there is an execution rate s;;

associated with each task-processor pair (T;,PB,), with the
interpretation that task T; performs s;; x t units of execution if
executed on processor P, for t time units. Two common
methods for solving such scheduling problems in parallel
machines are task partitioning and global scheduling. In the
former method, certain tasks are only allowed to be executed
on certain machines and only partial migration is allowed.
Using this type of static decision has some performance
advantages such as reducing the migration overhead. For
example, Yu and Prasanna [26] explored minimizing the
energy usage of periodic real-time tasks on unrelated parallel
machines by task partitioning and proposed a polynomial-
time scheduling algorithm by relaxing integer linear
programming. The method of task partitioning is generally
sub-optimal. Due to the NP-hard nature of such scheduling
problems in their general form [12, 27], it is convenient to
propose heuristics or efficient algorithms for special forms of
the problems. Accordingly, the latter method, namely global
scheduling is desired in many cases to feasibly schedule the
task sets, in which an important criterion is to keep low the
number of migrations.

Lenstra et al. [28] presented a polynomial approximation
algorithm for unrelated parallel machines to find a schedule
that minimizes the makespan. They guarantee that it is not
longer than twice the optimal value for the case where the
number of processors is fixed. They also proved that no
polynomial algorithm could achieve a worst-case ratio less
than 1.5 unless P = NP. For the case of two processors,
Gonzalez et al. [29] introduced a lineartime algorithm to
construct optimal scheduling which have at most two
preemptions. Jansen and Porkolab [30] gave a fully
polynomial-time approximation algorithm for the problem of
scheduling tasks in the case where each task can be executed
only on one processor. Srivastava [31] developed a tabu
search heuristic for minimizing makespan in that problem.
This algorithm produces near-optimal results with reasonable
amounts of computational time for problems of reasonable
size. Baruah [32] proposed a polynomial-time feasibility test
for the global heterogeneous multiprocessor scheduling.
They also presented a scheduling solution as a proof for
correctness of the test; such schedule however suffers from
high preemption and migration cost.

The lack of an optimal scheduling algorithm with
reasonable cost motivated us to propose an optimal
scheduling algorithm; however optimality is only one of
aspect of our work and we also consider the energy
optimality of scheduling algorithm. Recently, Cucu-Grosjean
and Goossens [56] proposed two exact schedule ability tests
for task-level fixed-priority and job-level fixed-priority
earliest deadline first scheduler on specific tasks executing
on unrelated parallel machines. Also, for a special case of
heterogeneous parallel machines which includes two type of
processors, Raravi et al. [58] proposed two scheduling
algorithms with time complexity of O(nlog(n)) for implicit
deadline sporadic task set. They consider that task migration
is only possible among processors of the same type.

Many works have also been done on energy-constrained
unrelated parallel machines. Hsu et al. [33] and Chen and
Kuo [34] tried to find a solution for cost minimization of
machines and allocation, respectively under the given timing
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and energy usage constraints. Chu et al. proposed a near-
optimal [35] and later an optimal [36] solution to the voltage-
setup problem; their work is the assignment of voltage-levels
to processors with the limitation that each processor assumes
one voltage-level throughout the system lifetime. Luo and
Jha [37] devised both static and dynamic variable voltage
scheduling algorithms to minimize the energy cost of
scheduling dependent periodic and aperiodic tasks on
unrelated parallel machines.

Some studies consider discrete voltage-levels for non-
migratory task, and thus, they use different approaches to
solve a NP-Complete problem. Ding et al. [38] approached
the problem using the ant colony optimization in order to
obtain energy efficient scheduling of partially dependent
tasks on DVS-enabled processors, even with coarse-grained
voltage modes. Lin et al. [39] addressed the problem when
systems in question work on rechargeable batteries. They
solve the problem based on four heuristics including genetic
algorithm and ant colony optimization.

Yang et al. [7] used a fully polynomial-time
approximation scheme for such problems. Yu and Prasanna
[26] approximated the energy efficiency when assigning non-
migratory tasks to DVS-enabled processors. They formulated
the problem as an extended generalized assignment problem
and also hired a heuristic to approximately solve the NP-
Complete problem. They used a model in which the DVS-
enabled machines have discrete voltage-levels, where both
speed and energy usage of machines depend on the voltage-
levels as well as the tasks they are running.

The above studies, although valuable, suffer from at least
one of the following problems: (i) They do not take the
advantages of DVS for runtime energy management into
account [35, 36], (ii) Machine speeds are available in a
continuous spectrum [35, 36, 37], (although power-supply
electronic may provide systems with continuous voltage
spectrum in the future, it is a fact that most of the currently
available DVS-enabled microprocessors (e.g. Trans meta,
Intel, and AMD) use a few discrete voltage-levels [40]), (iii)
Energy usage of a machine depends either only on its
specification (speed and/or workload) or only on the task that
is running, rather than both [35, 36, 37, 38, 34, 7, 39, 33],
and (iv) No task migration is permitted [26, 35, 36, 37, 38,
34,7, 39, 33].

Although task migration in unrelated parallel machines
offers potential energy/performance gains, there are also high
costs and complexities involved in the migration process.
Hence, it has not attracted considerable attention from
researchers. However, according to recent researches
[41, 42, 43, 44], this cost has became reasonable and task
migration in unrelated parallel machines has become a
feasible option. We consider task migration to better utilize
the available heterogeneity of the platform as well as to
achieve better power-performance efficiency.

3. System Model, Problem Definition and
Conceptual Solution®

In this section, we introduce the model of the system. Also,
we present the precise definition of the problem under study
a general view to the solution method.

3.1. Task Model

We consider n periodic tasks shown as the task set T =
{Ty, ..., To}. Each task Tj, i=1,...,n is independent of the other
tasks and is described as (p;,e;), where p; is the task period,
ejis its execution requirements and the respective relative
deadline is again p;. Additionally, there is a dummy task
represented by T, with an execution time and period equal to
the sum of the processor idle times and hyper period
respectively.

3.2. Processor Model

The system consists of m unrelated parallel machines shown
as the set M ={Mm,,..,M,} with no resource contentions.

Machine M;, j=1,...m has k; voltage-levels as
v, :{le,_,,jvjkj}. At the 1™ voltage-level of M;, namely Vj,

I=1,....kj, a maximum speed Sj, (Si; <Siz < <Sy) is
achievable and a maximum power Powy,
(Pow j, < Pow }, <. < Pow ) MaY be consumed. Based on the

characteristics of the running task at voltage-level Vj, the
attainable speed and the respective power usage may be far
less than S; and Pow;), respectively.

3.3. Task-Processor Model

As also indicated in the processor model above, we consider
m unrelated parallel machines (note that uniform and
identical parallel machines are special cases of unrelated
parallel machines). Therefore, each task T;, i=1,...,n if
assigned to a processor M, j=1,...,m which works at the
voltage-level Vy, I=1,..., k;, can be run with a speed of S;;
which certainly is a fraction of S;(0 < S;; < S;;). Meanwhile,
the task-specific power usage of processor M; working at
voltage-level V;j, when task T; is run upon which, will be
Powy;, which again is a fraction of Powj; (0 < Powy; < Powy).
In addition, Powy; is the power usage of processor M; when
it is idle, or equivalently executes the dummy task T,, at
voltage-level Vj. In this regards, if T; runs for duration of
length t on machine M; working at voltage-level Vj, the
energy usage of the task-processor pair in the duration can be
calculated as:

To obtain the task execution times at different voltage-
levels of the unrelated parallel machines, we consider the
following information. Source code of each task is compiled
separately for every supported processor in the set of
unrelated parallel machines. The generated binary codes will
be executed on the corresponding processor, and thus, the
worst-case number of CPU cycles is determined. For each
voltage-level of the DVS-enabled processor, a similar
scenario is followed. For each task, the processor with the
longest execution, which is less than or equal to the task
deadline, will be considered as the base processor. We
consider the execution speed of the base processors as 1 and
execution speed of the task on the other processors are
normalized with respect to this execution time. In our
notation, we refer to the task execution time on base
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processor as task execution time e; in our task model.

Moreover, each task can run on at most one machine at
each instant of time and can arbitrarily migrate across
different machines during its execution. Without loss of
generality in the proposed algorithm, we assume negligible
overheads for task migrations, preemptions, and voltage-
level switches in the current study. By the way, we propose
some techniques which significantly reduce the number of
such events, and thus, reduce the respective overheads.

