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Abstract

As a generalization of convolutional neural networks to graph-structured data, graph convolutional networks learn feature embeddings based
on the information of each node’s local neighborhood. However, due to the inherent irregularity of such data, extracting hierarchical
representations of a graph becomes a challenging task. Several pooling approaches have been introduced to address this issue. In this paper,
we propose a novel topology-aware graph signal sampling method to specify the nodes that represent the communities of a graph. Our method
selects the sampling set based on the local variation of the signal of each node while considering vertex-domain distances of the nodes in the
sampling set. In addition to the interpretability of the sampled nodes provided by our method, the experimental results both on stochastic block
models and real-world dataset benchmarks show that our method achieves competitive results compared to the state-of-the-art in the graph

classification task.

Keywords: graph neural networks, pooling layer, graph signal sampling, graph classification

I. Introduction

Considering artificial neural networks (especially CNNs)
and deep learning’s great success in diverse applications such
as computer vision [1], speech recognition [2] and natural
language processing [3], [4], where the data is regular, i.e., the
data points are represented in Euclidean space, applying these
neural models on graph-structured data seems a tempting idea.

However, a vast range of data are graph-structured which
encode the relationship between different data objects. Such
data do not exhibit the regular characteristics of the data used
in traditional neural networks [5]. As a solution, graph neural
networks were first introduced in [6] and a lot of successful
variants of these neural models have been proposed in recent
years [7]-[10].

Graph convolutional networks (GCN), as a generalization
of CNNs to graph-structured data, extract useful feature
embeddings of each node’s signal or feature in an end-to-end
manner by considering local graph topology of each node. In
general, there are two approaches for designing graph
convolutional networks: spectral methods and spatial methods
[11].

In spectral methods, graph convolution operation is defined
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as multiplication of a parametric graph filter with spectral
representation of graph signal in the Fourier domain [12].

In spatial approaches, graph convolution is defined directly
in the vertex-domain as the message passing between each
node’s local neighborhood by means of propagating node
information along graph edges. The outputs of these networks
are feature embeddings for each node and contain both signal
and structural information of each node and are used in a
variety of node-level graph related machine learning tasks
such as node classification, link prediction, community
detection and etc. [13]- [20].

However, there are problems such as graph classification,
requiring to make a decision about the entire graph, and not
merely any specific node(s). For instance, distinguishing
between enzyme and non-enzyme molecules, which can be
represented as graph structures with their corresponding
labels, can be cast as a graph classification task [21]- [26].

In these settings, a representation containing information of
the whole graph need to be inferred. For this reason, there are
approaches that perform summation over feature embeddings
of every node in the graph as a readout phase or using different
neural network architectures to get a single representation of
the graph by considering nodes features. However, these
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approaches do not consider the hierarchical community
structure of graphs and produce the graph representation in a
flat manner. For example, to encode the graph structure of
molecules, the local molecular structure (e.g., individual
atoms and their direct bonds) should be encoded as well as the
global structure of the communities of the molecular graph
(e.g., groups of atoms and bonds representing functional units
in a molecule) [27].

Inspired by pooling operation in convolutional neural net-
works, there have been multiple attempts to extend this idea to
graph convolutional networks by down-sampling the nodes of
the graph in order to extract hierarchical information of graph
structure [27]- [31].

In this paper we propose a novel Topology-Aware Graph
Signal Sampling (TAGSS) method for pooling in graph
convolutional networks which considers both the graph signal
information and the topological structure of graph and nodes
connectivity. In particular, the graph signal information is
extracted according to the frequency content and the local
variation of each node in the graph. Intuitively, we suggest that
the nodes with higher local variations which show a lower
resemblance with their neighbors, carry the most significant
in- formation about the graph signal, and by sampling such
nodes we can preserve the more informative portion of the
graph. On the other hand, by introducing a topology-
preserving operator, we ensure that the sampled nodes are
distributed in all the communities of the graph. Finally, since
various methods propose their own architectures to evaluate
the power of their pooling layers, we utilize a simple
architecture to assess the effectiveness of such pooling layers
in a unified setting. Furthermore, we show that our results
outperform the existing methods in several datasets.

In summary, our contribution in this paper is as follows:

e A novel method for graph pooling based on the
local variations of the node signals and global
topology of the graph.

e An interpretation of the sampled nodes of the
graph in terms of their frequency content and
location in the graph.

e  Aunified setting to evaluate and compare different
graph pooling methods.

