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Abstract

It is desirable to realize latency-balanced computation channels in residue number systems (RNS). In particular modulo-(2™ — &) addition
with selected values of § (e.g., § € {1,3,5}) is of interest. Modulo-(2™ — 1) adders are realized via one’s complement addition, where (2" — 1)
is also valid as a second representation for zero. Fast parallel prefix realization of such adders exist with (3 + 2[logn]) AG latency, where AG
denotes the delay of a simple 2-input gate. Similarly, modulo-(2" — 3) adders with excess-modulo representations of residues in {0, 1, 2} has
been recently proposed with (4 + 2[logn]) AG latency. It has been shown that such double representation of residues does not jeopardize the
subsequent RNS operations. To approach larger dynamic ranges, while keeping the channel widths (i.e., n) as low as possible, fast modulo-
(2™ — 5) adders could be quite useful. That’s how we are motivated to explore the design and implementation of such adders with the goal of
achieving the same latency of (4 + 2[logn]) AG. The proposed scheme is basically the same as that of the aforementioned modulo-(2" — 3)
adders. However, there are particular non-trivial challenges to be overcome. The proposed scheme is analyzed for latency and area measures,
which are confirmed via circuit synthesis by Synopsis Design Compiler.
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1. Introduction

The latency balance within the parallel computation channels
of a residue number system (RNS) arithmetic architecture is
desirable [1]. On the other hand, limited dynamic range of
the classical moduli set t©={2"—1,2",2" +1} calls for
additional balanced moduli, where modular addition and
multiplication can be performed with the same speed as in
the original three moduli. Parallel prefix fast adders [2-5] for
the aforementioned t system with (3 + 2[logn]) AG latency
has been proposed [6], where AG refers to the delay of a
simple 2-input AND or OR gate. The corresponding modulo-
(2™ — 1) adder takes advantage of a second representation for
zero, as 2™ — 1, where a regular parallel prefix (RPP) and the
so called totally parallel prefix (TPP) architectures [7] lead to
(5+ 2[logn]) and (3 + 2[logn]) AG latencies, respectively.
Moreover, similar modulo-(2" — 3) RPP and TPP adders
with (6 + 2[logn]) and (4 + 2[logn]) AG latencies have also

been reported [8], where 0, 1 and 2 have alternative
representations, as 2" — 3, 2" — 2, and 2" — 1, respectively.
However, we have not encountered any special modulo-
(2™ — 5) adder design in the literature, thus motivated to
present one with the same performance as that of the
aforementioned modulo-(2" — 3) adder. The rest of this paper
deals with a background on RNS arithmetic in Section 2, also
with a brief description of previous relevant modular adders,
offers our proposed modulo- (2" —5) adder designs in
Section 3, evaluations and comparisons in Section 4, and
finally concluding remarks in Section 5.

2. Background

A residue number system is mainly defined by a k-moduli set
{m4, ... m}, where the modulus are commonly pairwise
prime to allow for maximal range (aka dynamic range) of
presentable numbers [9]. The dynamic range, as such, is
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equal to M = []<, m;. The RNS representation of a binary
number X is composed of k residues x; = [X|y, (i.e., the

remainder of integer division lmil, for 1 <i<k), where

addition and multiplication on binary operands X and Y are
performed on their corresponding residues x; and y; in k
parallel data paths.

Modulo-2" addition is exactly the same as conventional
n-bit addition, while multiplication is even simpler and less
costly. However, given the mutually prime property, only
one m; can be a power of two. The next popular moduli are
of the form 2"*P —1 (n > p), since the required adder is
exactly the same as a one’s complement adder, and the main
component of the corresponding multiplier is an (n + p)-
operand modular adder. The n > p restriction is to keep the
moduli set balanced in terms of arithmetic speed. However,
the number of such mutually prime moduli are limited.
Therefore, moduli of the form 2"*P + 1, and more recently
modulo-(2" — 3) have been employed in order to set up high
dynamic range balanced moduli sets [8].

Parallel prefix modular addition is popular, since it
provides for more balanced arithmetic circuits. For example,
(3 + 2[logn]) AG TPP adders have been proposed for modulo-
(2™ — 1), where figure 1 (borrowed from [8]) depicts the
required architecture. Also the fastest modulo-(2™ — 3) adder
that we have encountered is due to [8], where the latency of
its TPP architecture (see figure 2 that is borrowed from [8])
amounts to (4 + 2[logn]) AG. The legend for these figures and
the proposed designs are compiled in table 1.

