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Abstract 
 
Various methods have been proposed for constructing and optimizing fuzzy inference systems. This paper first proposes a new method to cre-
ate zero-order Sugeno fuzzy inference systems using the Shuffled Frog Leaping Algorithm (SFLA). As the second contribution, the paper 
introduces four improvements over SFLA. The resulting version of SFLA, called ISFLA (Improved SFLA), is also applied to create zero-order 
Sugeno fuzzy inference systems. We conducted experiments to assess ISFLA and compare it with the original SFLA and three well-known 
evolutionary algorithms over five standard classification data sets from the UCI machine learning repository. The experimental results show 
that ISFLA creates fuzzy systems more efficiently than the standard SFLA and some other evolutionary algorithms, i.e., GA, ACO and PSO. 
Moreover, with respect to the accuracy and the convergence speed criteria, ISFLA and PSO outperform other evolutionary algorithms, while 
their performance is comparable to each other. 
Keywords: Metaheuristic, shuffled frog leaping algorithm, fuzzy inference system, memetic algorithm, classification. 
 

 
 
1. Introduction 
 
In classification problems, a set of samples with specific 
features should be assigned to different classes. The diversity 
of problems that can be addressed by classification algorithms 
is significant. Customer Target Marketing, Medical Disease 
Diagnosis, Supervised Event Detection, Multimedia Data 
Analysis, Biological Data Analysis, Document Categorization 
and Filtering and Social Network Analysis are some common 
engineering application domains in which classification 
problems arise.  
Fuzzy Inference Systems (FISs) are widely used to solve 
classification problems. These systems are well known 
methods within soft computing, based on fuzzy concepts to 
address complex real-world problems. FISs have been 
deployed in a number of engineering and science areas, e.g., 
bioinformatics [1], data mining [2], control engineering [3,4], 
finance [5], robotics [6], and pattern recognition [7].  
There has been much research on the creation and 
optimization of fuzzy inference systems. Various methods 
have been proposed that use metaheuristic algorithms, 

including Genetic Algorithm (GA) [8-11], Particle Swarm 
Intelligence (PSO) [12-13], Ant Colony Optimization (ACO) 
[14], and differential evolution [15], to extract and optimize 
fuzzy rules. Metaheuristic algorithms, which are often 
inspired by nature, use heuristics to find a global or near-
global optimal solution. 
Memetic Algorithms (MAs) represent one of the recent 
growing areas of research in metaheuristic algorithms. The 
term MA is now widely used as a synergy of a global search 
method with a local search method [16]. SFLA [17-18] is a 
memetic metaheuristic in which a set of frogs (or initial 
solutions) cooperate to find the largest source of food. The 
frogs act as hosts or carriers of memes. At first, the frogs are 
randomly distributed over the search space. Then, the 
population is partitioned into smaller communities called 
memeplexes. A random subset, called a submemeplex, is 
selected from each memeplex. In each submemeplex, the 
worst frog tries to get to the location that has the maximum 
amount of available food by leaping toward the best frog. To 
ensure the global exploration, the frogs are periodically 
shuffled and reorganized into new memeplexes by a technique 
similar to that used in the shuffled complex evolution 
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algorithm [19]. Throughout the paper, the frog that has the best 
fitness value is called the best frog and the frog that has the 
worst fitness value called the worst frog in short.   
By combining features from the genetic-based memetic 
algorithm and PSO, and by using local and global searches 
simultaneously, SFLA is effective for different sorts of 
optimization problems. This algorithm has been successfully 
used in various problem domains such as the water 
distribution network design [20], parameter identification 
[21], unit commitment [22], classification [23], robot optimal 
controller design [24], project management [25], job shop 
scheduling [26-27], hybrid flow shop scheduling [28] and so 
on. In [29], different application types of SFLA were 
presented. Authors in this paper show that SFLA has been 
mostly employed in solving the flexible job/flow shop 
scheduling problems, electrical power flow optimization 
problems and classification problems.   
Some researches were conducted in order to compare SFLA 
with other evolutionary algorithms. For example, in [30], the 
results of comparing SFLA with GA, PSO, and ACO reveal 
that SFLA has similar performance to PSO, while it 
outperforms other mentioned algorithms with respect to the 
success rate, solution quality and processing time criteria. 
Based on the results of [30], the most distinguished advantage 
of SFLA lies in its fast convergence speed. Sarkheyli et al. 
[29] investigated the previous research to apply SFLA for 
solving optimization problems in various applications. This 
investigation demonstrated the advantages of SFLA over other 
evolutionary algorithms, such as GA, PSO, ACO, Simulated 
Annealing (SA), and Artificial Bee Colony.  
Motivated by these experiences and findings (specially, the 
successful application of SFLA on classification problems), 
and considering the fact that the effectiveness of SFLA for 
optimizing fuzzy systems has not been examined yet, this 
paper investigates the application of SFLA to construct and 
optimize fuzzy inference systems. Since Sugeno fuzzy 
inference systems are the most widely used FISs [31], we 
examine the ability of SFLA to optimize fuzzy rules of a 
Sugeno fuzzy inference system. In these systems, input values 
are provided in the form of “if-then” rules, and outputs are 
combined using the weighted average to determine the class 
of a given sample. 
The local search in SFLA involves the creation of memeplexes 
and evolution of memes/frogs within them, while the global 
search involves combining the evolved memeplexes. 
Therefore, methods employed in creating memeplexes can 
play an important role in the quality of the final solution. 
Moreover, the way the worst frog leaps toward the best frog 
for memes evolution can affect the exploration and 
exploitation capabilities of the algorithm, and consequently 
can affect the final solution. At last, the success level and the 
convergence speed of SFLA largely depend on the initial 
population used in the algorithm.  
Regarding the above facts, as the second contribution, this 
paper introduces an improved version of SFLA. For this 
purpose, we propose a new method for creating memeplexes, 
a new method for memes evolution (based on a new form of 
frog leap), and a new method for generating the initial 
population. Our method to generate the initial population 
preserves randomness of the population individuals and 
improves their quality.  

