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Abstract 
 
This paper suggests a novel method for inverse optimal control of the multi-agent systems (MAS) via a linear quadratic regulator (LQR) based 
on meta-heuristic algorithms. In this regard, first, the consensus protocol is designed and then the cost function is optimized via Jaya algorithm 
(JA), teaching-learning algorithm (TLBO), a novel meta-heuristic algorithm called advanced teaching-learning (ATLBO) and water cycle 
algorithm (WCA).  ATLBO consists of two phases with two random values in both phases which affect the convergence rate. The optimal value 
of the controller’s parameter is obtained via these algorithms. Simulation outputs show the usefulness of nature-inspired and learning-based 
methods to calculate the cost with a better convergence rate. This research consists of an inverse optimal control approach and meta-heuristic 
algorithms for solving the consensus problem with the least cost. 
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1. Introduction 
 

     A myriad of researchers put great emphasis on linear 
quadratic regulators (LQR) and multi-agent systems because 
of their high importance in control subjects and other 
purposes. [1] suggests a protocol for an optimal consensus 
problem using the LQR approach for a global cost function 
based on interactions of agents. [2] works on optimal 
consensus problem based on LQR approach for two global 
cost functions considering agents’ interactions and regardless 
of these interactions. A protocol based on distributed LQR is 
suggested for consensus of MAS which consists of quadrotors 
and two-wheeled mobile robots [3]. An LQR approach is 
proposed for optimal leader-follower consensus in MAS 
application which includes first-order and second-order agents 
considering the minimum cost [4]. [5] and [6] propose meta-
heuristic algorithms to improve the convergence rate in the 
optimal consensus of multi-agent systems based on LQR 
approach.               

      
 
 
      Available memory, the complexity of the problem and cost 
function impact on convergence rate which requires powerful 
optimization techniques to minimize the number of iterations. 
In this paper, we suggest a novel meta-heuristic algorithm 
called teaching-learning-based optimization algorithm 
(ATLBO) which improves the convergence rate in the multi-
agent systems as opposed to the other well-known algorithms. 
Also, this research shows the usefulness of the combination of 
an inverse optimal control approach and meta-heuristic 
algorithms for solving the consensus problem of MAS 
considering the minimum costs. This method would be useful 
for power systems and renewables which affects the operation 
costs, efficiency and system performance. 
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Table 1. List of principal symbols 
 

Symbol Meaning 
A Adjacency Matrix 
L Laplacian Matrix 
𝑱𝑹 Cost Function 
β Scaling Factor 
r Stochastic Value between 0 and 1 
G Connection Graph 
𝜞𝒋.𝒌.𝒊 value of 𝑗)*variable during, 

𝑖)*	iteration for 𝑘)* candidate 
𝜟𝒕 
 
K 

Sampling Period 
 

Discrete-Time Index 
 

 

2. Preliminaries 
2.1 Graph theory notions 
     The interactions among n agents in a multi-agent system 
can be modeled by an undirected connection graph G which 
consists of a set of nodes , a set of edges

, and an adjacency matrix in case of 
an undirected and weighted graph. The degree matrix (D) is a 
diagonal matrix that contains information about the weighted 
degree of each node. The Laplacian matrix is shown as 
follows: 
 
 L= D - A 

 

𝑡11 = ∑ 𝑎156
578  , 𝑡15 = −𝑎15	, 𝑖 ≠ 𝑗                                          (1) 

     The sum of the entries of each row in the Laplacian matrix 
is zero which implies that L has a zero eigenvalue and the 
associated eigenvector is 1n. The zero eigenvalue of the 
Laplacian matrix is simple if and only if the undirected graph 
G is connected [7]. In the case of an undirected graph, agents 
can reach consensus if and only if the Laplacian matrix has a 
simple zero eigenvalue [8]. The dynamic of the system is 
defined as follows:  
𝑥1[𝑘 + 1] = 𝑥1[𝑘] + Δ𝑡𝑢1[𝑘].	                                                  (2) 

Where Δ𝑡 is the sampling period and 𝑥1[𝑘]. 𝑢1[𝑘] denote the 
state and control input of the ith agent. By referring to the cost 
function adopted for the optimal control of linear differential 
equations, the proposed cost function for system (2) is defined 
as follows [2]: 
𝐽C = ∑ ∑ ∑ 𝑎15{1E8

578
6
178

F
G7H 𝑥1[𝑘] − 𝑥5[𝑘]}J+ 

∑ ∑ 𝑢1J[𝑘]6
178

F
G7H                                                                       (3) 