3.4. Problem Definition

The problem considered in this paper is to schedule a feasible
task set T on a given set of machines M with the goal of
minimizing the power consumption. We need to divide the
task instances (jobs) into job slices. A job slice is defined by
a vector (T;, M;, Vj, ts, t¢), meaning that task T;is scheduled
on machine M; working at voltage-level V; from time t, to
time t. Furthermore, it is considered that [t,,t,)is a period

where the task is executed uninterruptedly, i.e., with no task
migration, preemption, or voltage-level switching during that
period. Equivalently, we use (T,, Mj, Vj, 5, tg) to denote that
M,; is in idle mode in the period of [t_,t;) .

Let define the average system energy usage in a time
interval [a,b) as:

E(a.b) = (ZLoZT:lZLu Pow; Xfm) 2)
’ (b-a)
where fijl <(b—a) is the total length of time during time

interval [a,b) in which task T;runs on machine M; at voltage-

level Vj. The resulting schedule is to minimize the average
system energy usage throughout the system lifetime. This
can be achieved by minimizing the average system energy

usage in a hyperperiod of length H, i.e., (E(0,H)), where the

resulting energy is shown as E(H) This goal can be

min*
achieved by appropriate determination of the job slices along
with the consideration of all other constraints.

3.5. Conceptual Solution

The proposed solution to the defined problem can be

summarized as follows:
1. We first reduce the scheduling problem in a
hyperperiod to scheduling the scaled tasks in Schedule
Periods (SPs) of unit length (defined in Section 4) that is
easier to solve.
2. Then, we model the scheduling problem in the SPs
with Linear Programming (LP). If a solution to this LP
exists, it specifies the required amounts of time that each
task needs to be run at every voltage-level on each
machine. These amounts of execution minimize the
system energy usage in a manner that all deadlines are
met. The algorithm for this step can be independently
used for schedulability test of real-time periodic tasks on
unrelated parallel machines and is explained in detail in
Section 5.1.
3. Tasks are assigned to processors based on the results of
Step 2. An extension to Lemma 2 of [32] is a solution for

task scheduling; such a solution suffers from large
number of preemptions, migrations and voltage-level
switches. Hence, we use this solution only to prove the
existence of a feasible schedule. Instead, we have
proposed a scheduling algorithm which aims to reduce
the number of migrations and preemptions. Our algorithm
is composed of the following steps:
3.1.1 Each SP interval is divided into several time
intervals with different lengths. The procedure to
obtain lengths of these intervals is explained in
Section 5.
3.1.2 For each interval, task to processor assignments
is found by solving a custom model of minimum-cost
network flow problem. This matching is selected in a
way that it leads to significant decrease in the number
of preemptions and migrations in the hyper period.
Procedure from Steps 3.1.1 and 3.1.2 implicitly
prevents the overlaps of execution of segments of a
task on different processors.
3.1.3 Number of migrations, preemptions and
voltage-level switches is further reduced by use of
mirroring technique which discussed in Section 5.2.3.

3.2 Then, the remaining tasks, i.e., non-migratory ones,
are scheduled on the machines. The main point about
scheduling non-migratory tasks is that we are not
concerned about the parallel execution of job slices of a
task. Hence they can be scheduled using an algorithm
such as EDF in the remaining free intervals of the
machines which prevents excessive preemptions and
voltage-level switches. Subsection 5.3 describes this
step, which completes the solution.

4. Schedule
Scheduling

Period and Feasible

To address the aforementioned problem, in this section we
introduce the concept of schedule period, which has been
borrowed from Fluid scheduling method [12] and is used to
convert the scheduling problem into an equivalent but
simpler one. The idea of Fluid scheduling is to execute the
tasks at a constant rate in a way that the tasks execution are
finished exactly at their deadline [12]. In a T-L plane, as
introduced in Section 2, tokens representing the tasks move
over time. The trajectory of such a token during the
execution of the respective task according to its Fluid
schedule is called the task Fluid path.

Therefore, the Fluid path is simply a straight line between
the coordinates (r,e) and (r + p,0) in the respective T-L plane,
where r is the task release time, e is its execution
requirement, and p is the respective relative deadline
(see figure 1). The actual path is the result of concatenation
of execution lines of the task. The slope of each execution
line depends on S;; for task T; when it is running on machine
M; at the voltage-level Vj,. This slope is zero when the task is
not running on any machines.

We define a Schedule Period (SP) as a period between
two arbitrary consecutive task releases in the system.
Scheduling is done on a per SP basis. Consider n tasks
T,.T,,..., T, with their Fluid paths as shown in figure 2. In the

time period between two task releases, namely in SPy (with
start time of s, and finish time of f;), each task T;, according
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to its Fluid schedule, executes for a certain amount of time,
shown as e*. This piece of a task is called a scaled task. Then
the relative deadlines for the execution of all the scaled tasks
located in SPy are equal to the length of the respective SP
(shown as |SP,| in this case). Accordingly, a new set of

scaled tasks is resulted which we call it scaled task set. Thus,
the scaled task set is shown as {ST,,ST,,..,ST,} with each

scaled task ST; having an execution requirement of eX and all
the scaled tasks having a relative deadline of length|sp, |.

It is proven in Theorem 1 below, which a task set is
schedulable with average energy usage E, if and only if the
respective scaled task set in a SP is schedulable with the
same amount of average energy usage. Therefore, the
problem is reduced to scheduling the scaled tasks in only one
SP. The resulting schedule can then be used to schedule the
scaled tasks in every SP as well as the task set in a hyper
period, and as a result, throughout the system lifetime.

Theorem 1. A periodic task set is schedulable on a set of
unrelated parallel machines with an average energy usage E,
if and only if the respective scaled task set is schedulable in a
SP with the same average energy usage on the same set of
machines.

Proof. Suppose the scaled task set is schedulable in a SP,
namely SPy, with average energy usage E. Consider the tasks
and their Fluid paths as in figure 2. For each task T;, the
slope of its Fluid path is ¢/p; . In the schedule period SPy,

each scaled task ST; has an execution requirement of:

)
o
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2 . >
? . )
I3 AN Fluid path
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(<] ~ .
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In this regards, for another schedule period SPy with the
length | sp,. |, we can scale the schedule obtained for SP by
a factor of |SP,. |/|SP, |. Then we obtain a new schedule for

SPy, within which each scaled task S T; has a execution
requirement of eX'as:

[ SP <€/ pi x| SPe I/ SP | =1 SP- [ xe&; / p; “4)

In general, schedule scaling for SP, by a factor of K
means that corresponding to each job  slice
(T, MV, 8+, 8 +t¢) with an average energy usage of

E(s¢ +15,5 +1¢) = Pow; in the primary schedule, there is a job
slice  (T;,M;,V, 8¢ +Kxtg,0 +Kxty) in the scaled schedule

with the average energy usage of
E(se +Kxtg,50 +Kxty)=Pow . Clearly, the average energy

usage does not change for any job slices in the scaled
schedule and all job slices’ lengths are scaled by the same
factor K. Thus, the average energy usage of SP, would be
Edse, fie) =E(se. fi) -

However, this new execution requirement (resulting from
(4)) is the same as the execution requirement for task T; in
the schedule period SPy, i.e., eX. Therefore, to obtain a
schedule for an arbitrary schedule period SP, with length
ISR |, it is sufficient to multiply each job slice in the given

scheduling of SPy by |SP,. |/|SP, |-

SOUII} UOINIIXE Sururewoy

Figure 2. Schedule periods

SO |, UONNOAXF SUIUTBWSY

(b) Time

Figure 3. Relaxing the problem of scheduling in a SP to one hyper period: a) Fluid schedule of periodic tasks in one hyper
period, b) Cumulated execution times of the tasks in the hyper period
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In this way, the task set would be schedulable in all the
SPs. Scheduling the scaled tasks in each SP results in each
scaled task token in the respective T-L plane to meet the
task’s Fluid path at the end of the SP. Since all the scaled
task deadlines are located at the end of their respective SPs,
all deadlines are met by individual scheduling of each SP.
Besides, average energy usage in all the SPs is the same and
equal to E. Thus, the average energy usage in a hyper period
would be the same. Thus, the periodic task set is schedulable
with the average energy usage E.