The new SFLA based algorithm, called ISFLA (Improved 
SFLA), is applied to create FISs. Our experimental results 
indicate that ISFLA creates fuzzy systems more efficiently 
than the standard SFLA and some other evolutionary 
algorithms, i.e., GA, ACO and PSO. In addition, with respect 
to the accuracy and convergence speed criteria, ISFLA and 
PSO outperform other evolutionary algorithms, while their 
performance is comparable to each other.  
The rest of this paper is organized as follows. Section 2 
provides an overview on the concept of SFLA, and fuzzy 
inference systems. Section 3 explains our method of encoding 
fuzzy systems in SFLA. Section 4 presents the proposed 
improvements over SFLA. Section 5 demonstrates the 
experiments and their results. Finally, we present our 
conclusions and outline the future lines of research in Section 
6. 
 
2. Preliminaries 
 
In this section, two prerequisite concepts, i.e., SFLA and fuzzy 
inference systems, are reviewed. 
 
2.1. Shuffled Frog Leaping Algorithm 
 
SFLA is a memetic metaheuristic algorithm designed to seek 
the global optimum in complex problems [17]. SFLA is based 
on the evolution of memes carried by individuals (through a 
local search) and a global exchange of information among the 
population. It involves a population of possible solutions 
defined by a set of frogs partitioned into subsets called 
memeplexes. Each memeplex performs a local search. The 
goal of the frogs is to improve their meme and move toward 
the global optimum. Like any other evolutionary algorithm, 
SFLA starts with a random initial population, and evolution 
takes places after several iterations. 
An overview of different stages of this algorithm is shown in 
Fig. 1. The first stage involves setting the initial parameters of 
SFLA, including the number of iterations (nIteration), the   
number of memeplexes (m), the number of frogs in each 
memeplex or memeplex size (n), the number of frogs in each 
submemeplex or submemeplex size (q), and the number of 
evolutions in each memeplex (N). In the second stage, an 
initial population of frogs is generated in the search space. For 
random generation of each frog within the population, the 
upper and lower bounds are set for each memotype of the 
frog's meme; then, random numbers between 0 and 1 are 
generated and scaled to be within these two bounds. In SFLA, 
the population is seen as hosts of memes, i.e. a memetic 
vector. Each host carries a single meme. The third stage 
involves evaluating the fitness of frogs using a fitness 
function. This function takes the parameters of the problem as 
a set of memes and determines the fitness of each solution. 
Since this paper applies SFLA for creating a fuzzy inference 
system, the accuracy of the system is taken as the fitness. 
Thus, the fitness function takes the parameters of the fuzzy 
system and returns its accuracy as the fitness value.  
Stages 4 to 7 will be repeated until the convergence condition 
of the algorithm is satisfied. In the fourth stage, the frogs are 
sorted in descending order according to their fitness. In the 
fifth stage, the frogs are divided into m memeplexes. The ith 
frog goes to the (i mod m)th memeplex, such that all the frogs 
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are distributed in all the memeplexes [17]. The sixth stage is 
memetic evolution within each memeplex. In other words, it 
corresponds to the local search where the frogs evolve within 
each memeplex. This stage is described in more detail in the 
next paragraph. The seventh stage involves shuffling the 
memeplexes. At this point, the stopping condition based on the 
convergence criterion is examined. If this condition is 
satisfied, then the best frog found so far is selected as the final 
solution. Otherwise, the algorithm is repeated from stage 4 
until this condition is satisfied. 

 
 

Fig. 1. The SFLA flowchart [17] 

 The local search in stage 6 is applied independently to each 
memeplex. First, an arbitrary memeplex is selected and a 
submemeplex is created in the selected memeplex. As 
mentioned before, the number of frogs in each memeplex (q) 
is set in the first stage. To create submemeplexes, all the frogs 
in a memeplex are first sorted in descending order according 
to their fitness value. Then, based on their rank in the ordered 
list, their chance of selection (for presence in the 
submemeplex) is determined using a triangular probability 
distribution. The probability of selecting the jth frog in the 
sorted memeplex with n frogs is calculated from Eq. (1): 

𝑝𝑝𝑗𝑗 =
2(𝑛𝑛 + 1 − 𝑗𝑗)
𝑛𝑛(𝑛𝑛 + 1)

               (1) 

Regarding the selection probability calculated for each frog, q 
number of frogs with the highest fitness values are selected to 
form a submemeplex. Within each submemeplex, the position 
of the worst frog (shown as Xw) is adjusted toward the best 
frog (shown as Xb) using Eq. (2): 

𝑋𝑋𝑤𝑤
(𝑛𝑛𝑛𝑛𝑛𝑛) = 𝑋𝑋𝑤𝑤

(𝑜𝑜𝑜𝑜𝑜𝑜) + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 × �𝑋𝑋𝑏𝑏
(𝑜𝑜𝑜𝑜𝑜𝑜) − 𝑋𝑋𝑤𝑤

(𝑜𝑜𝑜𝑜𝑜𝑜)�        (2) 

where rand is a random number between 0 and 1, Xw
(old) is the 

old position of the worst frog, and Xw
(new)is its new position. If 

this procedure does not produce a better solution, the 

calculation in Eq. (2) is repeated with respect to the global best 
frog in the entire population. In other words, Xg replaces Xb, 
where Xg  represents the position of the global best frog. If 
there is still no improvement, a new frog (solution) is 
randomly generated to replace the worst frog. After upgrading 
the worst frog of a submemeplex, all the frogs are returned to 
the memeplex. The process of allocating weights (i.e., 
probabilities of selecting each frog in the memeplex), creating 
submemeplexes, and upgrading the worst frog are repeated it 
times. After finishing the local search for the first selected 
memeplex, a similar process is done for the other memeplexes. 
 
