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researches is combinational squaring consisting of three 
stages: partial product generation, partial product reduction 
stage (with carry save trees) and finally two input modular 
adder. Optimization of partial products can be gained by 
periodic properties of modulo 2 1n   in any stages. In [14] 
such method is specified using periodic properties of modulo 
2 1n   squarer to reduce the number of columns by 
rearranging bits in the columns above the period in the lower 
columns in which a constant correction word is needed. 

In this paper, a new combinational approach is used for 
implementing such arithmetic operation. The proposed 
squarer outperforms the weighted squarer described in       
[13, 14], since it leads to shallower matrix, the number of bits 
and also height of the partial products matrix. The resulting 
matrix is regular for odd and even value of n. 

The rest of this paper is organized as follows: The novel 
squarer will be presented in Section 2. The analysis and 
experimental result will be discussed in Section 3 and finally, 
Section 4 concludes the paper. 
 

2. Proposed Design 
 
The three main components of a modular squarer consist of 
partial product matrix generate on, carry save adder, to 
produce two final operands, and a modular adder. 
 
2.1. The Partial Product Formation: 
 
Let 

1 2 0
...

n n n
X x x x x

 
  denote (n+1)-bit operands of squarer in the 

range [0,2 ]n .It can be optimized by .a a ax x x . It is evident that 

if 
nx  is 1 then other bits of X are zero. This fact permits us to 

eliminate any partial products having the combination of 
n ix x

which  0,n 1i  . The partial product matrix can be divided 

into four groups, A, B, C and D shown in figure 1. As 
mentioned earlier, groups B and D are zero. Terms of groups 
A and C cannot be 1 at the same time. 

The term weighted 22 n  in modulo 2 1n   can be substituted 
by one term and ORed with 

ix  in group ‘A’ at the position of 

{0}i  because: 

 
2

2 1 2 12 1 2 1

2 1

2 2 .2 .( 1)( 1) n nn n

n

n n n
n n n n

n

x x x x

x

  



    


         (1) 

 
According to equation 2, each term such as c in figure 1, 

which is placed to the left of column (n-1), must be inverted 

and repositioned n-bits to the right of column (n-1). The gray 
colored part of figure 2 shows these modifications. 
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                                     (2) 

 
Moreover, we must consider the correction factor of 

2 2n i n , which is imposed by each repositioning and 
complementation. From figure 2 we notice that the first row 
(row 0) does not need any correction, whereas every other 
rows (row j) impose 2 (2 1)n j  correction factors. Calculation 

the sum of correction factors in all rows (
pp

COR ) is given by: 

 
 
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         (3) 

 
The partial product formation of modulo 82 1  squarer is 

depicted in figure 2. 
 
2.2. Carry Save Adder 
 
In figure 1 each pair of terms in the form of (

a bx x ,
b ax x ) can be 

rewritten as two terms in the same form which is called 
identical pairs in this paper. Since there are identical pairs in 
every column, we can reduce each pair to one and shift to the 
left column. So, the partial products will be halved. Another 
correction factor must be computed because identical pairs in 
the leftmost column, according to (2), can be completed and 
transferred to the rightmost column. 
 

2 .( )
2

1
2 .( )

2

n

identical
n

n
even n

COR
n

odd n


  


                       (4) 

 
For an even value of “n” in the proposed modulo 2 1n   

squarer, the number of partial product bits in odd columns is 
3 less than even columns. The even columns have partial 
product combinations as shown in table 1. Instead of 
applying n/2-bit CSA to even columns, we can reduce it into 
two partial product bits. 
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Therefore, the number of partial product bits in even 
columns is decreased two units and in odd columns is 
increased one unit. As a result, the number of partial product 
bits in all columns is equal to n/ 2 1 . 

Each column of the proposed modulo 2 1n   squarer, for 
an odd value of “n”, has three terms (f, g, h) as depicted in 
figure 3. These terms generate sum and carry which is shown 
in table 2. So, one level of inverted EAC CSA (End-Around 
Carry CSA) will be simplified into two partial product bits. 
The number of partial products in each column will be 
diminished from ( 1) / 2 1n   to ( 1) / 2n . This process imposes 

one correction factor of 2n , according to (2), which will be 
referred to as 1OddCOR   in equation 5. 