To prove the theorem in the inverse direction, suppose
the task set is schedulable. Consider the length of the tasks
hyper period is H and the average energy usage is E. In this
regards, task T;is executed H/p, times in the hyper period,

each with the length of e;. Therefore, in each hyper period,
task T; has a cumulative execution requirement of length
H xe;/p; - The problem of scheduling tasks with H xe,/p, ,

i=1,...,n execution requirements, all having a relative
deadline equal to H, is a relaxed version of the original
problem (see figure 3).

In other words, we can scale down the scheduling in a
hyper period by factor |sp, |/H to address the problem of
scheduling the respective scaled task set in SP, for an
arbitrary value of k. The reason is that each task T;
must be executed for |sp, |xe/p; Which is equal to
Hxe/p;x|SP |/H . Besides, the average energy usage

remains equal to E, because scaling a scheduling does not
change its average energy usage. Thus, the proof is complete.

Let E(SP), show the minimum value of the average

energy usage of the scaled task set in a SP that can be
obtained through proper scheduling. Then we have:

Corollary 1.The minimum average energy usage for a set of
periodic tasks on a set of unrelated parallel machines is E if
and only if the minimum average energy usage for
scheduling the corresponding scaled task set in an arbitrary
SP (e.g., SPy) on the same set of machines is E, or

equivalently, E(SP),;, = E(H),yin-

Proof. We use contradiction for the proof. First, consider that
there is a scheduling with an average energy usage E(SP)
(<E(H),,,) for the scaled task set in a SP. However,
according to Theorem 1, we were able to schedule the

periodic task set with the average energy usage E(SP),,,

which is in contradiction to the optimality of E(H),,,.
Similarly, for the inverse direction, consider that there is a
scheduling with average energy usage E(H),,(<E(SP)yin)
for the periodic task set. Again, according to Theorem 1, we
were able to schedule the scaled task set with the average
energy usage E(H),,, in the SP, which is in contradiction to

the optimality of E(SP) .

In the following, we provide a scheduling algorithm for
the scaled task set in a SP of unit length to minimize the
energy usage. Then we use the obtained schedule to construct
a global schedule with minimal average energy usage for the
task set.

min

5. Energy-Optimal Task Scheduling on
Unrelated Parallel Machines

The proposed Energy-Optimal Real-Time Scheduling
Algorithm (EORTSA) has three steps. First, to assure that all
the deadlines can be met and the energy usage is minimized,
we find the required amounts of time that each task needs to
be run on each machine, as well as the length of time that it
needs to spend at each voltage-level on that machine. The
algorithm for this step, explained in detail in Section 5.1, can
be independently used for schedule ability test of real-time
periodic tasks on unrelated parallel machines. Second, we
schedule the tasks which need migration, namely migratory
tasks, on the appropriate machines. The details of this step
are discussed in Section 5.2. Finally, the remaining tasks, i.e.,
non-migratory ones, are scheduled on the machines
determined in the first step, only in the remaining free
intervals of the machines, which completes the solution as
discussed in Section 5.3.

5.1. Schedule Ability Test

In this subsection, we use linear programming to assign the
system tasks to the unrelated parallel machines and set their
speeds in a manner that the average system energy usage is
minimized and all the deadlines are met. This assignment can
then be used as a schedule ability test for the system. Given n
tasks and m machines, the amounts of time that each task T;,
i=1,...,n needs to be run on machine M;, j=1,...m, at
voltage-level Vj, I=1,...,k;, namely tj in a SP of unit length
is derived. The objective function here is to minimize the
average energy usage in a SP, which is equivalent to
minimizing the total energy usages of the machines
(based on Corollary 1). Thus, the optimization problem is
formulated as follows (notice that the length of SP is
considered 1):

Minimize
E =XLCk (Zhy Pow x ;) (5)
Subject to
T YKy s <ty =6 /Py, =10
Zi”:ozriltm =1, j=1..m
ZT=1Z:11tij| <1, i=1,...n
tj 20, i=1,..nj=1.ml=1..k

The first constraint above indicates that the total
normalized execution time of task T; with respect to the
speed levels of the machines at different voltage-levels
should be equal to its normalized expected execution
requirement. The second constraint indicates that the idle
times of machine M; and the total execution time of the job
slices assigned to that machine should be equal to the length
of the respective SP. Also, the third constraint mentions that
the total execution time of task T; on different machines
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working at different voltage-levels should not violate the
scaled task deadline, which is again the length of the SP (i.e.,
the task cannot be executed for longer than the SP length).
The last constraint simply indicates that all the times are
nonnegative. Solving this LP problem, the tys, i =1,...,n, j =
1,...m,I=1,... k; are obtained which specify how long each
task T;should be executed on machine M; at voltage-level V;
to minimize the overall system energy usage.

In other words, we model the energy-optimal scheduling
as a LP problem. This LP model could be used as a schedule
ability test as follows. If there is not any solution for
scheduling the given task set on the given set of parallel
machines, then the LP problem does not have any solution.
In addition, it is guaranteed that if the task set is schedulable,
then the LP problem certainly has a solution.

According to the optimization, if there are two voltage-
levels | and I' for machine M; in an order that t,, > oand

tojr >0 while Powy; >Pow;, the energy usage can be
reduced by setting to; to toji +tojr and to; to zero, which has

no effect on the satisfaction of the other constraints.
Applying this method iteratively, we can reach to a situation
in which there are no two voltage-levels for a machine M; so
that ¢, >o0and ty; >0, and therefore, machines use only one

8

voltage-level when they are idle. Example 1 illustrates how
this optimization works.

Example 1: Suppose a machine set M={M;|1<j<4},

where M; and M, have two voltage-levels and the other
machines work in only one voltage-level. The execution
requirements and periods of the tasks of T = {T, |1<i< 7} are

listed in table 1. Given the task power consumptions
(Table 2) and execution speeds (Table 3) on different
voltage-levels, the non-zero variables have been obtained by
solving the LP, as shown in table 4.

Corresponding to each tyy >0 (i>0), we define a task

segment (TS;;) of length t;, with the interpretation that there
is a segment of task Tito be executed upon machine M; at
voltage-level Vj. For the SP under discussion, we divide
these segments into two categories; segments which belong
to the tasks running over more than one machine in that SP,
referred to as segments of migratory tasks, and segments
running over only one machine during the SP, referred to as
segments of non-migratory tasks.

In Sections 5.2 and 5.3, respectively, scheduling of
migratory and non-migratory task segments over the
processors is discussed.

Table 1. Execution requirements and periods of tasks

Task Characteristics T, T, T T4 Ts T T,
E 40 90 40 20 75 8 10
P 40 100 50 25 100 10 12
Table 2. Power usage of different tasks on different voltage-levels
Voltage-level To T, T, T T, Ts T Ty
Vi 1 5 7 2 2 2 3 3
Vi 2 7 9 3 4 4 6 5
Vo 1 2 4 6 3 4 5 3
Vi 1 5 6 2 2 2 1 5
2 1 2 2 2 2 2 4 4
Vi 2 4 5 5 5 3 6 6
Table 3. Execution speed of different tasks on different voltage-levels
Voltage-level T, T, Ts T4 Ts Te T
Vi 1 0.5 1 0.5 0 1 0.5
Vi 2 1 2 1 0 2 1
Vo 0.5 2 0 0 0 2 2
Vi 2 1 0.5 2 2 0 0.5
Vi 0 1 1 0 0 0.5 1
Vi 0 2 2 0 0 1 2

Table 4. List of non-zero variables at optimal poin

Variable Value Type

by 0.16904761 Segment of a migratory task

i 0.4238095 Segment of a migratory task

tazg 0.225 Segment of a migratory task

toar 0.9 Segment of a non- migratory task
tar 0.35 Segment of a migratory task

taa1 0.1 Segment of a migratory task

iz 0.4 Segment of a non- migratory task
{531 0.375 Segment of a non- migratory task
tor 0.4809523 Segment of a migratory task

te21 0.15952380 Segment of a migratory task

{721 0.416 Segment of a non- migratory task



The CSI Journal on Computer Science and Engineering, Vol. 13, No. 2, 2016 9

5.2. Scheduling Migratory Tasks

In this subsection, we discuss the method of scheduling
segments of migratory tasks in a SP of unit length. Without
loss of generality, we perform the scheduling in the interval
[0,1). All the segments of migratory tasks, i.e., TSys should
be scheduled on their corresponding machines (M;) with no
parallel execution of different job slices of the same task.
This scheduling is done through an iterative algorithm,
namely Algorithm 1, as shown in Algorithm 1.