2.2. Fuzzy Inference System 
 
Fuzzy if-then rules are very close to human reasoning. Using 
these rules and approximate inference algorithms, fuzzy 
inference systems provide a powerful computational 
framework that can even work with ambiguous or incomplete 
data. These systems are widely applied in different fields such 
as data classification, automatic control, expert systems, 
decision-making, robotics, time series analysis, pattern 
classification, process planning, and system identification 
[1,4,32]. A fuzzy inference system consists of three principal 
components: (1) a rule base, comprising of the selected fuzzy 
rules, (2) a database, maintaining the membership functions of 
the fuzzy rules, and (3) a reasoning mechanism, performing a 
fuzzy inference procedure upon the rules to derive a 
reasonable output or conclusion [33]. 
   Each fuzzy rule consists of antecedent and consequent parts. 
The antecedent part usually contains a combination of fuzzy 
statements, while the consequent part can have different 
forms. With respect to the form of the consequent part, FISs 
can be divided into three categories: Mamdani, Sugeno, and 
Tsukamoto fuzzy inference systems. Due to the difference in 
the consequent part of these systems, each system has its own 
unique inference method [33]. The Tsukamoto fuzzy model is 
not often used since it is not as transparent as either the 
Mamdani or Sugeno fuzzy models. The most fundamental 
difference between Mamdani-type FISs and Sugeno-type FISs 
is the way the crisp output is generated from the fuzzy inputs. 
The expressive power and interpretability of the Mamdani 
output are lost in the Sugeno FIS since the consequents of the 
rules are not fuzzy [34]. It can be considered as a disadvantage 
of Sugeno-type FISs in comparison with Mamdani-type FISs. 
However, there are some advantages for Sugeno-type 
inference systems as follows: 
• Mamdani-type FISs use the time consuming technique of 

defuzzification of a fuzzy output, while Sugeno-type FISs 
use the weighted average to compute the crisp output. 
Thus, Sugeno-type FISs have less processing time. 

• Due to the dependency on defuzzification, Mamdani-type 
FISs are less flexible in system design in comparison with 
Sugeno-type FISs.  

• The Sugeno method is computationally efficient and 
works well with optimization and adaptive techniques. 
This makes it very attractive for control problems, 
particularly for dynamic nonlinear systems. The adaptive 
techniques can be used to customize the membership 
functions so that the fuzzy system can model the data in 
the best way [31]. 

http://www.bindichen.co.uk/post/AI/mamdani-fuzzy-model.html
http://www.bindichen.co.uk/post/AI/takagi-sugeno-fuzzy-model.html


The CSI Journal on Computer Science and Engineering, Vol. 15, No. 2, 2018                                                                                                  21 
 

 
   According to the mentioned strengths, and since Sugeno 
fuzzy inference systems are the most widely used FISs [31], 
we concentrate on these systems in this paper. 
A typical fuzzy rule in a Sugeno fuzzy model has the 
following form: 

𝑰𝑰𝑰𝑰 (𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨 𝒂𝒂𝒂𝒂𝒅𝒅 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩) 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 (𝒛𝒛 = 𝒇𝒇(𝒙𝒙,𝒚𝒚)) 
In Sugeno systems, the antecedent includes a set of fuzzy 
statements that are usually connected using the AND operator. 
𝒛𝒛 = 𝒇𝒇(𝒙𝒙,𝒚𝒚)  is a crisp function in the consequent. Usually, 
𝒇𝒇(𝒙𝒙,𝒚𝒚) is a polynomial over the input variables x and y. In an 
n-order Sugeno fuzzy system, 𝒇𝒇(𝒙𝒙,𝒚𝒚)  is an n-order 
polynomial function. When 𝒇𝒇(𝒙𝒙,𝒚𝒚) is a constant, we have a 
zero-order Sugeno fuzzy system as follows: 

𝑰𝑰𝑰𝑰 (𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨 𝒂𝒂𝒂𝒂𝒂𝒂 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩)𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 (𝒛𝒛 = 𝒄𝒄) 
where 𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨  and 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩  are fuzzy statements,  𝑨𝑨  and 𝑩𝑩  are 
linguistic variables that are determined by a fuzzy membership 
function, 𝒄𝒄  is a constant, and 𝒛𝒛  is the output of the fuzzy 
system. 
  The fuzzy inference is done in two stages. Suppose that the 
rule base of the Sugeno fuzzy system with inputs 𝒙𝒙 and 𝒚𝒚 and 
output 𝒛𝒛 has the following rules: 

𝑰𝑰𝑰𝑰 𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨𝟏𝟏 𝒂𝒂𝒂𝒂𝒂𝒂 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩𝟏𝟏 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒛𝒛 = 𝒄𝒄𝟏𝟏 
𝑰𝑰𝑰𝑰 𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨𝟐𝟐 𝒂𝒂𝒂𝒂𝒂𝒂 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒛𝒛 = 𝒄𝒄𝟐𝟐, 

where  𝑨𝑨𝟏𝟏 and  𝑨𝑨𝟐𝟐 are two membership functions defined for 
the input variable 𝒙𝒙; 𝑩𝑩𝟏𝟏 and 𝑩𝑩2 are two membership functions 
defined for the input variable 𝒚𝒚; 𝒄𝒄𝟏𝟏 and 𝒄𝒄𝟐𝟐 are two real values; 
and z is the output. In the first inference stage, the output of 
each rule (i.e., the weights) is calculated according to the input 
values, membership functions, and antecedent part of the 
fuzzy rules. Fig. 2 illustrates the first stage of the inference for 
producing weights 𝒘𝒘𝟏𝟏 and 𝒘𝒘𝟐𝟐. As seen, first the membership 
degree of the input values in membership functions used in the 
fuzzy statements of the antecedent part is calculated. Then, 
these membership degrees are combined using a T-norm 
operator (e.g., Min or Product operators) to produce weights 
𝒘𝒘𝟏𝟏 and 𝒘𝒘𝟐𝟐 for the first and second rules, respectively. 