 
Table 1. Full adder reduction for even n for even columns 
 

x y xݕݔതതത ൅ ҧݔ ൅ 0 
0 0 10 
0 1 10 
1 0 01 
1 1 00 

  
Sum=ݔ ൅  തݕ
Carryൌ  ҧݔ

 
The partial products matrix must be added until two final 

summands are fed to modulo 2 1n   adder. This process can 
be done using Dadda tree [16]. In order to reduce partial 
product matrix, inverted EAC CSA will be applied in each 
stage. It is worth mentioning that carry output of the last 
column will be inverted and fed as an input of the subsequent 
stage and produce a correction factor of 2n . 
 
 
 
 
 
 
 

Modulo 2 1n  squarer requires ( / 2 1) 2n    stages for even 

value of n and ( 1) / 2 2n   stages for an odd value of n. 

Therefore, another correction factor is calculated. 
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

         (5) 

 
Final correction factor will be obtained as a result of 

adding equation 3 to 5: 
 

2 (2 1 ( 1))
2 2
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n n
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This finding reveals that final correction factor is constant 

and can be added as an extra partial product. Figure 3 
indicates partial products for n=8 which shows remarkable 
partial products reduction. 

Formation of the proposed partial products matrix is 
independent from the value of n whereas the architectures 
[13] and [14] have different forms depending on whether n is 
odd or even. 
 
Table 3. Number of bits and maximum height of the partial 
matrix 

 

Even n proposed [14] [13] 

number of 
bits 

nଶ ൅ n
2

 
nଶ ൅ 3n

2
 

nଶ ൅ 5n
2

 

maximum 
height 

n
2
൅ 1 

n
2
൅ 3 

n
2
൅ 4 

 
For odd value of n, the maximum height of all columns is 

the same in each architecture. Although maximum value of 
height is different in each one. For even value of n, the total 
number of partial product bits and the maximum height of all 
columns for each architecture are shown in table 3. It 
indicates that the total number of bits and the maximum 
height is significantly reduced compared with others. So, the 
proposed modulo 2 1n   squarer leads to regular architecture 
for both odd and even value of n while others have regular 

architecture only for odd value of n. Regular array is well-
suited for VLSI implementation. 
 
2.3. Modular Adder 
 
A mod 2 1n   adder is used to sum the two final CSA tree 
outputs. Weighted and diminished-1 adders are two choices, 
but the latter is faster. When both inputs of diminished-1 
adder are weighted integers instead of diminished-1 
representation, consequently the output is 

2 1
1 nX Y


  .  

This means that an extra one is added to the result of the 
sum. Thus, the correction factor can be reduced by one. This 
technique was applied in [17]. The correction factor must be 
modified to 2. Circuit implementation of the proposed 
modulo 28+1 squarer is shown in figure 4. 
 

3. Area-Delay Analysis Results 
 
In this section, the proposed squarer will be compared with 
the work of [13, 14] which is the  most efficient squarer. The 
area and delay are analyzed quantitatively by unit-gate model 
proposed in the work of [18]. Delay and area of all 2-input 
gates compute as one gate equivalent except XOR/XNOR 
gate, which count as two equivalents. The area and delay of 
the proposed squarer consist of three sections: partial product 
formation, the CSA tree and the diminished-1 modular adder. 
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Considering that each partial product term is produced by 
either AND or NAND gate and there are identical pairs in 
each column, equation 7 shows area of AND/NAND gates 
and one more OR gate that are required for transferring      
the 

2nx  bit. 

 
( / 2) 1

( 1) / 2 1partial product

n n even n
A

n n odd n


   

                                     (7) 

 
The area of CSA tree stage is calculated in terms of unit 

gate. 
 