Algorithm 1. Scheduling algorithm for migratory tasks

1 For each tj; ; i=1,...,n;j =1,....m; I=1,.. k;

1.1. if T;is a migratory taskthent'; =t

1.2. else ;=0

2. y=1

3 prevX = 0@

4. nextX = @

5. whiley > 0

5.1. U = {urgenttasks}

5.2. F = {fullmachines}

5.3. if(U+QorF=0)

5.3.1 nextX= matching (prevX)

5.4. determine value of o// o is the time that is scheduled in

this iteration

5.5. for each (Ti, M]-) € nextX

5.5.1 an arbitrary task segment TS;; is scheduled in the interval of
[y-o.7)

552 t'iil = t'iilf ()

5.6. prevX = nextX

5.7. Y=y-0

In the beginning of each iteration, all machines have idle
periods in the range of [0,y). In each iteration, some part of
scheduling is done in the time interval [y — o, y), where the

length of such interval, i.e. o > 0, is specified through the
determination of some task-machine pairs and their
respective voltage-levels. Before going further, we introduce
some notations and terminologies. Having the value of y at
the beginning of an iteration and tj;s as defined in Algorithm
1, we define machine M; as full if

Zinzlzrélti’jl =y (6)

which means machine M; should execute migratory tasks for
all the remaining time and has no other time to be idle or
execute non-migratory tasks during the interval [0,y). We
use F to refer to the set of such full machines. Similarly, we
call a migratory task T; as urgent if

P Z.k:ilt{ju =y (7

namely, task T; should be executed continuously in the
remaining period [0,Y) in order to be completed on time. We
use U to refer to the set of urgent tasks. In each iteration, full
machines and urgent tasks are selected to be scheduled. This
decision is made to prevent unnecessary preemptions and
migrations. For this purpose, in each iteration, we need to
find a bijective function x: D —» R, where D and R are set of
tasks and machines, respectively, satisfying conditions
UcDbDcTand FcRc M . More precisely, y is a matching
that maps each urgent task to a (possibly full) machine and
some other tasks to the remaining full machines.

For each (T,,M;)ey, there is at least one segment of a

migratory task TS;; while ti’jl > 0. This means that task T; still
must be executed on machine M; for some amounts of time.
Our proposed approach for finding the matching will be
discussed in detail in Subsection 5.2.1.

Two approaches are followed in the matching algorithm
to reduce the number of migrations, preemptions, and
voltage-level switches:

1. In each iteration, to find the matching ¥, the algorithm
gets feedback from the task-to-processor assignments of
the previous iteration. In other word, we intend to select
the same edges that have been selected in previous
iteration, or equivalently, assign tasks to the same
processors to which they have been assigned in the
previous iteration. This strategy leads to improvement in
the number of migrations and preemptions as well as
voltage-level switches.
2. We postpone scheduling tasks and processors as late
as their equivalent nodes become critical. In each
iteration, critical nodes must participate in scheduling, or
otherwise, corresponding tasks or processors to critical
nodes cannot satisfy their timing constraints, namely
constraints (5.1) and (5.3). By postponing task
scheduling, idle time segments of processors in schedule
period, which are used to schedule non-migratory tasks,
will connect together, leading to minimum preemption
and voltage-level switches for non-migratory tasks.

The first two lines of Algorithm 1 force the schedule to
be composed exclusively from migratory task segments. In
each iteration, prevX contains the edges from the previous
iteration and nextXholds the current set of edges. Each edge
in the sets indicates the mapping of one task from migratory
task set to one processor from the processor set. At the
beginning of each iteration, current full machines and urgent
tasks is identified. Then, if there is no urgent task or no full
machine, the task to processor assignment is postponed as
late as possible. Otherwise, based on Algorithm 2, a task to
processor assignment with the minimum possible changes
(with respect to the immediate previous iteration) will be
obtained.

After finding y, for each (T;,M;)e y, an arbitrary task

segment TS;; is scheduled in the interval [y -o,y), i.e., task

T; is scheduled on machine M; at voltage-level V; fromy - o
to y. o defines the interval length, and respective procedure
to calculate it is discussed in Section 5.2.2. At the end of
each iteration, we change the remaining range of scheduling
by setting y to y — o; decrement each t'; by o for the
scheduled task segments TSy;s; and replace the set of edges
used in the previous iteration with the set of edges obtained
in the current iteration to determine the matching x in the
next iteration. Iterations will be stopped when y becomes
zero. Based on this approach, we select TSy which was
scheduled in the immediate previous iteration. This strategy
leads to less preemptions, migrations and voltage-level
switches. Next section describes the implementation of the
approach used to find the matching.

52.1. Finding the Tasks to
Assignment in Each Iteration

Machines

To find task to machine assignment (called matching x in
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Algorithm 1), in each iteration, we define a graph with
m'vertices for full machines and the machines that are
adjacent to urgent tasks and n’ vertices for the urgent tasks
and adjacent tasks to full machines. We refer to the vertices
corresponding to full machines as well as urgent tasks as
critical vertices. In the graph, vertex of each task T, is
adjacent to vertex of machine M; if there is a segment of a
migratory task TSy for some values of 1 while t{;> 0.
Therefore, matching functiony corresponds to a minimum
weighted bipartite matching which covers all critical vertices
on the resulting bipartite graph by using as much edges as
possible from previous iteration matching. Now, we describe
the procedure to find this matching.

First, the adjacency matrix for migratory tasks and
machines is initialized. Using the adjacency matrix, a
bipartite graph is built which its vertices are full machines
and machines which are adjacent to urgent tasks in one part
and urgent tasks and adjacent tasks with full machines at the
other part. Then, in Lines 13 and 14 from Algorithm 2, we
add edges to set E if there is adjacency between the
corresponding vertices. Then a network flow graph will be
built from the bipartite graph. For this purpose, two
additional nodes are inserted in the bipartite graph node set.
The first node, namely the source node will be connected to
all task nodes. Similarly, the second node, i.e. the sink node
will be connected to all processor nodes. Positive supply
value of 1 will be assigned to the nodes which fall in the
category of urgent tasks (supply node).

Also, negative supply value of 1 is assigned to each full
machine nodes (demand nodes). To keep our special
minimum cost network flow model solvable, the sum of
supply and demand flows must remain equal. In this regard,
additional flow, which is equal to the difference of supply
flows and demand flows, will be added to the source or sink
nodes. All arcs have capacity of one except arcs between
source node and urgent task nodes and arcs between full
machine nodes and the sink node, which their capacity is set
to 0. Arcs which are connected to source and sink have the
cost of 1. The costs of other arcs are determined by the
algorithm presented in figure 6.

This algorithm assigns cost a to arcs which are selected in
the previous iteration and have the most importance. It
assigns cost b to second most importance arcs, the arcs for
which one of its adjacent nodes belongs to category of urgent
tasks and the other is a full machine. The costs of all
remaining arcs which have the least importance are set to c.
Although the exact values of a, b, and ¢ depend on the size of
the problem, but the relation a < b < ¢ holds among them.
These values should be selected in such a way that enables
the matching to select as much as possible arcs with higher
priority while finding the minimum total cost. Obviously, it
is possible to leave some arcs with costs of a or b uncovered
in the matching due to the problem constraints which prevent
overlapped execution of difference segments of each task.

As shown in Algorithm 3, cost function is used for
assigning edge cost and is computed according to the set of
input parameters including E, U, F, and prev X. By solving
minimum cost network flow problem, if flow of every urgent
task and full machine nodes are zero, then it represents a
matching that covers all urgent task and all full machine
nodes. Otherwise, in each iteration, flow value of source
node will be incremented by 1 and flow value of sink node

will be decremented by 1. This loop will be terminated by
finding a matching that covers all the full machines and
urgent tasks. In such a matching, flow of every node equals
to zero. Proof of the fact that such matching always exists
and so the loop will be stopped eventually is an extension to
what proposed in [32] and is described below.

