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equal to M ൌ ∏ m୧

୩
୧ୀଵ . The RNS representation of a binary 

number X is composed of k residues x୧ ൌ |X|୫౟
 (i.e., the 

remainder of integer division ቔ
X

୫౟
ቕ, for 1 ൑ i ൑ k), where 

addition and multiplication on binary operands X and Y are 
performed on their corresponding residues x୧ and y୧ in k 
parallel data paths. 

Modulo-2୬ addition is exactly the same as conventional 
n-bit addition, while multiplication is even simpler and less 
costly. However, given the mutually prime property, only 
one m୧ can be a power of two. The next popular moduli are 
of the form 2୬േ୮ െ 1 (n ب p), since the required adder is 
exactly the same as a one’s complement adder, and the main 
component of the corresponding multiplier is an ሺn േ pሻ-
operand modular adder. The n ب p restriction is to keep the 
moduli set balanced in terms of arithmetic speed. However, 
the number of such mutually prime moduli are limited. 
Therefore, moduli of the form 2୬േ୮ ൅ 1, and more recently 
modulo-(2୬ െ 3) have been employed in order to set up high 
dynamic range balanced moduli sets [8]. 

Parallel prefix modular addition is popular, since it 
provides for more balanced arithmetic circuits. For example, 
ሺ3 ൅ logڿ2 nۀሻ ΔG TPP adders have been proposed for modulo- 
ሺ2୬ െ 1ሻ, where figure 1 (borrowed from [8]) depicts the 
required architecture. Also the fastest modulo-(2୬ െ 3) adder 
that we have encountered is due to [8], where the latency of 
its TPP architecture (see figure 2 that is borrowed from [8]) 
amounts to ሺ4 ൅ logڿ2 nۀሻ ΔG. The legend for these figures and 
the proposed designs are compiled in table 1. 
 

3. The Proposed Modulo-(૛࢔ െ ૞) Adder 
 
The modulo-(2୬ െ 1), and –ሺ2n െ 3ሻ adders are fairly 
balanced, since for instance in case of n ൌ 8 (i.e., a typical bit 
length in RNS applications such as image processing [10]), 
9, and 10 ΔG latencies are achieved, respectively. 
Nevertheless, in this section, we propose an RPP modulo-
(2୬ െ 5) adder, with the same (6 ൅ logڿ2 nۀ) latency as the 
fastest previous modulo-(2୬ െ 3) RPP adder [8], which 
consumes slightly more area and dissipates marginally more 
power. We also provide a TPP version of the proposed adder 
that performs as fast as the previous modulo-(2୬ െ 3) TPP 
adder [8], while the additional area and power measures are 
negligible. 
 

0s1s2s3s4s5s6s7s

0ܻ ܺ0 1ܻ 1ܺ 2ܻ ܺ2 3ܻ ܺ3 4ܻ  ܺ 4 5ܻ ܺ5 6ܻ  ܺ 6 7ܻ ܺ7 

 
 

Figure 1. The TPP modulo- (2୬ െ 1ሻ adderarchitecture 

ܺ0 1ܻ 1ܺ  2ܻ ܺ2 3ܻ ܺ3 4ܻ  ܺ 4 5ܻ ܺ5 6ܻ ܺ6 7ܻ ܺ7 0ܻ 

0s1s2s3s4s5s6s7s
 

 

Figure 2. The TPP modulo-(2୬ െ 3) adder architecture 
 

Table 1. Logical cells used in the respected figures 
 

Figures Description Legend 

2, 3 Buffer node 

 ,G P

 ,G P

1, 2, 3, 4 G 
node 

rG P G 

 ,G P  ,r rG P

1, 2, 3, 4 ሺG, Pሻ 
node 

 ,G P  ,r rG P

 ,r rG P G P P  

3, 4 ሺG, PԢሻ 
node 

 

ሺܩ௟, ௟ܲሻ ሺܩ௥, ௥ܲሻ 
 

௥ܲିଵ 

 