7 ( 2) / 2

7 ( 3) / 2CSA

n n even n
A

n n odd n


  

                                                   (8) 

 
Area occupied by the diminished-1 mod 2 1n   adder of 

[19] is 
2

9
.log 6

2 2

n
n n    unit gate. The total area of the 

proposed squarer is calculated by adding equation (7) to 
equation (8). Therefore, area of the new architecture is 
computed by the following equation: 
 

2

2

1 2 9
1 7 .log 6

2 2 2 2

1 3 9
1 7 .log 6

2 2 2 2

totalA

n n n
n n n n even n

n n n
n n n n odd n

                 
                

        (9) 

 
The delay of the proposed squarer is computed in the 

same way. One unit-gate is needed to generate the partial 
products. The delay of CSA stage is calculated based on the 
height of the Dadda tree [16]. The modulo 2 1n   diminished-
one parallel prefix adder has 

22log 3n  unit-gate delay. 

 

21 4 1 2log 3
2pro

n
D H n       

        (10) 

 
Table 4. Unit gate model for different value of n 

 

n 
Area Delay 

Proposed [14] [13] Proposed [14] [13] 
16 1207 1263 1291 28 32 35 
32 4599 4711 4903 39 43 51 

 

Table 4 shows areas and delays of all architectures based 
on unit gate model for some values of n. 

Implementation has been done in VHDL by Modelsim 
software. Synthesize is tested on ISE 14.6 with default 
settings, using Xilinx Spartan series 6 XC6SLX4 FPGA chip 
(smallest device in Spartan-6 family).The analysis is run at 
room temperature and 1.2V supply voltage. Various key 
performance metrics such as number of slice registers, 
number of slice LUTs displaying the occupied area, 
maximum frequency and total delay are estimated for each 
circuit. The simulation results for n=8, 12 are shown in table 
5. Simulation results indicate that using the proposed squarer 
leads to better area and delay compared to [13, 14]. The slice 
resources are the most essential and fundamental to an FPGA 
design. The total number of slice registers and LUTs are 
added up to compare the areas. Reductions in area and delay 
achieved by the proposed squarer are shown in table 6. 
Examining table 6 shows that the proposed squarer compared 
to [13], on average achieved 18.1% area reduction and 22.8% 
delay reduction. Comparing novel squarer to [14] illustrates 
that the average reduction in area and delay are 17.5% and 
6.8% respectively. The maximum frequency is illustrated in 
figure 5. 
 
Table 6. Area and delay reductions of the proposed squarer 
for modulo 2n+1 in Xilinx 

 

N 
Proposed 
squarer 

compared to 

% Total number of 
slice registers and 
LUTs reduction 

% Delay 
reduction 

8 
[14] 21.4 6.1 
[13] 20.8 22.5 

12 
[14] 13.7 7.5 
[13] 15.4 23.2 

 
It should be mentioned that the result shown in table 5 

has excluded the conversion between diminished-1 and 
weighted binary representation. 

Extensive simulations are also conducted for all designs 
in the same conditions by Synopsys Design Complier tool 
under nominal synthesis environment, i.e. 250C and 1.62V 
based on TSMC 0.18 µm CMOS standard-cell library. These 
results have been shown in table 7. The area, power and 
delay metrics for all squarer circuits have been calculated 
which demonstrate the superiority of the proposed design. 
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Figure 5. Maximum frequency results in Xilinx for n=8,12,16 

 

 
 

Figure 6. Delay results in Synopsys for n=8,12,16 for 

 

 
 

Figure 7. Power results in Synopsys for n=8,12,16 

 

 
 

Figure 8. Area results in Synopsys for n=8,12,16 

 
The delays, powers and areas of different architectures 

are shown in the figures 6, 7 and 8 respectively for various 
values of n. 
 

4. Conclusion 
 
In this paper, an efficient modulo 2 1n   squarer is proposed 
that uses normal binary representation. By reducing all 
partial product bits in various stages with a constant 
correction factor significant partial product reduction has 
been achieved. One level of EAC CSA in Dadda tree is 
replaced with two partial product bits, which leads to regular 
architectures for both odd and even value of n. The area, 

delay and power of the proposed squarer are computed based 
on unit-gate model, implemented with VHDL and 
synthesized on FPGA and ASIC. The result shows that the 
new architecture leads to higher performance than the other 
mentioned architectures. 
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