Algorithm 2. Matching x

1. Matching x :

2. {

3. Input: prevX

4. Output: X // a set of edges

5. Matrix Tpy, // adjacency matrix where n'and m are the
numbers of migratory tasks and processors

6. If ¥ ;>0 then T(i,j)=1

7. Else T(i,j)=0

8. // create a bipartite graph

9. VT

= {Vr, | Tiisurgenttaskorataskthatadjacenttoatleastonefullmachi
10. VP

= {VPj | pjisfullmachineoraprocessorthatadjacenttoatleastoneur
11. V =VT U VP // a set of vertex
12. E=0 ; // a set of edge
13. ForT, €U
13.1. For all P Processors
. IfT(i,j)=1 thenE = EU {(VTi,Vpi)} and Capacity ((Vr,, Vp,))=1
14. Forp; e F
14.1.  For all T; tasks
. IfT(,j)=1then E = EU{(Vg, ij)} and Capacity((Vr,, ij)):l
15. // convert bipartite graph to network flow
16. V = VU {Vs} U {Vy};// add source and sink nodes to graph
17. Forall Vi, : E=EU{(Vs, Vr)}

17.1. If (V, & U) Capacity(Vs, V) = 1

18.  ForallVp,: E=EU{(Vs,V4)}

18.1. If (Vp, & F) Capacity(Vp,, Vg) = 1

19. // Edge cost definition

20. Assign edge cost / cost function in Algorithm 3

21. IF(Vr, € U) Flow[Vr,]=1

22. IF(Vp, € F) Flow[Vp,]=-1

23. IF(U|> |E]) Flow[V4]=/F|-|U|

24. Else Flow[Vs]=[F|-|U]|

25. E' = 0;// aset of edge

26. while (true)

26.1. E = Solution(Flow,V,E,C) // Solution function returns set of
edges of the minimum cost network flow

26.2.  If ( Vt; € U, exist one edge e:(VTi,ij) €E ) And (Vp; €EF,
exist one edge e:(VT].,VPj) €E)

26.2.1. X={ (Vr,, Vp,) | (Vr,, Vp,) € E'}
26.2.2 Return X
26.3 Else
26.3.1. Flow[Vs]++
26.3.2. Flow[V4]--
27. }
Algorithm 3. Cost Function
1. Cost Function :
2. Input : E, U, F, prevX
3. Output: C[ ] // The matrix C indicates the cost of edges

4. For each (Vr,, Vpi) €E

4.1. If (Vr,, Vp].) € prevX then C(Vr,, ij) =a

4.2. Else if (T; € U) and (P € F) then C(Vr, ,Vp)=b
4.3, Else if (T; € U) then C(VTi,Vpi) =c

44 Else if (P € F) then C(VTi,ij) =c

As we know, a matching which covers all critical vertices
can be obtained through the following steps:

e Find a matching from all urgent tasks to machines,

namely a bijection xp:U - Ry, Ry €M, using standard
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matching algorithms for bipartite graphs,
e Find a matching from all full machines to tasks,
namely a bijectiony,:F — R, Ry € T, using standard
matching algorithms for bipartite graphs,
e Mixing yr and yy using the algorithm shown in
Algorithm 2 (known as Algorithm 2) to obtain a
matching that covers all critical vertices.

Algorithm 4. Finding xUsingyrand yy

1. X = ¢; // Domain(y) = Range(y) = ¢

2. For each T; eU — Domain(y) — Range(zy )

2.1. Add (T;, 77 (T))) tox

2.2. Remove (y;(T;),X) from xu, if there exists
3. For each (X,Y) e ym

3.1 Add (v,X) tox

It can be shown that for each arbitrary S € U,|N(S)| = |S],
where N(S) is the set of machines, which their corresponding
vertices are neighbors of vertices of S in the bipartite graph.
Thus, Hall’s condition [45] holds and therefore yr and yu
exist. In order to prove that [N(S)| = |S|, we consider the set
of all the remaining parts of task segments TSy, i.e. t'ji, so
thatT; € S. Since each T; € S is urgent, we can conclude:

|S|xy=2res (ZMjEN(S)Zrélti'ﬂ) 3
Also, it is trivial that
2Tes (ZMjeN(S)Zr:jlt{jl) <X enes) Erer 9 ki) )

Considering that no machine can execute tasks with total
execution times greater than y, we can conclude:

ZMJ-eN(S)(ZTieN(N(S))Z:(:jlti,jl)§| N(S)|xy (10)

From (8), (9), and (10), we find that|N(S)| = |S|.

To mix yr and 7y, in each iteration of Line 2 of
Algorithm 4, an urgent task and its paired machine in yr,
namely (T;, z; (T;)) , is added to y, and therefore, T;is added
to Domain(y) and a task will be removed from U—Domain(y)
—Range(yy) for the next iteration of the algorithm. Moreover,
considering a task X, removing (y;(T,),X) from yy, if it

exists, removes X from Range(yy). If X is an urgent task,
anew member is added to U-Domain(y)—Range(yy) for the

Capacity/Cost

Capacity/Cost

next iteration. This ensures that we do not ignore the urgent
task X and thus, this task will be checked in further
iterations.

In Line 3 of Algorithm 4, full machine vertices are
covered either in y or in yy. It can be described as follows:
considering a machine X, if pair (X, Y), where Y is a task, is
removed from yy, a pair (Z, X), where Z is also a task, is
added to y. Furthermore, no urgent task vertex remains
uncovered in y unless it has been covered in yy owing to the
condition of T, eU - Domain(y)-Range(yy) in line 1 of

Algorithm 2. Therefore, through adding task-machine pairs
of yym to x, we can claim that y covers all full machine as well
as all urgent task vertices.

For clarifying the matching algorithm, figure 4 displays
snapshots of execution of matching for Example 1 at the end
of fifth and sixth iterations. Red nodes represent critical
nodes. Each edge is labeled ‘X/Y’ where X and Y denote the
capacity and cost of the edge, respectively. Edges which are
chosen to carry flow are drawn in red. The set of red edges
between machines and tasks, which are passed across an
ellipse as well, compose our desired matching.

As it has shown in figure 4, after selecting the edges
(T4, Py), (T, Py), (Te, Py) as a final solution in iteration 5, the
cost of edges (Ts, Py), (T, Py) has decreased to increase the
probability of their selection in the current iteration. It should
be noted that selecting the edges which were selected in the
previous iteration leads to lower number of preemptions,
migrations and voltage-level switches.

5.2.2. Finding the Value of 8

The remaining part of the scheduling for an iteration of
Algorithm 1 is to specify the length of time in which this part
of scheduling is done. Based on the work in [32], value of 6
is the largest value satisfying the following three conditions:
1. For each assigned task segment TSy, we need to have:

o<ty 1n

This ensures that T; has enough work to be done on M; at
voltage-level V; for ¢ amounts of time in (y — o,y) and
tjj; =0 (12)

holds for all task segments in the next iteration.

Capacity Cost

Capacity Cost

(a) Iteration 5

(b) Iteration 6

Figure 4. Snapshots of matching algorithm (iterations 5 and 6 from example 1)
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2. For each migratory task T;that have not been mapped,
we need
k .
o<y-XiLi Xl tiiu (13)
This condition ensures that T; remains non-urgent
throughout interval (y — o,y) and

STt <y (14)

holds for T; in the next iteration, i.e., the required amounts of
time for executing the remaining parts of task segments of T;
are available.

3. For each machine M; which have not been allotted,
we need

(15)

k.
c<y—Xisi Xl tin

This ensures that M; remains non-full throughout interval
(y—o,y) and

STt <y (16)

holds for M; in the next iteration, i.e., in the iteration that the
required amounts of time for executing the remaining parts
of segments of migratory tasks on M; are available.

In other word, scaled tasks can be scheduled on the
allocated machines unless one of the following Types of
Changes occurs in the status of the system:

e Type A, shown as A(TS;): A task segment TS;; is

assigned to the proper machine at the proper voltage-level

for the length of t's,

e Type B, shown as B(M;): A machine M; becomes full,

which is equivalent to adding a critical vertex

corresponding to the machine in the bipartite graph,

e Type C, depicted as C(T;): A task T; becomes urgent,

L uope|
9 uopEs|
< uonEs|
 uonEag]

which is equivalent to adding a critical vertex
corresponding to the task in the bipartite graph.

At the end of each iteration of Algorithm 1, at least one
type of the changes occurs. Thus, we need to find a new set
of task segments to be scheduled for the next iteration.

It should be noted that when a change of Type A (e.g., A
(TS;j)) occurs as the sole change at the end of an iteration, if
there is a task segment TSy the previous matching can be
used with only a voltage-level switching, e.g. from Vj to Vjyy,
for the new iteration. Doing so, we can effectively reduce the
number of preemptions. However, if there is no other task
segment TSy, an edge is removed from the bipartite graph
and we need to find a new matching.