 
Fig. 2. The weight calculation in Sugeno fuzzy 

systems 

 

In the second stage of inference, given the weights produced 
in the first stage, the constant values 𝒄𝒄𝟏𝟏  and  𝒄𝒄𝟐𝟐 , and the 
consequent part of the rules, the final output of the fuzzy 
system is calculated using the mean weight according to Eq. 
(3): 
 

𝑧𝑧 =
𝑤𝑤1𝑐𝑐1 + 𝑤𝑤2𝑐𝑐2
𝑤𝑤1 + 𝑤𝑤2

                  (3) 

   Methods used to create fuzzy systems take membership 
functions and a set of data from functions’ behavior as input 
and returns fuzzy if-then rules as output. The complexity of 

the fuzzy system and the computation needed to produce the 
output tend to increase the number of membership functions 
and if-then rules. However, this can also increase the accuracy 
of the fuzzy system. Based on the Occam’s razor principle 
[35], the best model is the one with the highest accuracy and 
the least complexity. Thus, methods used to create fuzzy 
systems first make a simple model, and then optimize it to 
achieve higher accuracy with less complexity. Different 
optimization techniques are used for this purpose, including 
GA [8-11], PSO [12,13], differential evolution [15], 
propagation algorithm [36], extended Kalman filter algorithm 
[37], and the weighted fuzzy rules generation method [33]. In 
this paper, we improve SFLA, and then apply it to create a 
Sugeno fuzzy system. 
 
3. Encoding Fuzzy Systems in SFLA 
 
This section explains encoding a zero-order Sugeno fuzzy 
system in SFLA. Each fuzzy system is modeled as a meme of 
frog, and SFLA tries to maximize the system’s accuracy by 
adjusting the input parameters. Each fuzzy system contains a 
set of inputs, a set of fuzzy if-then rules, and an output. A FIS 
generation algorithm determines fuzzy if-then rules. It takes 
the training dataset as input. 
The data is stored as tables in the training dataset. Each dataset 
consists of rows and columns of data. Each row represents a 
training sample, and each column represents an attribute that 
describes a characteristic of the studied space. The last column 
of each table represents the output. This column provides the 
class membership for each point of the search space described 
by other attribute values. The FIS generation algorithm 
determines its parameters in such a way that enables it to 
accurately specify the class of each point from a limited 
number of training samples (each sample specifies one point 
in the search space and its class). In other words, a good FIS 
can accurately describe the points of a search space using the 
training dataset. 
Increasing the number of parameters and over-training the 
model can result in overfitting to the training data. In this way, 
the model is very accurate for the training data but less 
accurate for the test data. In this research, the number of 
learned rules is reduced and considered as a constant value to 
have low complexity while trying to achieve high accuracy.  
Then, the optimal number of parameters of the FIS is 
determined using SFLA in a continuous space. 
The type of all membership functions defined on the variables 
is Gaussian. These functions have two adjustable parameters: 
(1) center of the Gaussian function (C), and (2) width of the 
Gaussian function (σ). SFLA determines the center and width 
of each membership function defined on the interval of an 
input variable.  
If the fuzzy system has two input variables, each if-then rule 
in the zero-order fuzzy system will be expressed as: 
  

𝑰𝑰𝑰𝑰 𝒙𝒙 𝒊𝒊𝒊𝒊 𝑨𝑨 𝒂𝒂𝒂𝒂𝒂𝒂 𝒚𝒚 𝒊𝒊𝒊𝒊 𝑩𝑩 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒛𝒛 = 𝒓𝒓 

Here 𝒙𝒙 and 𝒚𝒚 are input variables; 𝒛𝒛 is the output of the fuzzy 
system; 𝑨𝑨 and 𝑩𝑩 are membership functions defined on 𝒙𝒙 and 
𝒚𝒚 , respectively; and 𝒓𝒓  is a constant. In the encoded fuzzy 
system, five Gaussian membership functions are defined on 
each variable. Let 𝑚𝑚𝑚𝑚𝑖𝑖

𝑗𝑗 represent the jth membership function 
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used for the ith input. The five rules for optimizing the fuzzy 
system are as follows: 
 

𝒊𝒊𝒊𝒊 (𝒙𝒙𝟏𝟏𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝟏𝟏𝟏𝟏) 𝒂𝒂𝒂𝒂𝒂𝒂 (𝒙𝒙𝟐𝟐 𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝟐𝟐𝟏𝟏) 𝒂𝒂𝒂𝒂𝒂𝒂…𝒂𝒂𝒂𝒂𝒂𝒂 (𝒙𝒙𝒏𝒏 𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝒏𝒏𝟏𝟏) 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒛𝒛𝟏𝟏 

𝒊𝒊𝒊𝒊 (𝒙𝒙𝟏𝟏𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝟏𝟏𝟐𝟐) 𝒂𝒂𝒂𝒂𝒂𝒂 (𝒙𝒙𝟐𝟐 𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝟐𝟐𝟐𝟐) 𝒂𝒂𝒂𝒂𝒂𝒂…𝒂𝒂𝒂𝒂𝒂𝒂 (𝒙𝒙𝒏𝒏 𝒊𝒊𝒊𝒊 𝒎𝒎𝒎𝒎𝒏𝒏𝟐𝟐) 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒛𝒛𝟐𝟐 
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where z1 to z5 are real numbers, n denotes the total number of 
attributes, and xi  denotes the value of the ith attribute. By 
keeping at a constant value the number of rules and 
membership functions type, the center and width of the 
Gaussian membership functions as well as the values of z1 to 
z5 are optimized. In other words, SFLA determines the center 
(C) and width (σ) of Gaussian membership functions as well 
as the constant values (z1 − z5) in the search process. If the 
total number of attributes is n, then there are (n × 5 × 2) + 5  
parameters that should be optimized using our algorithm. The 
reason is that we have 5 constant values (z1 − z5) and n × 5 
membership functions each of which has two variable 
parameters (center and width).  

Fig. 3 shows the meme structure of a frog, i.e., the encoded 
fuzzy system.  𝑐𝑐 𝑚𝑚𝑚𝑚𝑖𝑖

𝑗𝑗  and  𝜎𝜎 𝑚𝑚𝑚𝑚𝑖𝑖
𝑗𝑗  show the center and width of 

the Gaussian membership function  mfi
j , respectively. Each 

frog carries one meme. Each meme consists of  (n × 5 × 2) +
5 memotypes, and each memotype corresponds to a parameter 
of the fuzzy system. 
 