The rest of the paper is organized as follows: In Section II,
we provide a brief review of the relevant research in graph
pooling techniques. In Section III, we elaborate the TAGSS
functionality and how it can be applied within the graph neural
network architectures in an end-to-end manner for graph
classification tasks. We evaluate our model on real-world
benchmark datasets in Section IV, and finally, we conclude
the paper in Section V.

II. Related Work

In this section, we briefly review the related works on graph
representation learning. Initially, we present a short review on
graph convolutional networks, but our main focus is on
pooling layers adopted in such networks. In order to be

relevant to the main problem that is addressed in this paper,
we avoid the details of graph neural networks.

Graph convolutional networks: Graph convolutional net-
works can be designed by defining the graph convolution
operation in two different domains of graph information:
spectral domain and spatial domain. In spectral domain, graph
con- volution operation is defined in the graph Fourier domain
as transforming the graph signal by the matrix of the
eigenvectors of graph Laplacian operator [12]. [32] proposed
the spectral network in which the transformed graph signal is
multiplied by a parametric filter, in the graph Fourier domain.
[33] proposed ChebNet where the parametric filter was
approximated by a truncated expansion of Chebyshev
polynomial up to K-th order and [7] proposed a simple layer-
wise propagation rule by further limiting the Chebyshev
polynomial approximation of parametric filter to the order
K=1. Spatial approaches define the convolution operation
directly in the vertex-domain by aggregating features of each
node’s local neighborhood with different permutation
invariant functions [8], [9], [13].

Pooling methods: In tasks such as graph classification
where the decision should be made about the entire graph, a
single feature embedding of the graph is needed. In order to
obtain the graph representation from each node’s feature
embedding, some approaches perform a summation over each
nodes feature to construct a single representation [32], [34],
[35]. Several other approaches use neural networks to obtain
a representation of the graph from the node’s features [13],
[36]. Some introduce a virtual node to the graph which is
connected to every other node and its feature representation is
used as graph’s representation [6]. However, these approaches
do not take the hierarchical community structure of the graph
topology into account. To address this issue, inspired by
pooling layers in CNNS, there has been an interest in defining
a pooling operation in graph domain data. Here we review the
attempts of defining pooling operation in graphs from two
perspectives: the approaches that exploit learnable parameters
in their methods and the approaches which are static, i.e., they
do not include any learnable parameter.

In earlier works, by considering graph topology, graph
coarsening algorithms used spectral clustering to cluster the
graph into more coarse versions of it. However due to high
computational complexity of eigendecompostion, other
alternatives were introduced. Graclus algorithm clusters the
graph without performing eigendecomposition and some
recent approaches used this algorithm to devise the pooling
layer in their corresponding graph convolutional architectures
[37]. Other approaches design the pooling layer of the graph
convolutional architecture as a learnable module which is
trained in an end- to-end manner as well as the graph
convolutional layers. In fact, these approaches tune the
model’s parameters by using a classification loss and its
gradient back-propagation into the pooling layer and selecting
the down-sampled nodes such that the classification loss
decreases. Therefore, in contrast to the pooling layers in
convolutional neural networks, there is no interpretable rule to
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specify which nodes are pooled together or have more
importance in the graph. DiffPool uses learnable clustering
approach to down-sample the nodes of the graph into a more
coarsened one. It learns a cluster assignment matrix for softly
assigning nodes to each community by using a separate graph
neural network. It also uses another graph neural network to
transform nodes features embeddings and finally uses the
cluster assignment matrix to construct the coarsened graph’s
adjacency matrix and its corresponding graph signal [27].
GPool projects graph signal onto a learnable projection vector
and selects the nodes that have the largest projection
magnitude on this vector as the sampled nodes [31]. As the
model is being trained, the projection vector is tuned such that
the nodes which are more important and result in less
classification error, have larger projection magnitude. It uses
the indices of sampled nodes to reconstruct the adjacency
matrix of coarsened graph and its residing graph signal.
SAGPool follows the DiffPool’s approach as it uses a graph
neural network to learn an attention score for each node of the
graph and it down-samples the nodes that have the highest
attention scores [28]. After specifying the sampled nodes, it
follows the same procedure as GPool in order to reconstruct
the adjacency matrix of the coarsened graph and its residing
graph signal. Finally, [38] proposed a method to consider the
topology of the graph by attending over local and global
structure of the graph and assigning an importance score to the
nodes of the graph. In addition to a major difference in the
score assignment mechanism, the fundamental distinction
between [38] and TAGSS is the emphasis of our model on
sampling candidate nodes from a full coverage of the graph
structure.