When t' is decremented by the amount of ¢ for each
assigned task segment TS;;, it can be concluded for each
migratory task T; that

(17)

m k; ’
20 2, S <t =€

where ej is the remaining execution requirements of task T;
for the next iteration. In addition, with this reduction in the
values of t'ys, it is trivial that (14) also holds for urgent tasks
and (16) holds for full machines. In fact, (12), (14), (16), and
(17) are corresponding to Constraints (5.4), (5.3), (5.2) and
(5.1), respectively. This suggests that, in each iteration, it is
ensured that all corresponding constraints to primitive
constrains on migratory tasks and machines are held. Since at
least a Change of Type A, B or C occurs at the end of each
iteration, Algorithm-I terminates because of finiteness of the
number of thesechanges. Next,in the last iteration, the
remaining execution requirements of each migratory tasks
gets zero. The reason is that, according to (12), (14) and (16),
all tys eventually turn into zero. Thus, it is verified that
Algorithm 1 schedules the segments of migratory tasks in a
proper manner.
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Figure 5. Assigning migratory tasks in the boundaries of a SP
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Example 2. After obtaining the task segments in Example 1,
here figure 5 shows how segments of migratory tasks are
assigned to the parallel machines in the boundaries of a SP.
The change types occurring at the end of iterations are also
shown.

5.2.3. Schedule Period Placement

In the next step, we schedule migratory tasks in entire hyper
period. For further improvement in the number of migration
and preemption and voltage-level switches, algorithm 5 as
shown in Algorithm 5 is proposed.

Algorithm 5. Schedule Period Placement

1. SPy: Schedule set for a SP with unit length

2. fori = 1to N // N=number of all SPs in hyperperiod
2.1. if (iis 0dd)

2.1.1. SP; : mirror(SPy)

2.1.2. Scale SPy to SP;

22 else

2.2.1. Scale SPy to SP,

In algorithm 5, SPy is a data structure that holds the
scheduling of migratory tasks. Each SPy object specifies a
processor, an execution interval, and a voltage-level for a
single task. For any schedule period, the proportionally
scaled unit SP is repeated. Function mirror (SP) will reverse
the scheduling order for the given SP and is applied to
schedule periods of odd index which merges free spaces of
adjacent SPs while decreases the number of preemptions and
voltage-level switches for non-migratory tasks. It also makes
the migratory tasks at the end of SP to repeat in the start of
next SP which causes reducing the number of migrations,
preemptions and voltage-level switches. A similar technique
is used in [46] to decrease the number of preemptions.

Example 3: Figure 6 shows the placement of migratory task
segments to the parallel machines after applying the mirror
procedure on the schedule of Example 2.

Briefly, we use the scaled version of the obtained
schedule of a SP of unit length by the factor of | SP, | beside

its mirror to schedule migratory tasks in SPy, and thus,
achieve a feasible scheduling for the migratory tasks in a
hyper period. In this regard, each machine will have some
idle intervals in which some non-migratory tasks can be
scheduled. In the next subsection, we describe the method of
scheduling segments of non-migratory tasks within these idle
intervals. As a matter of fact, it is not vital to schedule
migratory and non-migratory tasks through different
algorithms, or even in different phases like the approach
discussed in [32]. We could use Algorithm 1 to schedule
both migratory and non-migratory tasks simultaneously.
Such possible scheduling suffers from high overhead; hence,
in order to reduce the number of preemptions as well as
voltage-level switches, we schedule segments of non-
migratory tasks separately after all migratory task segments
have been scheduled. More details are presented in the
following section.

5.3. Scheduling Non-Migratory Tasks

The main point about scheduling non-migratory tasks is that

we are not concerned about the parallel execution of job
slices of any such task. In addition, each task segment TS;; of
non-migratory tasks can be executed in SPy during the
machine idle periods for t; x|SR, | after scheduling migratory

tasks, as the LP constrains (Constraint (5.2)). By scheduling
in this way, each task token would meet its fluid path at the
end of each SP, and therefore, no non-migratory task misses
its deadline, i.e. there is a feasible scheduling for them in idle
times of each machine. However, in order to reduce the
number of preemptions and voltage-level switches, we use a
different algorithm for this part. As a result from [53],
algorithms with work-conserving property have the
advantage to avoid unnecessary task preemptions. Hence, we
consider this property for scheduling of non—-migratory tasks
that significantly decreases the number of preemptions and
voltage-level switches. Corresponding to each segment TS;;
of non-migratory tasks, we define a release-based-task-
segment (RBTS;;) with size 1 which indicates the amount of
time that task T; should be executed on machine M; at
voltage-level V; in the task period of length p;, where
7 =tj x p;- We schedule RBTSs per task period instead of

TSs per SP. Also, we use EDF to schedule the RBTSs (i.e.,
for non-migratory tasks) in the idle times throughout each
hyper period. Of course, with employing scheduling
algorithms with lower preemption overheads than EDF (e.g.,
EDZL), it is possible to decrease the number of preemptions
even more. The sum of execution requirements of all RBTSs
of a task T; (RBTSy;) in a period p;is equal to the exact
execution requirements of task T; in the period, i.e. e;.
According to Constraint (5.1), we have

(18)

m k. _
2 20 Sy % Tij =g

Thus, even if the scheduling strategy is changed, it will
not cause any deadline to be missed while the job slices of a
certain task instance are executed within their respective
period (i.e., their relative deadline). Furthermore, according
to the optimality of the EDF algorithm [23], it is
straightforward to show that EDF gives a feasible scheduling
in the idle times of each machine, if such a schedule exists.
In this regard, as the existence of a feasible schedule for the
task set is verified and confirmed in Step 1 of the scheduling
(i.e., through the LP), it would be sufficient to use the EDF
algorithm while considering each RBTS;; as a task with
execution requirement ty; and period p;. In this way, all the
RBTSs, and equivalently, all the non-migratory tasks are
scheduled. It is worthwhile to note how this method of
scheduling results in fewer preemptions and voltage-level
switches: in the case where two RBTSs, namely RBTSy; and
RBTS;; exist for a certain task T; and no new task with an
earlier deadline arrives before the RBTSs deadline, EDF
selects RBTS;j (which has the same deadline as RBTSy;) for
execution instead of random selection among the other
admissible tasks. In this regard, one voltage-level switch
occurs instead of a preemption.

Example 4. As shown in figure 7, RBTSs corresponding to
segments of non-migratory tasks of Example 1 which listed
in table 1, are scheduled after scheduling segments of
migratory tasks in Example 2. Migratory tasks are shown in
gray color, while RBTSs are represented in other colors.
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Figure 7. Complete scheduling schema over SPs

Theorem 2. The Linear Programming (LP) problem
mentioned in Step 1 has a solution with minimal value of E if
and only if the set of unrelated parallel machines has a
feasible scheduling with minimal average energy usage E.

Proof: It is trivial to show that if there is a scheduling for a
task set, the constraints of the LP would be met; therefore,
the LP has a solution with minimal average energy usage E if
there is a feasible scheduling. By Corollary 1, it is inferred
that minimal average energy usage for scheduling the task set
in a hyper period (E(H),, ), and therefore the system

lifetime, is also the minimal average energy usage for
scheduling the scaled task set in a SP of unit length, which is
the minimum value of E in the LP.

To prove the other direction, consider a solution to the
LP. We described how we can use this solution to construct a
schedule for the tasks upon the machines, such that all
deadlines are met. Specifically, for segments of migratory
tasks, we will construct a schedule over the interval [0,1) . By

Theorem 1, a schedule in which all task instance deadlines
are met may be obtained by repeating the scaled versions of
this schedule over all SPs. Then we have scheduled non-
migratory tasks in the remained idle times. It is mentioned
that non-migratory tasks can be scheduled by the EDF
algorithm without missing a deadline.

Scheduling in this manner results in executing each task
segment TS;; (segments of both non-migratory and migratory
tasks) obtained from the LP, for t; xH amounts of time

during a hyper period. Therefore, energy usage of the
scheduling is ExH in a hyper period of length H, which
means the average energy usage of the scheduling in that
period, is equal to E . Furthermore, based on Corollary I,
average energy usage of the system could not be less than the
minimum average energy usage of the scaled task set in a SP
of unit length. Thus, this algorithm gives a scheduling with
the minimum energy usage if the system has a feasible
solution.

6. Discussion

In this section, we first determine the number of migratory
tasks based on some properties of the linear programming,
and then, we specify an upper bound on the number of
preemptions and voltage-level switches.

