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Abstract

Let P be a set of n points in R%, where d is a constant. The spread (or aspect ratio) of P is the ratio of the distance between the farthest pair of
points in P to the distance between the closest pair of points in P. This ratio is an essential factor that appears in many geometric problems. In
this paper, we show that the expected value of the spread of a set of n uniformly distributed point sets is @(n?/¢)
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1. Introduction

The spread of the input point set P, which is the ratio of the
diameter and the closest pair distance and denoted by ¢ (P),
has appeared in the size of many data structures and time and
space complexity of some algorithms in computational
geometry such as several t-spanner algorithms, Voronoi
diagrams algorithms, the Well-Separated Pair Decomposition
(WSPD), and the quadtree algorithm. In several applications,
the input data has some kind of distribution in practice. So, it
is crucial to analyze ¢ (P) for a uniformly distributed point set
P to find a reasonable bound for it.

In this paper, we study ClosestPair(P,), i.e. the distance
between the closest pair in B,, and Diameter(P,), i.e. the
distance between the farthest pair in B,, for any set of
uniformly distribution points set B, . We show that the
expected value of ClosestPair(P,) is ®(n~2/%), and the
expected value of the spread is @(n?/%).

1.1. Related work

A t-spanner of a set P of points is a graph with vertex set P,
such that for each pair p, q € P, there is some path in the graph
such that its length is at most t times the Euclidean distance
between p and q. In the following, we review the time and

space complexity of a well-known t-spanner algorithm that
depends on the spread of the input point set. In 2006, Gao et
al. [1] propose a (1 + €)-spanner with maximum degree
bounded by O(1 ogo(P)/e%), and total weight bounded by
0(l og(P)/e%*t x MST), where MST is the weight of the
minimum spanning tree of P and € > 0 is a real number. The
size of the proposed algorithm was in O(n) and insertion and
deletion of each point in the spanner take O(l og(P)/e%)
time. The spanner can be constructed in O(nl ogr/e?) time.
They also proposed a kinetic spanner algorithm which is
efficient, responsive, local, and compact, when the aspect ratio
of the points has a reasonable bound. Specifically, the total
number of events in maintaining G is 0(n?1 og(P)) under
pseudo-algebraic motion. Each event takes O(l ogo(P)/e%)
time, and each flight plan change uses O (1 og@ (P)/e%) time.
Each point is involved in at most O (1 og (P)/e%) certificates.

In computational geometry, Voronoi diagrams, and their duals
(Delaunay triangulation) have appeared in many applications
[2]. There is an output-sensitive algorithm for computing the
Voronoi diagram of a set of n points in R% , with
O(kl ogl og(P)) time complexity, where k is the
complexity of the output [3]. Erickson [4] proposed an
algorithm for Delaunay triangulation of a set P of n points in
R? with 0((¢(P))?) time complexity.
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The doubling parameter A € N is the smallest integer such that
for every r = 0 and every p € P, the ball with center p and
radius 7, can be covered by at most A balls of radius r/2.
Talwar [5] gave an algorithm to compute a well-separated pair
decomposition (WSPD) with separation parameter s > 1 of
size 0(s' °&nl og(R)), where @ (P) is the spread of P.

Let M be a set of points. A set A € M is a dense subset of M
if for any point v € M there exists a point in A sufficiently
close to v, that means, any open set that contains v, must
contain a point from A too. Erickson [4] studied the spread of
a dense subset of R%. He proved that the spread is 0 (n'/4).

The quadtree of P, € R? is a rooted tree such that every
internal node has 2¢ children. Each node in a quadtree
corresponds to a d-dimensional hypercube. To construct a
quadtree, it starts with the bounding box of the input points.
For each node, the children’s hypercube is produced by
dividing the parent’s hypercube into 2¢ equal hypercubes, and
partition point set in the node into these hypercubes.
Recursively construct quadtrees for each hypercube with its
corresponding points set. The recursion stops when all
hypercubes contain at most one point. The time complexity of
this algorithm depends on the height of the tree. Let
ClosestPair(B,) be the distance between the closest pair in
P, and L be the length of the initial hypercube. When we
descend from one node to one of its children, the length of the

hypercubes halves. Therefore, in level i, the length is é, and
the maximum distance between points of the corresponding

. . VdL o . .
points set is —. The dividing process continues until the

closest pair of points is detected. So, the height of the tree is

VL . . .
ol opm). Obviously, VdL is the diameter of the

initial hypercube, so the height of the tree is O(1 ogo (B,)).