ሺܩ௟ݒ ௟ܲܩ௥, ௟ܲܩݒ௥ݒ ௥ܲ ௥ܲିଵሻ 
 

2, 3, 4 Half adder 

x yxy

x y

1, 2, 3, 4 
p ൌ u ש v 

g ൌ u ר v 
h ൌ pg 

ݑ ݒ   

݄ ൌ  ݒ۩ݑ
݃ ൌ ݑ ר  ݒ

݌ ൌ  ݒڀݑ

 

2, 3, 4 gᇱ ൌ g ש v୬ 

െ1݊ݒ െ1݊ݑ  ݊ݑ   

െ1݊ݒڀെ1݊ݑ
െ1݊ݒ۩െ1݊ݑ  

ሺ݊ݑെ1݊ݒٿെ1ሻ ש ݊ݒ  

 

2 pᇱ ൌ p ש u଴ 

0ݑ 1ݒ   

1ݑڀ1ݒڀ0ݑ
 1ݒ1ݑ

1ݑ ْ 1ݒ

1ݑ  
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3.1. The Proposed Modulo-(૛ܖ െ ૞) RPP Adder 
 
We follow the same approach as in [8] and come up with 
table 2 that describes the steps of modulo-(2୬ െ 5) addition 
S ൌ |X ൅ Y|ଶ౤ିହ, where EAC stands for end-around carry. This 
table is quite similar to the figure 4 of [8], except that 
position 2 (instead of 1) is occupied by GԢ୬ିଵ;଴ ൌ v୬ ൅ G୬ିଵ:଴, 
where G୬ିଵ:଴ denotes the generated carry-out of  
U ൅ Vᇱ [11]. Such difference, however, leads to different 
equations for carry signals cଵ to cଷ with respect to the 
corresponding ones in [8]. These equations are derived as 
Eqns. 1-3, where cଷ ൑ 1 is the generated carry for uଶ ൅ vଶ ൅
GԢ୬ିଵ:଴ ൅ cଶ ൑ 3, since vଶ and cଶ cannot be 1 at once.  
The reason is thatcଶ ൌ uଵvଵ ൅ ሺuଵ ൅ vଵሻcଵ ൌ uଵሺvଵu଴Gᇱ

୬ିଵ:଴ሻ ൅
vଵu଴GԢ୬ିଵ:଴, since vଶuଵ ൌ 0 and vଵu଴ ൌ 0. Therefore, cଷ is in 
fact the carry of summation uଶ ൅ ሺvଶ ש cଶሻ ൅ Gᇱ

୬ିଵ:଴. Note that 
Eqn. 3 includes the modified group propagate signal 
PԢଶ:଴ ൌ pଶ ש Gଵ:଴ ש Pଵ:଴. Also, the fact that g଴ ൌ 0, and p଴ ൌ u଴, 
leads to Gଶ:଴ ൌ Gଶ:ଵ, and simpler equation for PԢଶ:଴ as in     
Eqn. 4.  

Figure 3 depicts an RPP realization of such carry signals 
and the corresponding sum signals for n ൌ 8, where the 
preprocessing stage consists of an array of half adders, and 
thus leads to ሺ7 ൅ logڿ2 nۀሻ ΔG latency. Note that derivation of 
sଶ ൌ hଶ  ْ G୬ିଵ:଴

ᇱ  ْ cଶ requires an extra XOR operation, 
which does not lengthen the critical delay path (CDP). The 
rest of carry equations are described by Eqn. 5, where the 
group propagation signals P୧ିଵ:଴ (for i ൐ 3) are based on PԢଶ:଴ 
(i.e., P୧ିଵ:଴ ൌ P୧ିଵ:ଷPԢଶ:଴). 
 