Where in the cost function 𝑎15s are elements of the adjacency 
matrix, k is the discrete-time index and 𝛽 is the scaling factor. 
Since (3) depends on the weighted adjacency matrix, it is 
called the interplay-related cost function. 
     The control problem is 𝑚𝑖𝑛N 𝐽C, subject to (2) and 
𝑢1[𝑘] = -∑ 𝛽𝑎15{𝑥1[𝑘] − 𝑥5[𝑘]}6

578 .                                           (4) 
This controller uses fixed-structure control systems. It means 
that the control systems have predefined architectures and 
controller structures. Also, the degree of freedom is equal to 
one because the only parameter which can vary is the scaling 

factor. The motivation behind the expression of the cost 
function (3) is to measure the control effort and the consensus 
error. In this regard, according to the optimal control concepts 
the main aim is to determine the control input to minimize the 
consensus error in (3). The main goal of the inverse optimal 
control approach is to design a global cost function as well as 
distributed protocol. The Laplacian matrix is inverse optimal 
with regard to the interplay-related cost function. It means that 
the inverse optimal control approach uncovers the interplay-
related cost function. This approach explains well the optimal 
performance to reach a consensus. The optimal scaling factor 
is obtained for the pre-specified Laplacian matrix considering 
its connection graph and its interplay-related cost function. 

     Theorem 1: Any symmetric Laplacian matrix L ∈ 𝑅6×6 
with a simple zero eigenvalue is the optimal symmetric 
Laplacian matrix for cost function 𝐽 = ∑ {𝑋S[𝑘]𝑄F

G7H 𝑋[𝑘] +
𝑈S[𝑘]𝑅𝑈[𝑘]}[2]. 

     In (3), 𝑎15 is the weight of the edge from node i to node j in 
the adjacency matrix. After combining equation (2) with (4), 
closed-loop system is defined as follows: 
𝑋̇[k]=−𝛽𝐿𝑋[𝑘],   X[k]= [x1[k], x2[k],..., xn[k]]S                      (5) 
Accordingly, the cost function (3) can be written as: 
𝐽C = ∑ {𝑋S[𝑘]𝐿F

G7H 𝑋[𝑘] + 𝑈S[𝑘]𝑈[𝑘]}                                   (6) 
Equation (6) consists of two parts: one for minimizing the 
consensus error and the other for the control-effort problem. 

     For an undirected graph G all the subsequent statements are 
equivalent [9]: 

1) The second smallest eigenvalue of the Laplacian 
matrix is positive. 

2) The graph is linked. 
3) There is one path or more between each pair of nodes 

2.2 Optimal Scaling Factor via cost function 
     According to the previous concepts, interplay-related cost 
function and optimal control problem are as follows: 
𝑚𝑖𝑛N𝐽C	=		∑ {𝑋S[𝑘]𝐿F

G7H 𝑋[𝑘] + 𝑈S[𝑘]𝑈[𝑘]}     
Subject to: 𝑋[𝑘 + 1] = 𝑋[𝑘] + Δ𝑡𝑈[𝑘]. 𝑈[𝑘] = −𝛽𝐿𝑋[𝑘]    
(7) 
Theorem 2: For optimal control (7), where the Laplacian 
matrix has a simple zero eigenvalue, the optimal scaling factor 
𝛽XY) is defined as follows [2]: 

	𝛽XY) =Z
[\(H)[(H)E[\(H)_`_`

\[(H)
[\(H)a[(H)

    ,   𝑚8 =
8b
√6

                     (8) 

  (-Δ𝑡 +ZΔ𝑡J + d4 𝜆6g h	/2) ≤ 	𝛽XY) ≤ 

(-Δ𝑡 +ZΔ𝑡J + (4 𝜆Jg )	/2)                                                                          (9)         

 
3. Optimization methods 
 
     Jaya algorithm is an efficient optimization technique where 
the solutions of the problem always go to the best output and 
go away from the worst output [10]. At any iteration i, two 
groups of candidates are determined for an assumed cost 
function. In this regard, the best candidate achieves the best 
amount for a supposed cost function, and the worst candidate 
achieves the worst amount of the assumed cost function. The 
main advantage of this algorithm is that the worst solution 
approaches the best solution step by step.	Γ5.G.1 is the value of 
the 𝑗)*variable for the kth candidate during the ith iteration, and 
this parameter is updated according to equation (10). 