One way to measure the uniformity of a set of points in the
bounding box is the gap ratio. The gap is the ratio between the
radius of the largest empty circle (do not have any point in it)
to the distance between the closest pair of points. Teramoto et
al. [6] introduced the gap ratio and showed that by inserting k
points, the upper bound of the gap ratio is 2/%/21/[¥/21+1 jp one-
dimensional space. Using a Voronoi diagram, they proposed
the upper bound 2 for two-dimensional space. If the
coordinates of the points are integer numbers, then inserting
k points in [0, n] yield two as the upper bound of the gap
ratio[7,8].

Agarwal et al. [9] studied the diameter of a set of points in R¥.
They proposed a (1 — ¢) -approximation algorithm with
0((og +1/e471)/e@1/2)  amortized time  and
0(1 o8 (n)/e@1/2) space complexity.

Also, Indyk et al. [10] studied geometric matching under
noise. They proposed an algorithm with time complexity
depends on n and the spread.

2. Problem definition and notations

Let P, = {py, ..., Py} be a set of n = 2 points in R¢, where d
Diameter (Pp)

is a constant. The spread of B, is @(B,) = ClosestPair(Py)’
n

where Diameter(P,) and ClosestPair(P,) are the farthest
and closest distance of the pairs of points in B,, respectively.

In the following, let B, = {p;,p,, ..., Pn} be a set of n > 2
points uniformly distributed in a d-dimension unit hypercube.
The volume of a d-ball (V;) with radius 7 is V4 (R) = y4 X
r%, where y, is a constant.

Uniform distribution: Let R be a set in R® and vol(R)
denote the volume of R that is finite. The density function

1 .
flxg, i xq) = — if (x1,...,x4) ER

0 otherwise

is the uniform distribution on R. For any set A € R, we have

PA) = [ ..[, fOx, e, xg)dxy . dxy =
1 _ vol(4)
f ...fA ol dx; ...dx,; = Sol(R)

3. The expected spread

In this section, we analyze the expected value of ¢ (B,), where
P, is a set of n uniformly distributed points in a unit d -
dimensional hypercube. We use induction to calculate the
lower and upper bound of the expected value of the closest
pair. So, we have to know the expected value of the distance
between two points that lies uniformly in the unit hypercube
for the base case. The following lemma computes this value

Lemma 3.1 If'x; and x, are two uniformly distributed points
in the d-dimensional unite hypercube, then the expected value

of the distance between x, and x, is\'d /3 .

Proof. Since each coordinate of points is a random number
between 0 and 1, we first consider the problem in the one-
dimensional case. Assume Y is the distance between two
uniformly distributed points between 0 and 1. The joint
probability distribution of x; and x, is
fepx, (X1, %) =1 where0<x; <10<x, <1
So, the density function of Y is
F@)=p¥ <y)=pl; —x<y)

L fxll_y dx,dx, if —1<y<0

1— fyl 7 dxydx, if0<y<1

y2/2+y+1/2 if —1<y<0
=1-y?/2+y+1/2 ifo<y<1
Therefore, the distribution function is fy(y) =
y+1 if —1<y<0
1-y ifo<y<i

If Z = |Y|, then by the cumulative distribution function [11],
we have :
Fz(z) =p(Z < 2)
=p(IY| = 2)
=i A=y + [, (v + Dy
=2z-2z%
So, the distribution function of Z is
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f2(2) =2-22(0<z<1).

The expected value of the distance between two points in d =
1is
Exp(z) = fol z(2 — 2z)dz = 1/3,
and thus ,
Exp(\JZ? + 7% + -+ + Z2) = Exp(VdZ?) = VdExp(Z) =
Vd/3.

We compute the expected value of Diameter(B,) in the
following lemma .

Lemma 3.2 The expected value of the diameter of B, belongs

to O(Vd) .

Proof The diameter of a unit d-hypercube is vd. So,
Exp(Diameter(B,)) = 0(/d). If we have only two
points, then by Lemma 3.1 the expected value of the
distance between two points is Vd/3. Therefore, for
n=2 we have Exp(Diameter(P,)) = Q(/d/3), so,
we have Exp(Diameter(P,)) = Q(/d). The diameter
of the unit d-dimensional hypercube isvd, therefore,
Exp(Diameter(B,)) = 0(Vd).