II1. Proposed Method

In this section we present the Topology-Aware Graph Sig-
nal Sampling (TAGSS) algorithm. Initially, we introduce the
concepts of graph neural networks and then propose the the
TAGSS algorithm and its properties. Here we introduce the
building blocks of our algorithm which makes it consider the
smoothness of the nodes signals as well as the topology of the
graph. Finally, we present the architecture we used for graph
classification task and how to incorporate TAGSS in this
architecture.

A. Graph Convolutional Unit

The basic graph convolutional network used in our method
is the GraphSAGE layer proposed by [8]. The feature
embedding h of the node v in the k-th layer is computed by

W ¢ (w<k) - MEAN ({hf,k_l)} U fhl?, vue

v ), (1)
CORL
h; ||h‘(,k)||2' (2)

where ¢ denotes the ReLU activation function, W® is the
trainable weight matrix of the k-th layer, and the MEAN
operator simply takes the row-wise mean of a matrix whose

columns are the h‘(,k_l)and {hflk_l), vu € NV(v) }, and NV (v)

denotes the neighbors of the node v. Also, in Eq. (2), V
denotes the set of the graph vertices, and ||. ||, denotes the L,
norm.

B. Nodes Signals Variations

Suppose a set of m graphs are given as {G; =
WV, €, X,y 321, where V, is the set of the vertices of the
graph i with [V,| = n,, &; is the set of the edges of the graph i
with & €V, x V;, X is the graph signal with X; € R™*d |
and y; is the label assigned to G;. For example, G; can
represent a biological molecule where V; denotes its
constituent atoms and &; denotes the atom bonds. X;
represents atom attributes such as atomic number, and y;
denotes the label of the entire molecule (e.g., enzyme or non-
enzyme).

The combinatorial Laplacian operator of the graph i is
defined as [12]

L =D; - A, 3)

where D; is the diagonal degree matrix of the graph i where
D;[j,j] = XuL, A;[j, u] denotes the degree of the node j, and A;
is the weighted adjacency matrix of the graph i. Given the
Laplacian operator, the variation on the nodes of the graph can
be defined as [12]

A=1L1X. 4

Note that by the definition of the Laplacian matrix, the i-th
row of A is the sum of the differences of the signal of the node
i and the signals of its neighboring nodes. Using A we can
assign a smoothness score to each node by

z = ¢(4), (%)

where ¢(.) is a function that calculates the row-wise 1, norm
of the matrix A. Also, z is a vector of size n in which the j-th
element is a scalar value encoding the frequency content of the
signal of the node j such that the higher values of z; indicates
a higher dissimilarity of the signal of the node j and the signals
of its neighbors (Fig. 1) [39]. If we use the k-th order of the
Laplacian matrix and define A®) = LXX we can define the k-
th order score for each node:

20 = (a®), (©6)

Figure 1. The connectivity of node up to one hop; the red
nodes are selected such that they are not in the radius of one
hop distance with each other in the graph.

Again, the j-th element of the vector zX) is a scalar value
encoding the frequency content of the signal of the node j up
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to k hops. Intuitively, the graph signal information lies on the
nodes with the highest variations with respect to their
neighbors, i.e., they have the lowest similarity with their

Figure 2. The result of TAGSS algorithm on a 75 node graph
with three communities (down, dense-dense),on a 100 node
graph with four communities (middle, dense-spare), on a 125
node graph with five communities (up, sparse- sparse).

neighbors. This intuition leads us to select the nodes with
highest variations as the sampling nodes. However, it is highly
possible that the selected nodes are placed close to each other
and consequently by selecting them we lose a significant
portion of the graph. In subsection III-C we propose a method
to circumvent this issue and select the nodes which contain
high variations and are distant from each other up to k hops as
well.