𝑐𝑐𝑚𝑚𝑓𝑓1

1 𝜎𝜎𝑚𝑚𝑓𝑓1
1  𝑐𝑐𝑚𝑚𝑓𝑓1

2 𝜎𝜎𝑚𝑚𝑓𝑓1
2  … 𝑐𝑐𝑚𝑚𝑓𝑓1

5 𝜎𝜎𝑚𝑚𝑓𝑓1
5  … 𝑐𝑐𝑚𝑚𝑓𝑓𝑛𝑛5 𝜎𝜎𝑚𝑚𝑓𝑓𝑛𝑛5  𝑧𝑧1 𝑧𝑧2 𝑧𝑧3 𝑧𝑧4 𝑧𝑧5 

Fig. 3. The encoded fuzzy system as memes in SFLA. 

 
To determine the upper and lower bounds of the center of 
membership functions, the interval of input variables is 
divided into 5 equal parts as illustrated in Fig. 4. Let Ci denote 
the i-th part in an interval, and Interval_Width indicate the 
length of each part. The center of the first membership 
function can only be changed in the first part (C1); the center 
of the second membership function can only be changed in the 
second part (C2), and so on. 
 

 
Fig. 4. The interval of the center of membership 

functions defined on a variable. 

 
In our implementation, the width of a Gaussian membership 
function can vary within [Interval_Width/10, Interval_Width]. 
Fig. 5 illustrates a sample in which the minimum width of 
membership functions is 10 and the center of the Gaussian 
functions is located on 5. Therefore, by changing the value of 
σ, we can create different membership functions as shown in 
Fig. 5.  

 
Fig. 5. Different membership functions created by changing σ and keeping C constant. 
 
 
4. Improvement of SFLA 
 
In this section, we present four modifications to the standard 
SFLA. The experimental results in Section 5 demonstrate that 
these modifications improve the accuracy of the standard 
SFLA while decreasing the execution time. 
 
4.1. Removing the Process of Submemeplex 
Creation 
 
For performing the local search in the standard SFLA, a set of 
frogs is randomly selected with a triangular probability 
distribution. During the local exploration, the worst frog leaps 
toward the best frog in a submemeplex. If no improvement 
becomes possible in this case, the worst frog leaps toward the 
global optimum, and if this procedure fails, the frog is replaced 
with a randomly generated one. This process is repeated for a 
user-defined number of times (i.e., it times). The first problem 
with this approach is that the frogs in a memeplex are selected 
for creating a submemeplex based on the triangular probability 
distribution. As Eq. (1) shows, the worst frogs have a small 
chance of being present in the submemeplex (and being 
evolved), while they require evolution more than other frogs. 
In other words, by evolving just in a submemeplex, a frog that 
is already good, leaps toward a better frog, and thus, the frog’s 
quality may not change significantly. 
To resolve the above problem, our proposed algorithm does 
not include the process of creating submemeplexes at all. In 
the new algorithm, first, the worst frog leaps toward the best 
frog in the memeplex itself. If no improvement is seen in its 
fitness, the worst frog leaps toward the global optimum. If 
there is still no improvement, a new frog is randomly 
generated to replace the worst frog. This process is repeated it 
times. 
4.2. New Method of Memeplex Creation 
 
In the standard SFLA, memeplexes are not balanced with 
respect to the quality of their frogs. That is, the average quality 
of frogs in the first memeplex is better than that of other 
memeplexes. Thus, the last memeplex has the least quality. 
This happens more often when there is a significant difference 
in the frogs’ fitness.  
To overcome this problem, our proposed algorithm 
probabilistically creates memeplexes. To create m 
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memeplexes with n frogs in each memeplex, the frogs are first 
sorted in descending order based on their fitness. Then, it 
should be decided to which memeplexes the best and worst 
frogs are assigned. Initially, the first frog goes to the first 
memeplex, the second frog goes to the second memeplex, and 
frog m goes to the mth memeplex. Before the next iteration, 
based on the fitness of the frogs in each memeplex, the 
probability of being in a given memeplex is calculated. For 
this purpose, the memeplex with the weakest frogs takes the 
highest probability of selection. Based on these probabilities, 
a memeplex is randomly selected for the next frog. There is a 
hope that the next frog places in the weakest memeplex, i.e., a 
memeplex in which the total quality of frogs is less than that 
of other memeplexes. In this way, more balanced memeplexes 
are generated. The same process is done in each iteration, i.e., 
the probabilities are calculated again, and a memeplex with 
the least fitness takes the highest probability of selection.  
The process of randomly selecting the memeplexes and 
updating the probabilities continues until all the frogs are 
placed in memeplexes. When n frogs are placed in a 
memeplex, the probability of the selection of that memeplex 
in next iterations becomes zero.  
 
4.3. New Method of Memetic Evolution in Each 
Memeplex 
 
Another problem with the standard SFLA is that if the worst 
frog always leaps toward the best frog, the ability for the 
global search decreases, and the possibility of getting stuck in 
a local optima increases. We use a similar procedure to that of 
[38] to overcome this problem. Let Xb and Xw, represented as 
vectors, be the position of the best and worst frogs, 
respectively. The leap vector is calculated from Eq. (4): 

𝑆𝑆 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 × (𝑋𝑋𝑏𝑏 − 𝑋𝑋𝑤𝑤) + 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑑𝑑) ×
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑘𝑘
       (4) 

where S is the leap vector along which the frog moves; 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 
is a random number between 0 and 1;  𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑑𝑑) is a d-
dimensional vector of random numbers between -1 and 1, 
where d indicates the number of frog memes (i.e., problem 
parameters). 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is also a d-dimensional vector that 
denotes the largest leap in each dimension. The multiplication 
of two vectors 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟(𝑑𝑑)  and 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  results in a vector 
whose elements are computed by the multiplication of the 
corresponding elements in these vectors. Therefore, the leap 
vector S is calculated by adding two vectors. The first vector 
is a vector with a random length along the path between the 
worst and the best frogs. The second vector adds a slight 
deviation to the first vector to prevent it from being stuck in a 
local optimal. The maximum length of this vector is the length 
of the largest possible leap divided by k to not cause a 
significant deviation and not affect the convergence of the 
algorithm. According to the performed sensitivity analysis 
which will be reported in subsection 5.1, we set k=15 in the 
implementation of our algorithm.  
 