Let x be arandom point in [—a, «] (& € R*). In the following
lemma, we compute the probability density function of the
distance between x and the center of the d-ball with constant
radius « .

Lemma 3.3 Let x be a random point in a d-ball with radius
a. Then the distribution function of the distance between x
and the center of the d-ball is

drd-1

falr) =

Proof. Let xq,...,x4 be a set of d independent random
variables with uniform distribution in [-a,a] (¢ € R, a >
0). Suppose S = (x? + ---+ x2)%/2. By ignoring x;(1 < i <
d) where S = 0 or § = a?, then S has a uniform distribution
on (0,a%). Since x;, ..., x; have a uniform distribution, and
valid points are placed in a d-ball with the radius a, so the
value of S is in (0, a%). By the cumulative distribution and for
s € (0,a%), we have

Fs(s)=p(S<s) = y%ﬁi =
So, the probability distribution function is fs(s) = ﬁ.
Therefore ,

Fa(m) =pR<1) =p(VS<r)=p <rd) =

frd Lgs="0
0 qd T ad

drd-1
So, we can conclude that fz(r) = —

Let P, be a set of k points. The critical region of Py, is the
union of k d-balls, each d-ball centered at a point in P, and
with radius ClosestPair(Py) (see Figure 1). If we add a point
at the critical region of Py, then the closest pair distance in the
new set decreases. The following lemma presents a lower
bound and an upper bound for the volume of the critical
region.

critical region of p;

0 @

Figure 1: Critical regions of a set of points.

Lemma 3.4 The expected volume of the critical region of a
set of k uniformly distributed points in [0,1]¢ is between
ky,(Exp(ClosestPair(P,)))%/2¢ and
ky,(Exp(ClosestPair (P,)))% .

Proof. By the definition of the critical region (see Figure 1),
we know that the maximum volume of the critical region has
occurred when d -balls do not have any overlap. So, the
maximum expected volume is
k X y4(Exp(ClosestPair (P,)))* =
ky,(Exp(ClosestPair(P,)))<.

The expected value of the distance between any two points is

Exp(ClosestPair(Py)). If we consider the radius of d-balls
to be Exp(ClosestPair(Pg))

minimum of the expected volume of the critical regions is k X
¥ (Exp(ClosestPair(Pk))
g (GRS AT

) =
2
kyy2-%(Exp(ClosestPair (P,)))%.

, then none of them overlap. So, the

The following lemma bound for

ClosestPair(P,) .

gives an upper

Lemma 3.5 The expected value of ClosestPair(P,) is
o(n~%4) .

Proof. For proving the theorem, we show that there exists a

constant ¢ in R such that, for each n, we have
Exp(ClosestPair(P,)) < cn™%/%.

We will prove it by induction on n.

Base case: By Lemma 3.1 for n = 2, the expected value of
2/d
the distance between the two points is vd /3. If ¢ > %, then

Vd/3 < cx272/4,

Induction step: Suppose that for n=k we have
Exp(ClosestPair(P,)) < ck=?/4,

show

For n=k+1 s we must
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that Exp(ClosestPair(Py,1)) < c(k + 1)"%/%. Suppose we
want to add (k + 1)th point to P,. Assume (k + 1)th point is
placed in the critical region. Therefore, the maximum value of
Exp(ClosestPair(Py,,)) is occurring when (k + 1)th point
is placed in a d-ball of the critical region that does not overlap
with other d-balls in the critical region. So, by Lemma 3.3, the
Exp(ClosestPair(Py,1)) in this case is at most

—2/d d-1 -2/d
j-ck dr X rdr = (C—lkz/d)d j‘ock drddr —

0 (Ck—Z/d)d
2 k2,
d+1

If the volume of the critical region is minimized, then
ClosestPair (P ) is maximized. By Lemma 3.4, the minimum
volume of the critical region of Py is

) —2/d
k x Ya (Exp(ClosesthaLr(Pk)))d —kx Va (ck )d —
yac?27k 1,

Obviously, Exp(ClosestPair(Py,;1)) is equal to the

multiplication of the probability that (k + 1)th point lies in
the critical region of P, and theExp(ClosestPair(Py4)) in
the critical region plus multiplication of the probability that
(k + 1)th point lies outside the critical region of P, and the
Exp(ClosestPair(Py)). So, the Exp(ClosestPair(Py,1)) is
at most

ﬁck‘z/d X ¥qc®272 1 + ck=2/%(1 — y4c¥27%% D).