6.1. Linear Programming and the Degree of
Migration

The cost of migration might be inevitable in some distributed
systems since the whole task state must be migrated as well.

However, the proposed algorithm schedules most tasks on
only one processor, and bounds the number of migratory
tasks. The total number of edges in the bipartite graph at the
first iteration of Algorithm 1 is a measure to find out how
much the schedule is global rather than partitioned (degree of
migration); a schedule in which the number of segments of
migratory tasks is equal to zero is a purely partitioned
schedule [32]. This measure can determine the degree of
migration as discussed in the following.

As shown in [47] and [48], there are polynomial-time
algorithms for solving LPs as well as polynomial-time
algorithms (e.g., see [49]) for obtaining a basic solution,
given a non-basic optimal solution to a LP problem.
Therefore, a basic solution can be obtained in polynomial-
time. Considering a LP with n variables, I inequality
constraints and E equality constraints, the basic solution to
the LP problem lies at a vertex point in which n-E
inequalities satisfy as equalities.

Returning back to our problem, we have

N=(n+D)x3"k (19)
variables and inequalities (Constraint (5.4)) in the LP. Also,
we have n and m equalities for Constraints (5.1) and (5.2),
respectively, and, n inequalities for Constraint (5.3).
However, according to the m equalities for Constraint (5.2),
we can conclude

ern:l (Zin:lzriltm )<m (20)
and thus,
Zin:l (ern:l Zriltm )<m (21)

Consequently, at most m number of the tasks can be
urgent (satisfy inequalities of Constraint (5.3) with equality).
According to the mentioned property of LP, N-n-m
inequalities would be marginally satisfied. As shown above,
at most m inequalities for Constraint (5.3) can satisfy as
equalities. Thus at least N-n—2m of inequalities of Constraint
(5.4) is held in the form of equalities.

This means that there are at most n+2m non-zero
variables at the optimal point. On the other hand, because
each task T; (i > 0) must have at least one non-zero variable
ty for some values of j and 1, we can conclude that n
variables of n+2m non-zero variables belong to different
tasks; therefore, at most 2m extra task segments exists. These
extra segments can result in at most 2m migratory tasks.
Also, there are at most 2m+2m=4m segments of migratory
tasks.
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6.2. Number of Preemptions, Migrations and
Voltage-Level Switches

Regarding the issue that there is no need for voltage-level
switches when a machine is idle (as described in Section 5),
the upper bound on the number of migrations, preemptions
and voltage-level switches can be obtained as follows. The
number of migrations and voltage-level switches for
migratory tasks will be at most equal to the number of
iterations of Algorithm 1 in each machine; because there are
no interruptions in the interval of iteration and the task can
run continuously. The number of iterations of Algorithm 1 is
at most equal to the number of times that one of the change
types A, B, or C occur. There are at most 6m changes,
namely 4m changes of Type A, which is less than the number
of task segments belonging to the migratory tasks, m changes
of Type B, which is less than the number of full machines,
and m changes of Type C, which is less than the number of
urgent tasks.

Therefore, 6m is an upper bound on the number of
migrations and voltage-level switches in a SP for migratory
tasks on each machine, and thus, 6m” is an upper bound for
the entire system model. On the other hand, using the EDF
algorithm, non-migratory tasks will be preempted only when
a change of Types A, B or C occurs or when a new RBTS
arrives or its execution finishes, considering RBTSs as tasks.
We refer to these two latter cases as Change Type D (times
in which changes of Type D occur, are shown in red color in
Algorithm 4). The number of SPs in a hyper period, which is
at most equal to the number of task releases, is

H
ZP:IE (22)

Therefore, the total number of preemptions for all
machines will be equal to the number of Type A, B and C
changes, which is

(6m*)x ZL% (23)

i
plus the number of Type D changes that is

H
2X Y peTs. —
RBT. D

ijl

24

Furthermore, since there are at most 2m extra task
segments (as mentioned above), the number of RBTSs is not
more than n + 2m, and at least one RBTS for each non-
migratory task exists. This means that:

H H H H
Srers. — <3N —+2m— <@m+h)3r,— (25)
RETSn Pi 'p min(p;) ( 2 p;i

Thus, the number of preemptions and voltage-level
switches in a SP wusing the proposed algorithm is
2x(2m+1)+6m? =0(m?) in the average case. This is
independent of n and much fewer than the preemptions in the
available online algorithms, even for identical platforms
where n >» m (e.g. [14]).

7. Experimental Results

This section presents the evaluation results of the proposed
algorithm for synthetic task sets on different configurations
of parallel machines. Since, to the best of our knowledge,
there is no optimal scheduling algorithm for unrelated
parallel machines that support task migration, we compare
EORTSA algorithm with PCG [25] which is introduced for
real-time scheduling on uniform parallel machines.

Most of the optimal scheduling algorithms for
heterogeneous multiprocessors are based on fairness
[25, 32, 50], so the order of the number of preemptions and
migrations of these algorithms is almost the same. These
algorithms proportionally assign processors to the tasks
according to the utilization rates. Among them, PCG is an
optimal scheduling algorithm which is insensitive to the
energy usage. PCG has the least number of migrations and
preemptions in the class of optimal scheduling algorithms in
uniform parallel machines which make it a good choice to
compare with preemptions and migrations of EORTSA. On
the other hand, since EORTSA scheduling algorithm is
optimal regarding the energy usage, we have omitted the
comparison of EORTSA with other existing algorithms
which intend to reduce the energy.

Although the proposed algorithm supports all types of
machines, it was restricted to uniform parallel machines in
experiments. We have considered four uniform parallel
machines with 2, 4, 8 and 16 XScale PX270 processor cores.
Since this processor supports multiple DVS voltage-levels, it
is possible to create a uniform parallel machine consisting of
cores with different execution speed by assigning different
voltage-levels to cores accordingly. We have used data from
table 6 to create such parallel machine in which every core
works at a fixed random voltage and corresponding
frequency. Also, it can be observed from table 6, there is a
linear dependence between the speed and the power,
meaning that by doubling the speed, power consumption will
increase approximately twice.

With such restriction, it is hard to reveal the potentials of
our algorithm in reducing power consumption during the
evaluations. Our algorithm achieves much more energy
saving for unrelated platforms rather than uniform ones, as
power consumption relates to execution speed through a
nonlinear function and is task-dependant. To reflect the
nonlinear relation between power consumption and execution
speed, which is most common in unrelated platforms, a
custom uniform platform with nonlinear power-speed
relation is modeled using the following assumptions:

e Tasks are assumed to have the same functionality but

with different input sets,

e Task execution times are calculated for different

processors and are normalized based on the execution

speed of the slowest processor,

e Task execution time on different processors is based

on E3S benchmark suite [51].

Since we only have one type of the task on the system,
this unrelated platform can be considered as a uniform
platform. Now, PCG algorithm can schedule the tasks in this
new platform. Tables 6 and 7 report the average powers and
relative speeds of some processor cores for different
operating frequencies. Although actual power and relative
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speed values vary depending on the tasks, these values can
be used as a guideline for our constructed platform.

Linear program and minimum weighted Dbipartite
matching problem (via minimum cost network flow) are
modelled and solved in ILOG Cplex solver [52].

Table 5. Specifications of the Intel XScale PXA270
processor [7] for different speeds

Speed
MHD) 104 | 208 | 312 | 416 | 520 | 624
Normalized | ) § 1 15 2 25 3
speed
Active
power 0.116 | 0.279 | 0.390 | 0.570 | 0.747 | 0.925
(watts)
Idle power | 664 | 0.129 | 0.154 | 0.186 | 0.222 | 0.260
(watts)

Table 6. Speed and power of executing text processing
benchmark on different processors according to E3S
benchmark suites [47]

Active Idle

Processor model Speed power power

(watts) (watts)
AMD ElanSC520-133 MHz 3.0 1.6 0.16

AMD K6-2E 400MHz/ACR 1 10 1

AMD K6-2E+ 500MHz/ACR 1.75 14 14
AMD K6-IITE+ 550MHz/ACR 2 16 1.6
IBM PowerPC 405GP - 266 MHz 1.75 2 0.2
NEC VR5432 - 167 MHz 0.16 2.5 0.25

We conducted several different experiments to evaluate
the average power, number of preemptions and number of
migrations of the above-mentioned scheduling algorithms.