4.4. Partial Opposition-Based Initial Population 
Generation 
 
The success level and the convergence speed of SFLA largely 
depend on the initial population. Selecting an appropriate 

initial population can lead to find the global optimum. 
Otherwise, the algorithm will probably be trapped in a local 
optimum. To help the algorithm in finding the global 
optimum, the initial population should have two 
characteristics: randomness of the initial population and 
appropriate quality of the population individuals. Randomized 
spread of the population individuals in the search space may 
increase the probability of placing some of them in the vicinity 
of the global optimum. On the other hand, the lack of such 
spread may lead the algorithm to miss some parts of the search 
space. In addition, the appropriate quality of the initial 
population can raise the convergence speed of the algorithm. 
With more qualified population, the algorithm converges 
more quickly, and the search process often happens in the 
vicinity of the global optimum. 
Rahnemayan et al. in [39] presented the method of opposition-
based initial population generation for the Differential 
Evolution (DE) algorithm. Experiments in [39] show that 
selecting the more qualified individuals from the population 
itself and from the opposite group leads to better results and 
can raise the convergence speed. To perform this process, for 
each individual of the population, the opposite point will be 
calculated. Let 𝑋𝑋 = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑑𝑑) represent an individual in 
a d-dimensional search space. Each element of the opposite 
individual will be calculated using the following equation: 
 

𝑥𝑥𝚤𝚤� = 𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖 − 𝑥𝑥𝑖𝑖          (5) 
 
where 𝑥𝑥𝑖𝑖  shows the 𝑖𝑖th element of the individual 𝑋𝑋, 𝑥𝑥𝚤𝚤�  shows 
the 𝑖𝑖th element of the opposite individual of 𝑋𝑋; 𝑎𝑎𝑖𝑖 and 𝑏𝑏𝑖𝑖  show 
the lower and upper bounds of the 𝑖𝑖th dimension of the search 
space, respectively. 
half of the individuals with more quality will be selected as 
the initial population. The problem of this method is that 
selecting individuals with the highest quality (from the initial 
population and the opposite population) decreases the 
randomness degree of the population. This will decrease the 
ability of the algorithm in finding the optimal solution, 
although the convergence speed will be increased.  
In this paper, instead of calculating all elements of the 
opposite individual, only a subset of the elements will be 
randomly selected and computed. In other words, a partial 
opposite point will be determined by applying Eq. (5) only on 
some randomly selected elements and keeping the other 
elements unchanged. In this way, the opposition-based initial 
population generation method [39] is a particular form of our 
proposed approach, in which the selected subset includes all 
the elements. 
In Section 5, we conduct an experiment to compare our 
proposed method for generating the initial population with the 
“Randomized” method used in the standard SFLA, and the 
“Opposition-Based” method [39]. The results show that our 
method achieves higher accuracy in comparison with the other 
two methods.  
 
5. Experimental Results 
To evaluate ISFLA, we compare this algorithm with four 
evolutionary algorithms, including the standard SFLA, GA, 
ACO, and PSO. The comparison is performed with respect to 
the following evaluation criteria: 
1- Execution time  
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2- Accuracy, i.e., the best fitness of all generations 
3- Convergence pattern to the optimal solution, which 
is determined in this paper by calculating the average of the 
best fitness values in each generation over all runs. 

   All the under comparison algorithms have been applied to 
six benchmark datasets taken from UCI [40]. The 
characteristics of these datasets are provided in Table 1. 
 

Table 1. The characteristics of the benchmark datasets 
Dataset Number of Samples Number of Attributes 
Breast Cancer 699 10 
Ecoli 336 8 
Glass 214 10 
Wine 178 13 
MAGIC Gamma Telescope 19020 11 

 
For each algorithm, the population size and the number of 
generations are constantly set to 100 and 50, respectively. 
Other specific parameters of each algorithm are listed in Table 
2. The setting of the parameters of SFLA and ISFLA is 
supported by the sensitivity analysis results reported in the 
next subsection. All the experiments have been implemented 
in Matlab R2014a, performed in the environment of Windows 
7, and run on a 2.50 GHz Intel (R) Core (TM) i7 processor 
with 8.00 GB RAM. 
 

Table 2. The parameter settings 
Algorithm  Parameter Value 

PSO w: Inertia Weight  Fine Grained Inertia Weight 
(FGIW), Nonlinear Adaptive [41] 

 

Vmax Equal to maxstep in SFLA 
c1: Cognitive Parameter 2.05 
c2: Scaling Parameter 2.05 
Mutation Operator Adaptive Mutation Selection 

(AMS) [42]  
Initialization  Generalized Opposition-Based 

Learning (GOBL) [43]  

ACO Alpha: Pheromone Decay 
Parameter 

0.3 

 

T: Pre-set Slope 1.0 
Phi: Adjustment Coef. 0.5 
p0: Threshold of the global 
random search control 

0.5 

q0: Threshold of the 
neighborhood transfer 
control 

0.5 

Rmax Equal to Maxstep in SFLA 
GA Mutation Function @mutationadaptfeasiblew 

 
Elitism Rate 0.05 
Other Parameters default values from the GA 

Toolbox Matlab Software 
SFLA And 
ISFLA 

Number of Memeplexes 10 

 Memeplex Size 10 
Submemeplex Size (in 
SFLA) 

8 

Number of memeplex 
evolutions in each iteration 

9 

Number of generations 50 
Maxstep 0.2 

 
5.1. Sensitivity Analysis 
 
Like all the heuristics, parameter selection is critical to the 
ISFLA performance. ISFLA has four main parameters: the 
number of memeplexes (m), the number of frogs in a 
memeplex (n), the number of evolution steps between two 
successive shufflings in a memeplex (N), and parameter k in 
Eq. (4). At this point, no clear theoretical basis is available to 
dictate parameter value selection for ISFLA. Therefore, we 

use sensitivity analysis to find the optimal values of these 
parameters. 
   In our sensitivity analysis, first, m was varied in the range 
from 5 to 50 with an increment of 5, where n=10, N=5, k=10 
(as the default values of these parameters). Then, the best 
fitness value of ISFLA for all the benchmark datasets was 
calculated. The results are shown in Fig. 6. Based on these 
results, we select m=10 since this value leads to relatively 
better accuracy. 
 