},...,1{ n=n

uue ´Í nnRijaA ´Î= ][

nnRijL ´Î= ][i
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 Γ5.G.1m  =Γ5.G.1+𝑟8.5.1(Γ5.opq).1- |Γ5.G.1|) – 
    𝑟J.5.1(Γ5.rXsq).1 – |Γ5.G.1|)                                                   (10)                                                                  
 Γ5.opq).1  and Γ5.rXsq).1	are the best and worst candidate values 
for the variable j during the ith iteration. 𝑟8.5.1  and 𝑟J.5.1  are 
random numbers between 0 and 1 for 𝑗)* variable during, 𝑖)* 
iteration. If Γ5.G.1m > Γ5.G.1	, then the previous output is updated 
otherwise the previous solution is kept. WCA is a powerful 
method based on population, and it is inspired by the nature 
cycle, which is observed in wildlife and the environment. This 
technique is inspired by the streams rill toward the sea and 
rivers [12]. In nature, streams are formed in the highlands 
finally move toward the sea, collected water is formed from 
streams and rain. This algorithm is capable of solving different 
problems to reach an optimal solution. WCA should be 
implemented via several steps as follows: 
 

1) Defining the initial parameters 
2) Creating the population on a random basis, and the 

matrix related to that will be as follows: 
 

      Total population =                                               

               	

=u
𝑋88 ⋯ 𝑋w8
⋮ ⋱ ⋮

𝑋8
wz{z ⋯ 𝑋w

wz{z
|                                                        (11) 

           
      is the total number of population. Moreover, rows 
and columns are the numbers of population and variables of 
design, respectively. 
 

3) Calculating the cost related to the stream as follows: 
          

           Ci = Costi = f( , ,…, ) ,  
            i= 1,2,3,…, Npop                                                     (12)                                    
 

4) Determining the number of streams as follows: 
       

            NSn = round{| | × NStream}  

            n= 1,2,3,…, Nsr                                          
 

5) Streams rill toward the sea and rivers as follows: 
     
    XStream (t+1) =   XStream (t) + rand × C 
                   × (XSea(t) - XStream (t))                            (13) 
6) River tills toward the bent or sea as follows: 

 
   XRiver (t+1) =   XRiver (t) + rand × C 
                   × (XSea(t) – XRiver (t))                                (14) 

 
7) Finding the best position for the river in order to 

generate a better solution. 
8) Evaporation process can occur if the condition 

satisfied as follows: 
 

        |XSea – XiRiver|<dmax  ,   i= 1,2,3,…, Nsr -1             (15) 
 

         perform raining process via (16)  
         end 
       is a small number close to zero. 

9) New locations related to the streams are calculated as 
follows: 

 
           = LB + rand × (UB – LB)                        (16) 

 

Where LB and UB are the lower and upper bounds related to 
the problem. 

10) Updating the value of via (17) as follows: 

            dmax(t+1) = dmax(t) -                        (17) 

 
11) Checking the termination condition is satisfied 

otherwise come back to step 5. 
 

     The other algorithm which is a powerful effective 
algorithm for optimization problems is TLBO. This algorithm 
is inspired by the general teaching-learning procedure in a 
class [11]. Student and teacher are the main elements of this 
algorithm, and at any iteration i, the best student of the class 
is appointed as a teacher. According to the teaching- learning 
algorithm, a novel meta-heuristic algorithm ATLBO is 
proposed in this paper. ATLBO is described by two phases: 
one for the teacher and the other one for the student, and double 
random values are used in the two phases. In the teacher phase, 
students’ information boosts, and it increases the average 
knowledge of the class. At any iteration i, Mean defines the 
mean knowledge of the class, and Γ)p}~*ps mean knowledge of 
the teacher. Γ6pr	𝑎𝑛𝑑	ΓX�� are defined as new knowledge of 
the student and previous knowledge of the student 
respectively. The new knowledge of a student in TLBO is 
updated according to equation (18). 
Γ6pr=ΓX��+𝑟(Γ)p}~*ps- (𝑇�)𝑀𝑒𝑎𝑛) - 𝑟(Γ)p}~*ps+ (𝑇�)𝑀𝑒𝑎𝑛)      
(18)                          
Where r is a random value between zero and one. 𝑇� stands 
for teaching factor whose value is randomly chosen, and it can 
be one or two. In the student phase, students share the 
information, and exchanging the information among them 
increases the students’ knowledge. In this phase, Γ6pr is the 
new knowledge of the student after learning from his or her 
companions, and ΓX��  is the previous knowledge of the 
student. The new knowledge of a student in ATLBO is 
updated according to equation (19). 
 
Γ6pr=ΓX��+𝑟(Γ5-Γ1)-	𝑟(Γ1-Γ5)    if  Γ5 > Γ1 
Γ6pr=ΓX��+𝑟(Γ1-Γ5) - 𝑟(Γ5-Γ1)   if  Γ5 < Γ1                                (19)                   

ú
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This new algorithm uses two random values in teacher and 
student phases while TLBO employs just a random value in 
two phases shown as follows: 
Γ6pr=ΓX��+𝑟(Γ)p}~*ps- (𝑇�)𝑀𝑒𝑎𝑛) used in teacher phase and  
Γ6pr=ΓX��+𝑟(Γ5 -Γ1 ) and Γ6pr=ΓX��+𝑟(Γ1 -Γ5 ) were used in 
student phase in TLBO. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
Figure 1. ATLBO flowchart 
 