Table 2. Modulo-ሺ2୬ െ 5ሻ EAC addition with carry-save 
preprocessing 

 

x୬ିଵ              ….      xଶ           xଵ       x଴     
y୬ିଵ              ….      yଶ           yଵ       y଴       

X 
Y 

  u୬ିଵ           ….         uଶ          uଵ          u଴      
v୬           v୬ିଵ                ….        vଶ          vଵ           0       

U 
V 

u୬ିଵ         ….         uଶ         uଵ           u଴         
v୬ିଵ            ….         vଶ          vଵ           0        

                              GԢ୬ିଵ;଴                   GԢ୬ିଵ;଴ 
VԢ 

5EAC 

h୬ିଵ          ….     hଶ       hଵ         h଴ 
c୬ିଵ           ….     cଶ       cଵ           c଴ 

 

s୬ିଵ         ….        sଶ           sଵ         s଴ S 

 
cଵ ൌ u଴G୬ିଵ:଴

ᇱ                                                                         (1) 
 
cଶ ൌ Gଵ:଴ ש Pଵ:଴G୬ିଵ:଴

ᇱ                                                                          (2) 
 
cଷ ൌ uଶvଶ ש uଶcଶ ש ሺuଶ ש vଶ ש cଶሻG୬ିଵ:଴

ᇱ  
ൌ uଶvଶ ש ሺuଶ ש vଶ ሻG୬ିଵ:଴

ᇱ ש ሺuଶ ש vଶ ש G୬ିଵ:଴
ᇱ ሻcଶ 

ൌ gଶ ש pଶG୬ିଵ:଴
ᇱ ש pଶሺGଵ:଴ ש Pଵ:଴G୬ିଵ:଴

ᇱ ሻ ש cଶG୬ିଵ:଴
ᇱ  

ൌ gଶ ש pଶGଵ:଴ ש ሺpଶ ש cଶሻG୬ିଵ:଴
ᇱ  

ൌ Gଶ:଴ ש ሺpଶ ש Gଵ:଴ ש Pଵ:଴G୬ିଵ:଴
ᇱ ሻG୬ିଵ:଴

ᇱ  
ൌ Gଶ:଴ ש ሺpଶ ש Gଵ:଴ ש Pଵ:଴ሻG୬ିଵ:଴

ᇱ  
ൌ Gଶ:଴ ש Pᇱ

ଶ:଴G୬ିଵ:଴                                                                                                               
ᇱ (3) 

 
Pᇱ

ଶ:଴ ൌ pଶ ש gଵ ש pଵp଴ ൌ pଶ ש uଵvଵ ש ሺuଵ ש vଵሻu଴ 
ൌ pଶ ש uଵሺvଵ ש u଴ሻ ൌ pଶ ש uଵሺx଴y଴ ש ሺx଴ ש y଴ሻx଴y଴ሻ 
ൌ pଶ ש uଵሺx଴ ש y଴ሻ                                                                  (4) 
 
c୧ ൌ G୧ିଵ:଴ ש P୧ିଵ:଴G୬ିଵ:଴

ᇱ                                                         (5) 

1) Further Speedup of RPP Architecture 
Recalling the ሺ6 ൅ logڿ2 nۀሻ ΔG latency of the modulo-(2୬ െ 3) 
adder of [8], we can use the technique, therein, to achieve the 
same 1ΔG gain. Eqn. 6 is reproduced from [8], where 
uԢ୧ିଵ ൌ x୧ିଵ ש y୧ିଵ, pԢ୧ ൌ u୧, and gԢ୧ିଵ ൌ uԢ୧ିଵv୧ିଵ. Therefore, 
ΔG୧:୧ିଵ is reduced to 4ΔG, since pԢ୧ and gԢ୧ିଵ are delivered in 
2ΔG, and thus the total delay for the proposed RPP adder is 
also ሺ6 ൅ logڿ2 nۀሻ ΔG. 
 
G୧:୧ିଵ ൌ g୧ ש p୧g୧ିଵ ൌ g୧ ש pᇱ

୧g
ᇱ
୧ିଵ                                          (6) 

 
3.2. Corresponding TPP Architecture 
 
The TPP architectures are expected to lead to 2 ΔG less 
overall delay with respect to the corresponding RPP 
architectures, as is the case in the TPP modulo-(2୬ െ 3) adder 
of [8]. Therefore, we elaborate here on developing a TPP 
modulo-(2୬ െ 5) adder that yields all the sum bits in ሺ4 ൅
logڿ2 nۀሻ ΔG, where we use Eqn. 7 that describes the general 
TPP carry formula, with the understanding that P୧ିଵ:଴ ൌ
P୧ିଵ:ଷPԢଶ:଴. As such the required TPP equations for n ൌ 8 are 
described below. 
 