3. The Proposed Modulo-(2™ — 5) Adder

The modulo-(2" —1), and —(2" —3) adders are fairly
balanced, since for instance in case of n = 8 (i.e., a typical bit
length in RNS applications such as image processing [10]),
9, and 10 AG latencies are achieved, respectively.
Nevertheless, in this section, we propose an RPP modulo-
(2™ — 5) adder, with the same (6 + 2[logn]) latency as the
fastest previous modulo-(2™ —3) RPP adder [8], which
consumes slightly more area and dissipates marginally more
power. We also provide a TPP version of the proposed adder
that performs as fast as the previous modulo-(2" — 3) TPP
adder [8], while the additional area and power measures are
negligible.
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Figure 1. The TPP modulo- (2" — 1) adderarchitecture
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Figure 2. The TPP modulo-(2" — 3) adder architecture
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3.1. The Proposed Modulo-(2™ — 5) RPP Adder

We follow the same approach as in [8] and come up with
table 2 that describes the steps of modulo-(2" — 5) addition
S = |X + Y|,n_g5, where EAC stands for end-around carry. This
table is quite similar to the figure 4 of [8], except that
position 2 (instead of 1) is occupied by G'y,_1.0 = vy + Gp-1.0
where G,_;, denotes the generated carry-out of
U+ V' [11]. Such difference, however, leads to different
equations for carry signals c¢; to c; with respect to the
corresponding ones in [8]. These equations are derived as
Eqns. 1-3, where c; <1 is the generated carry for u, + v, +
G'ho1.0+ ¢, <3, since v, and c, cannot be 1 at once.
The reason is thatc, = uyv; + (u; + vq)c; = u; (viuG'ho1.0) +
v1ugG'y_1.9, Since vyu; = 0 and vyu, = 0. Therefore, c; is in
fact the carry of summation u, + (v, V ¢;) + G';_1.0. Note that
Eqn. 3 includes the modified group propagate signal
P'5.0 = p2 V Gy V Pryg. Also, the fact that g, = 0, and py = u,,
leads to Gy.o = G4, and simpler equation for P',, as in
Eqn. 4.

Figure 3 depicts an RPP realization of such carry signals
and the corresponding sum signals for n =8, where the
preprocessing stage consists of an array of half adders, and
thus leads to (7 + 2[logn]) AG latency. Note that derivation of
s; =h, @G,_1.0 Dc, requires an extra XOR operation,
which does not lengthen the critical delay path (CDP). The
rest of carry equations are described by Eqn. 5, where the
group propagation signals P,_;., (for i > 3) are based on P',.,
(i.e., P10 = Pio1:3P'20)-

Table 2. Modulo-(2" — 5) EAC addition with carry-save
preprocessing

X Xn-1 X5 X,  Xg
Y Yn-1 Y2 Y1 Yo
U Up_1 u, Uy Ug
\' Vi Vo1 vy vy 0
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S Sn—1 S2 S1 So
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1) Further Speedup of RPP Architecture

Recalling the (6 + 2[logn]) AG latency of the modulo-(2™ — 3)
adder of [8], we can use the technique, therein, to achieve the
same 1AG gain. Eqn. 6 is reproduced from [8], where
u’i—l = Xj—1 VV¥i-1, p,i = uj, and g,i—l = u'i_lvi_l. Therefore,
AGj;_; is reduced to 4AG, since p’; and g'i_; are delivered in
2AG, and thus the total delay for the proposed RPP adder is
also (6 + 2[logn]) AG.

Gii-1 =8 VDigi-1 =8 VP8, (6)
3.2. Corresponding TPP Architecture

The TPP architectures are expected to lead to 2 AG less
overall delay with respect to the corresponding RPP
architectures, as is the case in the TPP modulo-(2™ — 3) adder
of [8]. Therefore, we elaborate here on developing a TPP
modulo-(2" — 5) adder that yields all the sum bits in (4 +
2[logn]) AG, where we use Eqn. 7 that describes the general
TPP carry formula, with the understanding that P_;., =
P,_1.3P';.0. As such the required TPP equations for n = 8 are
described below.