4. Consensus control for multi-robot 
system  

 
     The protocol introduces a new method to reach the optimal 
consensus. The main goal is to minimize the error between 
each pair of states. The calculated scaling factor obtained via 
ATLBO minimizes the related cost function. After several 
seconds all errors reach zero. This method improves the 
flexibility of the control system. A discrete-time controller is 
used, and the protocol and errors are defined as follows: 

                                                                  (20)                                                                                                                       
𝑒8 = β(𝑋J − 𝑋8), 𝑒J = β(𝑋� − 𝑋8), 	𝑒� = β(𝑋8 − 𝑋J) 
𝑒� = β(𝑋� − 𝑋J),	𝑒� = β(𝑋8 − 𝑋�), 	𝑒� = β(𝑋J − 𝑋�) 
𝑒� = β(𝑋� − 𝑋�),	𝑒� =β(𝑋� − 𝑋�)                                       (21) 
 
     In order to control the agents via WCA, certain steps must 
be carried out as follows: 
 

1) Designing consensus protocol 
2) Optimizing the cost function via WCA 
3) Finding optimal scaling factor 
4) Implementing optimal scaling factor in the controller  

 
Block diagram of the controller is as follows: 
 

 
Figure 2. Block diagram of consensus controller  
 

5. Example and results 
 
     A scenario of 4 agents is investigated to show the 
usefulness of the proposed technique. The communication 
graph among the agents is as follows: 

 

 
Figure 3. Connection graph of agents [2] 
 
 
Laplacian matrix related to the undirected graph is the 
following one: 
 

L=                                                        (22) 

 
The Laplacian matrix is symmetric, and the initial state is 
X(0)=[1,2,3,4]T.  The Laplacian matrix is inverse optimal as 
regards a designed cost function. In this step, the optimal value 
of the scaling factor is obtained using three algorithms, and 
this scaling factor minimizes the cost function. 
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Table 2. Comparison of convergence rate among algorithms 
 

 
Algorithm  
 
   
Iteration 

 
JA 

 
TLBO 

  
WCA 

  
ATLBO 

1 107.2301 98.4215 96.3444  94.3444 
2 98.1052 96.5423 95.3444  94.3444 
3 94.3964 94.2319 94.9667  93.9787 
4 94.2188 94.2319 93.9787  93.9787 
5 94.1258 93.9991 93.8277  93.8277 
6 93.9955 93.9725 93.8277  93.8271 
7 93.9252 93.9148 93.8271  93.8271 
8 93.9172 93.8869 93.8265  93.8265 
9 93.9050 93.8523 93.8261  93.8248 
10 93.8266 93.8311 93.8248  93.8248 
11 93.8261 93.8311 93.8248  93.8248 
12 93.8261 93.8248 93.8248  93.8248 
13 93.8259 93.8248 93.8248  93.8248 
14 93.8248 93.8248 93.8248  93.8248 

 
     According to Table 2, ATLBO optimizes the cost function 
faster than the other methods. The optimal solution for the 
problem is 93.8248. 

 
   Figure 4.  Comparison of the convergence rate among four methods 
 
     ATLBO minimizes the cost function after 9 iterations 
while JA, TLBO and WCA minimize after 14, 12 and 10 
iterations respectively. 

 
Figure 5. Runtime comparison among four methods 

     Comparison among all algorithms in figure 5, represents 
ATLBO has better output than the other methods in terms of 
convergence rate. The sampling period for simulations is  
∆𝑡 =0.1 s.  The optimal value of the scaling factor is 0.471, 
and for this value, the cost function reaches its minimum 
value. The Simulation results for the states, controls and the 
consensus errors of the system are as follows: 
 

 
Figure 6. States of the agents 
 

 
Figure 7. System control inputs  
 
     Figures 6 and 7 show the states of the agents and control 
inputs for agents. These simulations are obtained using 
ATLBO. The average consensus is obtained in figure 6. 

 
Figure 8. Consensus error of agents 
 
     In Figure 8, the eight parameters associated with the errors 
between each pair of agents are obtained via ATLBO. Using 
the regulatory problem and consensus protocol leads to an 
optimal consensus at zero value. The costs are calculated from 
zero time to the consensus time.  
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6. Conclusion 
 

     This paper investigates the optimal control approach and 
meta-heuristic algorithms  to reach the consensus with the 
minimum cost. The global cost function is optimized via JA, 
TLBO, WCA and ATLBO, and the associated outputs are 
compared with each other. Using inverse optimal control and 
novel algorithms leads to an optimal consensus with improved 
convergence speed. The effectiveness of this novel technique 
for finding the optimal consensus is investigated in this 
research paper. 
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