Therefore, we must show that
ﬁck‘z/"l.ydcdz_dk‘1 +ck™24(1 -y c927% ) <
c(k +1)72/4

By simplifying the inequality, we have

-2 -2
—Lygct27lka 4+ kT2 —yycd2 ki a Tt < (ke + 1)
which is equivalent to

1 ydcdz_d 1

k2/d  (d+1)k2/4+1 = (k+1)2/d°

Since d, y,4, and ¢ are constant, for simplicity we define ¢’ =

d,—d
c®2
yddT. Therefore, we have
k—cr 1 ’ k 2/d
——<———c =2 k—k(—)“%
Kk2/d+1 — (k+1)2/d = (k+1)

Since d >2 and k=2, we have 0<2/d <1 and 0 <
X <1.50,

k+1 x x
¢ 2k — k(D) = k—k(Z)H?

, k2 , k , k
>5cz2k——=c>2—>=c21>2—
k+1 k+1 k+1

2/d
It is enough to set CZmax{(Z ,%),2 sd}, and it
d

completes the proof .

Similarly, we can obtain a lower bound for
Exp(ClosestPair(B,)) by the following lemma .

Lemma 3.6 The expected value of ClosestPair(B,) is
Nm=4%y .

Proof. We show that there exists a constant ¢ in R, such that,

t

ki
¥
%

//
/
f
|

[ T ;
7 i }
Z Z N

AR
R

Figure 2: Illustration of the proof of Lemma 3.6.

for each n , Exp(ClosestPair(P,)) = cn™%/%,
We prove this by induction on n .

Base case: For n = 2, by Lemma 3.1, the expected value of
the distance between the two points is vVd/3. So, we have
\/d—/6 > ¢.27%/%, Therefore, by choosing ¢ < 22/%/d /3, the
base case is correct.

Induction step: Suppose lemma is true for n =k, i.e.
Exp(closesetpair (Py)) = ck™?/%. We must show that for
n=k+1, we have Exp(ClosestPair(Py;,)) = c(k +
1)~/

Suppose we have k points, and we want to add (k + 1)th
point. Let this point be in a critical region. We want to
compute Exp(ClosestPair(Py,1)). The minimum value of
Exp(ClosestPair(Py41)) occurred if (k + 1)th point is in a
critical region that d-ball of the points overlap. Since the

expected value of the distance between any two points is at
. . . . ck2/d
least ck™%/¢ so if we consider a d-ball with radius £ S

then there are no points in it. So, in this case, the
Exp(ClosestPair(Py44)) is smaller than the distance from
(k + 1)th point to the boundary of the d-ball (see Figure 2).
So, if (k + 1)th point is in a critical region, by Lemma 3.1 and
Lemma 3.3,

ck-2/d

Exp(ClosestPair(Py,,)) = fo 2

dxrd-1

(221"

Ck—z/d

(d x a1 (S - r)) dr

ck—2/d
dxrtdr—[ 2 dx

ck—2/d

_( 2 )d ck_z/df >
~ \ck—/d 2 0

( 2 )d ck—2/d (ck-z/d)d ( 2 )d a
= - X - x
ck—2/d 2 2 ck=2/d d+1

cr-2/dy A+
)
_ k¥t a N (ck‘z/d)

2 d+1 2
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Ck—z/d
T 2(d+1)’

The minimum value of Exp(ClosestPair(Py,1)) occurs
when the volume of the critical region is maximized. The
maximum volume of the critical region is
k x y4(Exp(ClosestPair(P,)))% = k X y4(ck™2/%)% =
yactk~1.

So, the Exp(ClosestPair (Py.1)) is at least

Ck—z/d

@D Yac®k™' + ck~¥%(1 — y k™).

Therefore, to prove the lemma, we must show that this value
is greater or equal to c(k + 1)~%/¢, We have

—2/d
;’(‘dm Yac®k™L + ck=2/4(1 — yuctkY) > c(k + 1)72/4.

By simplifying the inequality, we have

-2
Cdk7_1 -2
y;(d T R rae T 2 e 7

which is equivalent to
1 (2d+ Dygc? - 1
k2/a 2(d + 1)k§+1 = (k+ ¥

Since d, y,4 and c are constant, for simplicity we define ¢'’ =
(2d+1)ydcd

, and we have

2(d+1)
k - C” - "< k 1 k 2/d
= — .
I =G 0 ¢ SHA= G

We consider two cases, d =1and d > 2. Ford =1, we
have
- k., "< 2k* +k
—(—)) > —_
¢’ = k( (k+1) )= T k2+2k+1
Since k = 2, it is enough to choose ¢” < 1. Ford = 2, let
L =k + 1, so, we have

S L-DA-EDYY =L -1 -1 -DH.