 
Fig. 6. Sensitivity analysis on the number of 

memeplexes 

 
To perform sensitivity analysis for n, this parameter was 
varied in the range from 5 to 50 with an increment of 5, where 
m=10, N=5, k=10 (N and k were assigned with their default 
values, while m was assigned with its best value determined in 
the previous analysis). The resulting best fitness values per 
each benchmark are shown in Fig. 7.  
 

 
Fig. 7. Sensitivity analysis on the size of memeplex 

 

According to these results, we set n=10 from this point on. 
As Fig. 7 shows, n=35 is almost more appropriate for some 
datasets. However, choosing a larger value of n increases 
the population size, and thus, increases the algorithm 
execution time (because the number of function 
evaluations to reach the goal increases).        

Next, parameter N was varied from 3 to 27 with an increment 
of 3, while m=10, n=10, k=10.  
 

http://archive.ics.uci.edu/ml/datasets/MAGIC+Gamma+Telescope
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Fig. 8. Sensitivity analysis on the number of 

evolutions 

According to Fig. 8(a), N=9 results in an acceptable accuracy. 
However, for some datasets, such as Wine, there are more 
appropriate values for N. Nevertheless, as Fig. 8(b) illustrates, 
increasing N would result in a considerable increase in the 
execution time. Thus, we prefer to choose a small value of N, 
which at the same time leads to an acceptable accuracy. The 
execution time for the “MAGIC Gamma Telescope” dataset 
could not be depicted in Fig. 8(b) since it is considerably larger 
than the execution time for the other datasets. 

To perform sensitivity analysis on parameter k (refer to Eq. 
(4)), it was varied from 5 to 40 with an increment of 5, while 
m=10, n=10, N=9. The results of applying ISFLA on the 
benchmark datasets for different values of k are shown in Fig. 
9. As seen, different datasets imply different best values for k. 
As a solution, we could select a value of this parameter that 
provides relatively good results for all the datasets. Another 
solution could be to choose and apply the best value of this 
parameter per each dataset, separately. In this paper, we rely 
on the first solution and choose k=15 for evaluating the 
performance of our algorithm on different datasets. 

 
Fig. 9. Sensitivity analysis on the leaping parameter 

 
5.2. Performance Evaluation 
 
To increase the reliability of the results, each algorithm 
(SFLA, ISFLA, GA, ACO, and PSO) was run 50 times (each 
run included 50 generations), and three mentioned evaluation 
criteria were calculated for each dataset. 
Fig. 10 represents the best fitness of the population in 50 runs 
of the under comparison algorithms over five datasets. The 
horizontal axis represents the number of runs of the 

algorithms. The best fitness shows the best accuracy gained by 
the algorithms. As it can be found from this figure, in all cases, 
ISFLA and PSO had better accuracy than the other algorithms. 
In addition, the performances of ISFLA and PSO are 
comparable to each other. For some datasets, PSO 
outperformed ISFLA and vice versa. Table 3 provides the 
average best fitness for all the runs of five algorithms. This 
table confirms the above findings. To provide a standardized 
way of displaying the distribution of the resulting data based 
on the five number summary, i.e., minimum, first quartile, 
median, third quartile, and maximum, we use the box plot 
representation in Fig. 11.  
 

Table 3. Comparison of the average best fitness in all 
runs 

Dataset Name 

Algorith
m Magi

c Glass Ecoli 

Breas
t 
Canc
er 

Wine 

78.60
2 49.514 65.04

2 
97.19
0 77.517 ACO 

80.43
8 52.972 67.54

1 
97.78
5 86.427 GA 

79.11
2 50.654 66.86

7 
97.72
8 78.842 SFLA 

81.53
4 54.336 71.75

9 
97.81
6 96.314 PSO 

81.44
0 53.841 71.96

2 
97.87
1 95.595 ISFLA 

 
To examine the effectiveness of our proposed method for 
generating the initial population, we conducted an experiment 
over five datasets to compare this method with “Randomized” 
and “Opposition-Based” methods. The results in Table 4 show 
that our method achieved higher accuracy in comparison with 
the other methods over different datasets. 
 
 

Table 4. Comparison of the initial population generation methods 
                    ISFLA Best Fitness Dataset 

Partial  
Opposition-Based Opposition-Based Random  

95.595 95.376 95.225 Wine 
97.871 97.854 97.834 BreastCancer 
71.962 71.753 71.706 Ecoli 
53.841 53.798 53.787 Glass 
81.440 81.426 81.419 Magic 

 
Fig. 12 shows the time taken for each run of the algorithms 
over five datasets. As it can be found from this figure, ISFLA 
had the least execution time among all the algorithms for all 
the datasets. The order of the other algorithms in terms of the 
execution time is 〈GA, SFLA, PSO, ACO〉. For small datasets, 
there is not much difference in the execution time of the 
various algorithms. However, for large datasets (e.g., 
“MAGIC Gamma Telescope”), the difference is noticeable. 
 