¢ = Gi—1.0 V P_1:0G'n-1si
c1 = go V PoG71

=8o0VPo (g'7 V p7(Ge:s V Pe:s(Gaz V p4:3G2:1)))
¢z = Gy,9 VP'1:0G'722

= G1:0 \ pll:O(G,7:6 \% p7:6(G5:4 \ p5:4G3:2))
c3 = G20 VDP'2:0G'7:3

= Gp1 VP21 (go \4 po(g'7 V p7(Ge:5 V p6:5G4:3)))
¢4 = G3;0 V P3:0G'7:4

=Gz V pla:z(GLo Vp'10(GreV p7:6G5:4))
s = Gao V ParoG'7:5

= Gg:3 V Pa3 (G2:1 \% p'2:1(go Vpo(g', VvV p7G6:5)))
¢ = Gs;0 V Ps:0G'7:6

= Gs.4 V Psia (G3:2 \ p’3:2(G1:0 \4 pl1:0Gl7:6))
¢7 = Ge:o V Pe:08’,

= Geg:5 V Pe:s (G4:3 \4 p4:3(G2:1 vp',,(8V pog'7))) @)

The corresponding circuitry is depicted by figure 4,
where the delay figures are indicated along the data paths. In
particular, s; and sg are delivered in 11AG and s, in 12AG,
while the other sum signals are available at 10AG. The reason
for the extra delays for s; and sg is 1AG delay of g/, with
respect to other g; signals that leads to 5AG delay of Gy.,, and
that of s, is due to the extra XOR. The former can be fixed
via implementing Eqn. set 8 and the latter by Eqn. 9.
Regarding s,, one of the two possible sum values fo G,,_;.q =
Or or 1 (ie., hy @ Gy or hy @ Gy + Py) is selected by a
multiplexer, and thus As, = 2AG + AG;_,,,, as the other s;
outputs (see figure 5). As for g7, the modified equation
(i.e., Eqn. set 8) delivers it in 3AG, and thu Gy.; s is available
in 4AG, as other G;.;_; signals.

g7 =87,VVg=Uu;v;Vvg = (XZ @ y7)v7 V X7y7
= (X7 Vy7)V; VX7y7 = vgVu';vg

Go.7 = 8o V Po8&7 (3

s2=h; ®Gp1.0DC,
=h, @ Gp_1.0 D (Gi:0 V Pr.oGp—1:0)
=h, @ (Gp-1:0G1.0 + Prio + G1:0Gpo10)
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Figure 3. The proposed RPP modulo-(2" — 5) adder

Delay
A4 A A N A [ T R T A )

N N AR AN

446 ! peh peh eh H gh peh
e

: Aff!‘lr' e PGy

=
{—
D

206

206
v \ ¥ ¥ ¥ v
5 5 5 5 5 5 5

206

Figure 4. The proposed TPP modulo-(2" — 5) adder
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Figure 5. Modification for the terminal part of the s, path in
figure 4

3.3. Addition of Two Excess-Modulo Residues

Most of RNS applications require modular addition and
multiplications, where at least one operand is furnished via
input data, which is therefore normally represented
(i.e., single representation of residues). In such cases, Eqn.
set 10 is meant to show that excess-modulo representation of
the other operand does not jeopardize the resulted residue,
where A € [0,2" — 5], Be [2" —5,2" — 1], and B’ =B — (2" —
5), represent the normal representation of B. However, the
same analysis fails for the case of both operands in excess-
modulo representations, which can be handled as follows, in
hypothetical cases of occurrence.

|A + BlZ"—S = |A + B, + Zn - 5|2ﬂ_5 = |A + B’lzn_s,
|AXB|2n_5 = |AX(B’+2H—5)|2n_5 = |AXB’|2n_5 (10)

The excess-modulo operand pairs 2" —§, and 2" —§,,
where 1 < §,,8, < 5, should be examined for possible wrong
sums. Let A+B=G,_1.0Wy_1 ..Wg, and S =s;sp_;..S0 =
Wp_1 --Wq + 5Gy_1.9. Therefore, s, =wy_jch_1 =(hp_; @
Gp_2:0)Cn—1, Where all the required three operands are
available in the RPP and TPP realizations of figure 3 and 4.
On the other hand, s,_;..syo =|A+B|yn_g = 2" - &, + 2" —
8,|,n_s denotes the sum that is produced by the proposed
adders, where the EAC = G',,_;., = 1. Therefore, Eqn. set 11
holds, where the cases of S = 2" (i.e., Se{2",2" +1,2" +
2,2™ + 3}), denoted by s, =1, are not valid, and should be
corrected by another subtraction by 2" —5, or actually
addition by 5. However, this correction act affects only the
four least significant bits of the sum (i.e., s3s,5:5¢), as is
justified by the content of table 3.