c୧ ൌ G୧ିଵ:଴ ש P୧ିଵ:଴Gᇱ

୬ିଵ:୧  
cଵ ൌ g଴ ש p଴G଻:ଵ

ᇱ  

  ൌ g଴ ש p଴ ቀgԢ଻ ש p଻൫G଺:ହ ש p଺:ହሺGସ:ଷ ש pସ:ଷGଶ:ଵሻ൯ቁ 

cଶ ൌ Gଵ:଴ ש pԢଵ:଴GԢ଻:ଶ 
  ൌ Gଵ:଴ ש pԢଵ:଴൫Gᇱ

଻:଺ ש p଻:଺ሺGହ:ସ ש pହ:ସGଷ:ଶሻ൯ 
cଷ ൌ Gଶ:଴ ש pԢଶ:଴GԢ଻:ଷ 

     ൌ Gଶ:ଵ ש pԢଶ:ଵ ቀg଴ ש p଴൫gᇱ
଻ ש p଻ሺG଺:ହ ש p଺:ହGସ:ଷሻ൯ቁ 

cସ ൌ Gଷ:଴ ש pଷ:଴GԢ଻:ସ 
     ൌ Gଷ:ଶ ש pԢଷ:ଶ൫Gଵ:଴ ש pԢଵ:଴ሺGᇱ

଻:଺ ש p଻:଺Gହ:ସሻ൯ 
cହ ൌ Gସ:଴ ש pସ:଴GԢ଻:ହ 

     ൌ Gସ:ଷ ש pସ:ଷ ቀGଶ:ଵ ש pԢଶ:ଵ൫g଴ ש p଴ሺgᇱ
଻ ש p଻G଺:ହሻ൯ቁ 

c଺ ൌ Gହ:଴ ש pହ:଴GԢ଻:଺ 

      ൌ Gହ:ସ ש pହ:ସ ቀGଷ:ଶ ש pᇱ
ଷ:ଶ൫Gଵ:଴ ש pᇱ

ଵ:଴Gᇱ
଻:଺൯ቁ 

c଻ ൌ G଺:଴ ש p଺:଴gᇱ
଻ 

     ൌ G଺:ହ ש p଺:ହ ቀGସ:ଷ ש pସ:ଷ൫Gଶ:ଵ ש pᇱ
ଶ:ଵሺg଴ ש p଴gԢ଻ሻ൯ቁ              (7) 

 
The corresponding circuitry is depicted by figure 4, 

where the delay figures are indicated along the data paths. In 
particular, sଵ and sହ are delivered in 11ΔG and sଶ in 12ΔG, 
while the other sum signals are available at 10ΔG. The reason 
for the extra delays for sଵ and sହ is 1ΔG delay of g଻

ᇱ  with 
respect to other g୧ signals that leads to 5ΔG delay of G଴:଻

ᇱ , and 
that of sଶ is due to the extra XOR. The former can be fixed 
via implementing Eqn. set 8 and the latter by Eqn. 9. 
Regarding sଶ, one of the two possible sum values fo G୬ିଵ:଴

ᇱ ൌ
0r  or 1 (i.e., hଶ  ْ Gଵ:଴ or hଶ  ْ Gଵ:଴ ൅ Pଵ:଴) is selected by a 
multiplexer, and thus Δsଶ ൌ 2ΔG ൅ ΔG୬ିଵ:଴

ᇱ , as the other s୧ 
outputs (see figure 5). As for g଻

ᇱ , the modified equation    
(i.e., Eqn. set 8) delivers it in 3ΔG, and thu G଴:଻

ᇱ  s  is available 
in 4ΔG, as other G୧:୧ିଵ signals. 
 
gԢ଻ ൌ g଻ ש v଼ ൌ u଻v଻ ש v଼ ൌ ሺx଻ ْ y଻ሻv଻ ש x଻y଻ 
  ൌ ሺx଻ ש y଻ሻv଻ ש x଻y଻ ൌ v଼ ש uԢ଻v଼   
G଴:଻