 
 
 
 

 

http://archive.ics.uci.edu/ml/datasets/MAGIC+Gamma+Telescope
http://archive.ics.uci.edu/ml/datasets/MAGIC+Gamma+Telescope
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Fig. 10. The best fitness of each algorithm 

 
Fig. 11. The best fitness representation in the box plot 

 

 
Fig. 12. The execution time of each algorithm 
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For example, the execution time of PSO over “MAGIC 
Gamma Telescope” is almost three times more than the 
execution time of ISFLA. 
One major reason for the results in Fig. 12 is that ISFLA has 
a lower number of fitness function evaluations than other 
algorithms. As an example, Fig. 13 shows the number of 
fitness function evaluations for the “Wine” dataset. Due to the 
removal of the submemeplex creation process in ISFLA, it has 
less execution time than SFLA 
 

 
Fig. 13. The number of fitness function evaluations for the Wine dataset 

 
 
Fig. 14 depicts the “average of the best fitness values in each 
generation over all runs” as a metric of evaluating the 
convergence speed to the optimal solution. For the “Ecoli” 
dataset, ISFLA has the best convergence speed, while for the 
“Wine” and “Glass” datasets, PSO outperforms ISFLA. In 
cases of “Breast Cancer” and “Magic” datasets, the 
convergence behavior of PSO and ISFLA is almost similar. 
 
5.3. Comparison through Statistical Analysis 
 
In order to draw conclusions in much higher confidence, we 
performed the ANOVA (ANalysis Of VAriance) test on the 
best fitness and the execution time results of each algorithm 
(see Tables 5 and 6). 
From the ANOVA test results shown in Table 5, we can see 
that ISFLA’s execution times are always lower than the 
execution times of SFLA, PSO, ACO, and GA for all the 
benchmarks. Considering the significance, the p-values of 
ISFLA against other algorithms are far less than 0.05 for all 
the benchmarks. It means that the mean difference of the 
algorithms is significant at the 0.05 level.  
For another metric, “best fitness”, the relations between five 
algorithms (refer to Table 6) are slightly different compared to 
the results of the “execution time” metric. Considering the 
significance, the p-values of ISFLA vs. SFLA, ISFLA vs. 
ACO, and ISFLA vs. GA are less than 0.05 for all the 
benchmarks.  
The p-values of ISFLA vs. PSO are greater than 0.05 for three 
benchmarks. That is to say, these two algorithms have no 
significant difference in most cases. For the “Wine” dataset, 
the significance between ISFLA and PSO is 0 and (x-z)% is 
negative, meaning that PSO is better than ISFLA. In contrast, 
for the “Ecoli” dataset, the significance value is 0.0253 and (x-
z)% is positive, meaning that ISFLA is better than PSO in this 
case.  

   According to the above statistical analysis, we can conclude 
that ISFLA has a significant advantage over other algorithms 
in terms of the execution time. With respect to the best fitness, 
ISFLA and PSO are comparable, while they outperform other 
algorithms. 
 
 
 
6. Concluding Remarks and Future Work 
 
SFLA is a relatively recent evolutionary algorithm that has 
been proven to be efficient in solving various optimization 
problems. The problem of automatic creation of a Sugeno 
fuzzy system can be considered as an optimization problem 
where the optimal values of the system’s parameters need to 
be determined. In this paper, we first applied the standard 
SFLA to create a Sugeno fuzzy system. Then, we improved 
this algorithm by presenting a new method for creating 
memeplexes, a new mechanism for frog leaping, and a new 
method for generating the initial population. We also 
eliminated submemeplex creation from the original algorithm. 
The experimental results showed that the new proposed 
algorithm can create fuzzy systems more efficiently 
than the standard SFLA and some other 
evolutionary algorithms (i.e., GA, ACO and PSO). 
In addition, with respect to the accuracy and 
convergence speed criteria, ISFLA and PSO 
outperformed other evolutionary algorithms, while 
their performance was comparable to each other. 
In this paper, we eliminated the process of constructing 
submemeplexes from the standard SFLA. In future works, we 
plan to propose a new solution to improve the construction of 
submemeplexes without removing them. Another future work 
could be the hybridization of SFLA with other effective 
evolutionary algorithms in order to utilize the benefit of each 
individual algorithm for improving the convergence rate, and 
balancing two antagonist notions, exploration and 
exploitation.

http://archive.ics.uci.edu/ml/datasets/MAGIC+Gamma+Telescope
http://archive.ics.uci.edu/ml/datasets/MAGIC+Gamma+Telescope
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Table 5. The ANOVA test on the execution time of each algorithm at the 0.05 significant level. 

ISFLA(x) vs ACO(q) ISFLA(x) vs GA(w) ISFLA(x) vs PSO(z) ISFLA(x) vs SFLA(y) Dataset 
  p-value (x-q)%  p-value (x-w)%   p-value (x-z)%   p-value (x-y)% 

4.96E-103 -1.96   0.0E0 -18.38 1.30E-287 -12.02 2.94E-121 -2.39 Wine 
6.03E-56 -2.14 7.91E-287 -23.39 3.32E-242 -15.33 8.97E-102 -3.79 Breast Cancer 

9.05E-119 -1.43   0.0E0 -18.16   0.0E0 -9.50 1.37E-163 -2.25 Ecoli 
2.54E-45 -1.16   0.0E0 -19.07 2.40E-242 -9.82 1.71E-87 -2.06 Glass 
3.89E-50 -43.70 1.32E-190 -208.65 4.69E-188 -203.55 3.29E-78 -64.27 Magic 

 
Table 6. The ANOVA test on the best fitness of each algorithm at the 0.05 significant level. 

ISFLA(x) vs ACO(q) ISFLA(x) vs GA(w) ISFLA(x) vs PSO(z) ISFLA(x) vs SFLA(y) Dataset 
p-value    (x-q)% p-value   (x-w)%  p-value (x-z)% p-value (x-y)%  

7.98E-11 9.17 3.65E-34 18.07 0.0E0 -0.72 2.22E-30 16.75 Wine 
1.51E-2 0.08 1.79E-51 0.68     0.132  0.05   0.0E0  0.14 Breast Cancer 
8.91E-6 4.42 6.79E-13 6.92   2.53E-2  0.20 3.24E-10  5.09 Ecoli 
0.0E0 0.86 6.14E-13 4.32     0.053 -0.49 3.42E-12  3.187 Glass 
0.0E0 1.002 1.16E-23 2.84     0.102 -0.09 2.14E-17  2.33 Magic 

 
 
 

 
Fig. 14. Convergence speed of each algorithm 
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