Since d > 2 and 0 <2/d <1, by Newton’s generalized
binomial theorem, we have (1 — L)z/d >1- 2 X % So, we
2 L-1

X

have c”S(L—l)(l—(l——)):c"Sd— L>3,

dxL XL
. . 2 . 2
since k > 2. It is clear that ¢’ < 55 Since 1> =, therefore

(2d+1)ydcd

<
2(d+1)

for d > 1 itis enoughtoset ¢ < %. So we have
1/d
< ( 4(d+1) ) / .
3d(2d+1)y4
4(d+1)

2
So, it is enough to set ¢ < min{(m)l/d, 2d+/d/3} and

3d

the proof is complete .

Lemma 3.7 Let P, be a set of n = 4 uniformly distributed
points in the unit d-dimensional hypercube. Then the expected
value of (B,) is O(n?/%) .

Proof. By Lemma 3.2, we know that the expected value of the
distance between any pair of points is O(vd) . Also,

Exp(Diameter(P,)) = (1), since d is a constant. By
Lemma 35 and Lemma 3.6, we have
Exp(ClosestPair(P,)) = 0(n"%/%).

To decline the dependency between Exp(Diameter(B,)) and
Exp(ClosestPair(B,)), we remove the closest pair points
and compute Exp (Diameter (P,)) again. The upper bound of
Exp(Diameter(B,)) is still 0(1), and the lower bound is
0(1) —0(n /%) =0(1) . So, we have Exp(e(R)) =

0(1) _ 2/d
S~ o(n*/%).

Now, let B, be a set of n > 2 uniformly distributed points in
a d -dimensional hypercube with side length L. We have
Exp(ClosestPair(P,)) = LO(n2/4) and
Exp(Diameter (P,)) = LO(/d). So, we have the following
lemma .

Lemma 3.8 Let P, be a set of n = 4 uniformly distributed
points in a d-dimensional hypercube with side length L. Then,
the expected value of ¢(P,) is @(n?/%) .

In geometry, the inscribed hypercube of shape S is the largest
hypercube that is inside S, and we call it inhypercube. The
circumscribed hypercube or circuhypercube of shape S is the
smallest hypercube that covers S entirely.

Theorem 3.9 If M, is a set of n = 4 uniformly distributed
pointsin S and S € R? has a finite volume, then Exp (@ (M,,))
is @(n?/?) .

Proof. Let L, be the length of inhypercube of S and P, be a set
of n = 4 uniformly distributed points in a d -dimensional
hypercube with side L;. Then the Exp(ClosestPair(B,)) is
L,0(27%/%) and Exp(Diameter(P,)) is L,0(v/d) that are
smaller than Exp(ClosestPair(M,,)) and
Exp(Diameter (M,)), respectively.

Let L, be the length of circuhypercube of S and G,, be a set of
n =4 uniformly distributed points in a d -dimensional
hypercube with side L,. Then the Exp(ClosestPair(Gy)) is
L,0(27%/) and Exp(Diameter(G,)) is L,0(~/d) that are
greater than Exp(ClosestPair(M,)) and
Exp(Diameter (M,)), respectively.

Therefore, the Exp(¢(M,)) is between Q(i—lnz/d) and
2

O(E—inz/d). Since 2—: is a constant, the Exp(¢(S,)) is

On?/) .

4. Conclusion

In this paper, we studied the spread of a set of n uniformly
distributed points, and we showed that the expected value of
the spread is ®@(n?/¢). For algorithms in which the spread
appears in time or space complexity or another parameter, we
can use the expected value of spread in the case that the input
is uniformly distributed and get better results in this case. For
example, Miller and Sheehy [12] propose an algorithm that
computes the Voronoi diagram of a set of n points in
O(f1 ogl og\) time, where f is the output complexity and A
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is the spread of the input point set. This gives a low time
complexity when the input point set is uniformly distributed.
Combining similar results with the results in this paper will
result in very low time complexity results, see [2].

There are some interesting problems to be pursued. One is
analyzing the spread of a set of points with other distributions
like Normal, Poisson, etc.
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