ᇱ ൌ g଴ ש p଴g଻
ᇱ                          (8) 

 
sଶ ൌ hଶ  ْ G୬ିଵ:଴

ᇱ ْ cଶ    
    ൌ hଶ  ْ G୬ିଵ:଴

ᇱ ْ ሺGଵ:଴ ש Pଵ:଴G୬ିଵ:଴
ᇱ ሻ 

     ൌ hଶ  ْ ሺG୬ିଵ:଴
ᇱ Gଵ:଴ ൅ Pଵ:଴ ൅ Gଵ:଴G୬ିଵ:଴

ᇱ  ሻ 
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   ൌ ሺhଶ  ْ Gଵ:଴ ൅ Pଵ:଴ሻG୬ିଵ:଴

ᇱ ൅ ሺhଶ  ْ Gଵ:଴ሻG୬ିଵ:଴
ᇱ                  (9) 

 

 

Figure 3. The proposed RPP modulo-(2୬ െ 5) adder 
 

 

 
 
 
 
 

 
 
 
 
 
 

 

 

 
 
 

Figure 4. The proposed TPP modulo-(2୬ െ 5) adder 

ܵ2 

݄2 ݃1 ݄2 

 0݌   1݌

   ݃1 

 Ԣ7:0ܩ

 
Figure 5. Modification for the terminal part of the ݏଶ path in 
figure 4 
 
3.3. Addition of  Two Excess-Modulo Residues 
 
Most of RNS applications require modular addition and 
multiplications, where at least one operand is furnished via 
input data, which is therefore normally represented           
(i.e., single representation of residues). In such cases, Eqn. 
set 10 is meant to show that excess-modulo representation of 
the other operand does not jeopardize the resulted residue, 
where A א ሾ0, 2୬ െ 5ሿ, B א ሾ2୬ െ 5, 2୬ െ 1ሿ, and Bᇱ ൌ B െ ሺ2୬ െ
5ሻ, represent the normal representation of B. However, the 
same analysis fails for the case of both operands in excess-
modulo representations, which can be handled as follows, in 
hypothetical cases of occurrence. 
 
|A ൅ B|ଶ౤ିହ ൌ |A ൅ Bᇱ ൅ 2୬ െ 5|ଶ౤ିହ ൌ |A ൅ BԢ|ଶ౤ିହ, 
|A ൈ B|ଶ౤ିହ ൌ |A ൈ ሺBᇱ ൅ 2୬ െ 5ሻ|ଶ౤ିହ ൌ |A ൈ BԢ|ଶ౤ିହ            (10) 
 

The excess-modulo operand pairs 2୬ െ δଵ and 2୬ െ δଶ, 
where 1 ൑ δଵ, δଶ ൑ 5, should be examined for possible wrong 
sums. Let A ൅ B ൌ G୬ିଵ:଴w୬ିଵ … w଴, and S ൌ s୬s୬ିଵ … s଴ ൌ
w୬ିଵ … w଴ ൅ 5G୬ିଵ:଴. Therefore, s୬ ൌ w୬ିଵc୬ିଵ ൌ ሺh୬ିଵ ْ
G୬ିଶ:଴ሻc୬ିଵ, where all the required three operands are 
available in the RPP and TPP realizations of figure 3 and 4. 
On the other hand,   s୬ିଵ … s଴ ൌ |A ൅ B|ଶ౤ିହ ൌ |2୬ െ δଵ ൅ 2୬ െ
δଶ|ଶ౤ିହ denotes the sum that is produced by the proposed 
adders, where the EAC ൌ Gᇱ

୬ିଵ:଴ ൌ 1. Therefore, Eqn. set 11 
holds, where the cases of S ൒ 2୬ (i.e., S א ሼ2୬, 2୬ ൅ 1, 2୬ ൅
2, 2୬ ൅ 3ሽ), denoted by s୬ ൌ 1, are not valid, and should be 
corrected by another subtraction by 2୬ െ 5, or actually 
addition by 5. However, this correction act affects only the 
four least significant bits of the sum (i.e., sଷsଶsଵs଴), as is 
justified by the content of table 3. 
 