S=20—§, +2"—

8, —(2"—5),2"-5<S<2"+3  (11)

Table 3. Two excess-(2" — 5) operands

A B $35,81Sg | S'35'28'1S'y
2" — 4,20 —1 0000 0101
2 —3,2" -2 0000 0101
2n—3,2" -1 0001 0110
20 —2,2" -2 0001 0110
2" —2,2"—-1 0010 0111
2" —1,2" -1 0011 1000

Eqn. set 12 describes the corrected sum bits s{ (0 <i < 3)
in terms of the original sum bits s;. Note that s, = 0 in other
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cases that are not listed in table 3. Therefore, additional
latency of the correction logic is 4AG.

o 1o _— r_ _— ro_
S'o =50 @ Sp,S'1 =515, V(S1 D Sg)Sn,S'2 =525, VS150Sn,S'3 =
S35, V S1S0Sn (12)

4. Evaluations and Comparisons

Recalling the modifications to figure 4 that was explained in
Section 3.2, the overall latency of the proposed TPP modulo-
(2™ — 5) adder is equal to the desired (4 + 2[logn])AG in the
practical cases, where at most one of the operands is excess-
modulo. Also that of the RPP realization of figure 3 is
(6 + 2[logn])AG. Therefore, the proposed adders are latency
balanced with the corresponding previous modulo-(2" — 3)
adders of [8]. The gate level delay and area measures of the

52

terms of time constraints of the synthesis tool, for n €
{8,16,32}, respectively. These results confirm the latency
balance between modulo-(2" —3) and -(2" —5) channels,
where the area consumption and power dissipation are also
compatible. The corresponding measures for the least met
time constraint are compiled in tables 5-7.

Table 4. Analytical gate-level performance measures

Design Delay (AG) Area (AA)
RPP (2" —5) 6 + 2 [logn] 3n [logn] + 7n + 2
TPP (2" —5) 4 + 2 [logn] 3n [logn] + 7n+ 7
RPP (2" — 3) 6 + 2 [logn] 3n [logn]+ 7n—6
TPP (2" — 3) 4 + 2 [logn] 3n [logn] + 8n—10

Table 5. Synthesis results forn = 8

reference and proposed adders are listed in table 4. To Design Delay (ns) | Area (um?) | Power (uw)
confirm the results, therein, we have coded function of the RPP (2" —5) | 0.5897 19695.16 650.87
. . n__
four adders, perform correction tests, and simulated the TPP (2" — 5) 0.5499 19150.68 616.61
. L . RPP (2" —3) | 0.5499 17220.08 585.71
corresponding circuits by TSMC .9 um Synopsys Design TPP (2" —3) | 0.5498 20376.62 62414
Compiler. Figures 6-8 depict the area and power curves in
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Table 6. Synthesis results forn = 16

Design Delay (ns) | Area (um?) | Power (uw)
RPP (2™ — 5) 0.7000 39286.79 1301
TPP (2" —5) 0.6999 45391.73 1486.8
RPP (2™ — 3) 0.6500 38553.01 1098.4
TPP (2" — 3) 0.6499 44467.15 1350.8

Table 7. Synthesis results for n = 32

Design Delay (ns) | Area (um?) | Power (uw)
RPP (2" — 5) 0.89 91145.98 2822.4
TPP (2" — 5) 0.85 84412.00 2460.2
RPP (2" — 3) 0.90 82295.13 2363.9
TPP (2" — 3) 0.79 87038.07 2602.3

5. Conclusions

RNS applications can be realized to show better figures of
merit (especially performance) in case of balanced moduli
set, where the latency of all the computation channels are
almost equal (i.e., at most 1AG difference). Modular addition
is in particular of interest, where parallel prefix (3 +
2[logn]) AG adders have been presented for moduli set
{2" —1,27,2™ + 1} [2], and also modulo-(2" — 3) adders with
(4 + 2[logn]) AG performance [8]. Additional moduli of the
form (2™ — §) are desirable to accommodate larger dynamic
ranges, provided that (4 + 2[logn]) AG adders are feasible.
We presented a modulo-(2" — 5) parallel prefix adder that
meets the latter performance constraint. This was shown via
gate-level analysis that was confirmed by synthesis results.
Such performance was achieved at marginal penalty in area
and power measures.

As for the relevant future work, for extending the
dynamic range while keeping the whole moduli set balanced,
we plan to study the design and implementation of
compatible modulo-(2™ + 3) and -(2" + 5) adders.
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