As stated before, the evaluation has been performed on
synthetic task sets. These tasks have been generated
randomly in the following manner. First the utilization value
of each task has been generated randomly such that the
system utilization reaches to a target value determined in the
experiment setup. In order to avoid unaffordable hyper
period length in simulation, we use the following approach
for generating of task periods. First an integer number which
has at least 150 divisors is randomly selected as the hyper
period value. After that, the task period will be chosen from
the set of those divisors. In this way, we have restricted the
periods to integer numbers. And finally the execution time is
calculated using e; = p; X u;.

In each experiment, system utilization has been
considered in the range of 10% to 100% (with step 10%).
Each experiment setup has been repeated 100 times. Then,
the impact of utilization on the performance metrics has been
observed. These performance measures are Average Number
of Migrations and Preemptions per job (ANMP) and the
average energy usage as reported in the other researches in
the literature.

Figure 8 shows ANMP as the vertical axis according to
different system utilizations (horizontal axis). Also in this
figure, the comparison of the number of preemptions and
migrations for different task set sizes (10, 20, 30 and 40) has
been reported. In this figure, when there are 10 tasks in the
system and the utilization is higher than or equal to 60%,
PCG algorithm has less preemptions and migrations than
EORTSA (it is about 33% of EORTSA). In fact, since
EORTSA aims at minimizing the energy, it may lead to
higher ANMP in comparison with non-energy minimizing

and general scheduling algorithms. Consequently, in the
loads near 100% in which the opportunity of saving energy is
limited, EORTSA is less effective than non-energy-
minimizing scheduling algorithms such as PCG. However,
when the number of tasks becomes larger (e.g., 20, 30 or 40),
ANMP of EORTSA decreases. The reason is that with larger
number of tasks, each task most likely has smaller portion in
the total utilization of the system so the chance that it is
preempted or migrated becomes slighter. Consequently, the
performance of EORTSA improves when there are a large
number of tasks in the system.

Another important feature of EORTSA is that it keeps the
number of preemptions and migrations under a fixed bound,
i.e. 0(m?), that only depends on the number of processors in
the system. Figure 8 reveals this fact especially when the
number of tasks increases. In a similar fashion, PCG has
considerable amounts of ANMP (see figure 8(d)). Because it
makes proportional assignments on each schedule period, in
the higher task counts, it encounters many task switches.
Besides, EORTSA schedules RBTSs per task period instead
of task segments per schedule period for non-migratory tasks
and always preserves the number of migratory tasks under
twice the number of processors (2m). Figure 9 shows
comparison of power consumption of scheduled task set for
PCG and our algorithm.

Figure 9 (a) presents power consumption for 4 processors
for different system utilizations. EORTSA consumes less
power at different utilizations than PCG. However, when the
utilization is 100%, there will be no difference between the
power consumption of PCG and EORTSA (because all
processors are always busy at that utilization). For EORTSA,
the maximum power saving in comparison with PCG is
achieved when the utilization is around 30% to 70% (see
figure 9(a)) which was about 60% for utilization 30% and
40%.

In the next experiment (Figure 10), we have considered
different number of processors (2, 8 and 16), and for each
setup, two task set sizes have been considered. Similar to our
discussion for the 4-processor setup, by increasing the
number of tasks, EORTSA outperforms PCG in ANMP.
Figure 9(b) shows the average power consumption of each
experiment for 2, 4, 8 and 16 processors. With the increase of
the number of processors, the gap between EORTSA and
PCG also increase because when EORTSA finds more
opportunities to distribute tasks over the processors, it might
find better options to enhance power consumption of the
tasks.

Further, a version of PCG algorithm for unrelated
platform which is aware of different execution speed of tasks
on different processors has been implemented. The modified
PCG has lower schedule ability bound which is depending on
the underlying platform configuration. The reason of non-
optimal assignment of tasks to processors in this extension of
PCQG is its greedy assignment which is based on local view of
the system.

8. Conclusions and Future Works

In this paper, we have studied the problem of scheduling a
set of periodic real-time tasks on unrelated parallel machines
among which task migration is permitted. Each processor
(machine) in the system has a few discrete speed levels and
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can employ DVS for voltage and speed scaling. At each
voltage-level, the processor has a maximum speed as well as
a maximum power usage. Further, there exist task-processor
specific speeds which are fractions of the maximum speeds
as well as task-processor specific power usages which are
fractions of the mentioned maximum power usages. A
polynomial-time optimal scheduling algorithm is proposed
which feasibly schedules the set of tasks on the machines
while minimizes the overall system energy usage. We
introduce the first part of the algorithm as a schedule
ability test for unrelated platforms. Also, with multiple

improvements the number of task migrations and
preemptions and voltage-level switches are reduced to avoid
extra overheads. It is mentioned that the number of migratory
tasks is at most 2m, where m is the number of processors.
Also, it is shown that the total number of migrations,
preemptions and voltage-level switches in each schedule
period is in the order of O(m?).

As an idea for the further work, we intend to extend our
energy model to include leakage power and consider
overheads of migration, preemption, and voltage level
switches in terms of energy.
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List of Symbols
Symbols Present
T Set of all tasks
Ti The i" task in T
pi Period and relative deadline of task T;
Ci Execution requirement of task T;
N Number of tasks
M Set of all machines
M; The j" machine in M
m Number of machines
kj Number of voltage-levels of machine M;
\ Set of all voltage-levels of machine M;
Vi The 1" voltage-level of machine M;
S Maximum speed of machine Mjat voltage-level V;
Pow; Maximum power consumption of machine M; at voltage-level Vj,
To Dummy task; (its execution is equivalent to be idle)
Powy Power consumption of machine M; at voltage-level V; when idle
Sij Speed of machine M; at voltage-level Vj; when it is executing task T; (i> 0)
Powij Power consumption of machine M; at voltage-level Vj when it is executing task T; (i> 0)
Ei(t) Energy consumed by machine M; at voltage-level V; when it is executing task T; (i> 0)for t amount of time
T M.Vt te) A job slice, that means Task T; is scheduled on machine M; at voltage-level Vj in time interval [t_t,)
E(a,b) Minimum average energy usage of M in time interval [a,b)
H Size of a hyper period
%mm Minimum average energy usage of T on M in a hyper period
SP Schedule Period
SPy The k™ SP (the time interval between the k™ and (k + 1)™ task releases)
| SR | Length of SPy
ST Scaled task
ST; Scaled task corresponding to task T;
e Execution time of the scaled task corresponding to task T; in SPy
Sk Start time of SPy
ti Finish time of SPy
E(SP) in Minimum average energy usage of scaled task set corresponding to Tin a SP, on M
Gt The amount of time needed by task T; to be executed on machine M; at voltage-level V;(LP variables)
TSi Task segments corresponding tot;;> Owherei> 0
i Size of non-scheduled part of task segment TS;; throughout Algorithm 1
e' The remaining execution requirement of migratory task T; in the ongoing iteration of Algorithm 1
Y the length of available interval in which the rest of scheduling takes place in each iteration of Algorithm 1
c The length of available interval in which scheduling of current iteration is going to be done in Algorithm 1
F Set of full machines in each iteration of Algorithm 1
U Set of urgent tasks in each iteration of Algorithm 1
X A matching between machines and tasks that covers all urgent task and full machines
xr A matching from all urgent tasks to machines
poYi A matching from all full machines to tasks
Ry The range of yr
Re The range of ym

21

on



M. Gholipour, M. Kargahi, H. Faili, S. Youssefi and H. Ravanbakhsh: An Energy-Optimal Real-Time Scheduling ...

(Regular Paper) 22

Change of Type A A task segment TSy; is assigned to the proper machine at the proper voltage-level for the length of t'
Change of Type B A machine M; becomes full
Change of Type C A task T; becomes urgent
Change of Type D A new RBTS arrives or its execution finishes
A(TSy) A Change of Type A on task segment TSy
B(M)) A Change of Type B on machine M;
C&(T) A Change of Type C on task T;
RBTS;; Released-based task-segment corresponding to task segment TS;;
Tijl The length of RBTSj;
S A set of machines that is used in Algorithm 4
N(S) Set of all neighbours of node S in a graph
prevX Set of selected edges from the previous iteration
nextX Set of edges in current edges
Y Set of urgent tasks
F Set of full machines
Tyxm adjacency matrix where n'and m are the numbers of migratory tasks and processors
VT Set of nodes corresponding to urgent tasks or each task that adjacent to at least one full machine
\43 Set of nodes corresponding to full machines or each machine that adjacent at least one urgent task
Vs Source node
Va Sink node
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