S ൌ 2୬ െ δଵ ൅ 2୬ െ δଶ െ ሺ2୬ െ 5ሻ,2୬ െ 5 ൑ S ൑ 2୬ ൅ 3        (11) 
 

Table 3. Two excess-ሺ2୬ െ 5ሻ operands 
 

 
 
 
 
 
 

 
Eqn. set 12 describes the corrected sum bits s୧

ᇱሺ0 ൑ i ൑ 3ሻ 
in terms of the original sum bits  s୧. Note that s୬ ൌ 0 in other 

,ۯ ૙ܛ૚ܛ૛ܛ૜ܛ Ԣ૙ܛԢ૚ܛԢ૛ܛԢ૜ܛ ۰ 

0101 0000 2୬ െ 4, 2୬ െ 1
0101 0000 2୬ െ 3, 2୬ െ 2
0110 0001 2୬ െ 3, 2୬ െ 1
0110 0001 2୬ െ 2, 2୬ െ 2
0111 0010 2୬ െ 2, 2୬ െ 1
1000 0011 2୬ െ 1, 2୬ െ 1
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cases that are not listed in table 3. Therefore, additional 
latency of the correction logic is 4ΔG. 

 
sԢ଴ ൌ s଴ ْ s୬, sᇱ

ଵ ൌ sଵs୬ ש ሺsଵ ْ s଴ሻs୬,sᇱ
ଶ ൌ sଶs୬ ש sଵs଴s୬,sᇱ

ଷ ൌ
sଷs୬ ש sଵs଴s୬                                                                                 (12) 
 

4. Evaluations and Comparisons 
 
Recalling the modifications to figure 4 that was explained in 
Section 3.2, the overall latency of the proposed TPP modulo-
ሺ2୬ െ 5ሻ adder is equal to the desired ሺ4 ൅ logڿ2 nۀሻΔG in the 
practical cases, where at most one of the operands is excess-
modulo.  Also that of the RPP realization of figure 3 is 
ሺ6 ൅ logڿ2 nۀሻΔG. Therefore, the proposed adders are latency 
balanced with the corresponding previous modulo-ሺ2୬ െ 3ሻ 
adders of [8]. The gate level delay and area measures of the 
reference and proposed adders are listed in table 4. To 
confirm the results, therein, we have coded function of the 
four adders, perform correction tests, and simulated the 
corresponding circuits by TSMC .9 µm Synopsys Design 
Compiler. Figures 6-8 depict the area and power curves in 

terms of time constraints of the synthesis tool, for n א
ሼ8, 16, 32ሽ, respectively. These results confirm the latency 
balance between modulo-ሺ2୬ െ 3ሻ and -ሺ2୬ െ 5ሻ channels, 
where the area consumption and power dissipation are also 
compatible. The corresponding measures for the least met 
time constraint are compiled in tables 5-7. 

 
Table 4. Analytical gate-level performance measures 

 

 
Table 5. Synthesis results for n ൌ 8 

 

Design Delay (ns) Area (µmଶ) Power (µw) 
RPP ሺ2୬ െ 5ሻ 0.5897 19695.16 650.87 
TPP ሺ2୬ െ 5ሻ 0.5499 19150.68 616.61 
RPP ሺ2୬ െ 3ሻ 0.5499 17220.08 585.71 
TPP ሺ2୬ െ 3ሻ 0.5498 20376.62 624.14 

 
 

 
 

Figure 6. Area and power comparisons for n ൌ 8 
 
 

  
  

Figure 7. Area and power comparisons for n ൌ 16 
 
 

 
  

Figure 8. Area and power comparisons for n ൌ 32 

Area (∆ۯ) Delay (∆۵ሻ Design 
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૜ܖ ۀܖ܏ܗܔڿ ൅ ૠܖ ൅ ૠ 4 ൅ TPP ۀlognڿ 2 ሺ2୬ െ 5ሻ 

૜ܖ ۀܖ܏ܗܔڿ ൅ ૠܖ െ ૟ 6 ൅ RPP ۀlognڿ 2 ሺ2୬ െ 3ሻ 

૜ۀܖ܏ܗܔڿ ܖ ൅ ૡܖ െ ૚૙4 ൅ TPP ۀlognڿ 2 ሺ2୬ െ 3ሻ 
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