C. Topology-Aware Operator

In the last section, we introduced the z® vector to select
the nodes with high variations. In order to force our algorithm
to choose the nodes such that they are selected from various
communities and hence cover a bigger portion of the graph,
we introduce an operator,

Ac=1,,—A (7

where 1, «, isan X n matrix whose entries are 1. The matrix
A represents the nodes that are not connected to each other,
i.e., the (i,j)-th element of A, is 1 if the node i and the node j

are not connected, and 0 otherwise. Similarly, we define the
higher order A, as

k
A = 1,0 - W) A9 ®)

where (. ) is a function that clips the values greater than 1 to
1. The term Y(XXAK) indicates a matrix whose (i,j) -th
element is 1 if there is a path with the length up to k between

the nodes i and j, and, 0 otherwise. Similarly, Aik) is a matrix
whose (i,j) -th element is 1 if the nodes i and j are not
connected to each other up to k hops. Using the operator Aik)
and the vector z®, we introduce our criteria for sampling the
nodes of a given graph. Initially, we define the sampling
matrix S as

S = diag(z™)AM diag(z™) ©)

where diag(z®) is a diagonal matrix whose (i, i)-th element

is z49, Therefore, Sij = zi(k)zj(k) if the nodes i, and j are not
connected up to k hops, and §;; = 0 otherwise. The matrix S
encodes both the topological relation of the nodes and their
variation. Hence by choosing the highest values of the matrix
S we can detect the nodes which have high variation and they
are relatively far from each other as well. Let ¢ denote the
sampled nodes based on the matrix S using Algorithm 1.
After the selection of the nodes, we aggregate the information
content of the neighbors of the selected nodes. To this end, we
use the adjacency matrix as a shift operator and shift the signal
by AX, and choose the shifted signals of the sampled nodes as
the graph signal of the pooled graph. In order to do this, we
use the [{| X n coarsening matrix C,

and other elements of C are set to zero. Using the coarsening
matrix, the signal of the sampled nodes would be
Xsampled = CAX (11)

where A is A + I, which contains self-loops as well. The
details of the algorithm are presented in Algorithm 1. The
procedure of the algorithm gives it an adaptive characteristic.
Particularly, based on the restriction imposed by the topology-
aware operator A., the TAGSS algorithm always samples
sufficient number of nodes to satisfy its constraints, namely
the required distance between the sampled nodes and their
local variations.

D. Graph Construction

Similar to the proposed methods such as in [27], we use the
coarsening matrix to construct the new adjacency matrix. In
order to build the adjacency matrix of the new graph we set

A, = CACT (12)

where,
A = (AP — diag(AP)), (13)

where, as before, the Y(.) function clips the values greater
than 1 to 1. The parameter p is a hyper-parameter and
specifies the connectivity of nodes with a path of length p.
For graph classification tasks, the whole network is trained
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Table 1. Statistics of the datasets

Datasets # of Graphs # of Classes Avg. Number of Nodes ~ Avg. Number of Edges ~ Node Attr. Dim.
ENZYMES [40] 600 6 32.63 62.14 18
PROTEINS [21] 1113 2 39.06 72.82 1
MUTAG [41] 188 2 17.93 19.79 0
FRANKENSTEIN [42] 4337 2 16.90 17.88 780
IMDB-BINARY [22] 1000 2 19.77 96.53 -
IMDB-MULTI [22] 1500 3 13.00 65.94 -
Algorithm 1: TAGSS Algorithm Graph Graph
Convolution Convolution
Input: Adjacency Matrix A € R™", Feature Matrix X € Layer Layer
R™*d, Sample Size s, Hop Order k l li
Output: Sampled Nodes Set ¢ Geaph Geaph
1: Initialization Calculate the matrix S as in Eq.(9), an Convolution Convolution
empty sampling set {, operator A as in Eq.(8) e S
2: fori € {1,...n}do l )
3: idx = argmax(S) Graph Graph
4: if( = @ then Convolution Convolution
5 C _ Z U {i dX} Layer Layer
6: S[idx] = -1 i t
7 else . ‘ Readout ‘ Pooling
8: if 0 ¢ A [( idx] then Layer
9: { =7 f{idy} !
10: end if
11:  if|{] == sthen Classifier
12: break .
13: end if ¢ ¢ ¢ Concatenation
14:  S[lidx] = —1 v
15: end if | Readout |
16: end for
17: return l

according to the cross-entropy loss for the classification; i.e.,
L = yTlog(9), where y and § are the ground truth and
predicted class labels, respectively.

IV. Experiments

In this section we evaluate the proposed TAGSS algorithm
in graph classification tasks and compare the results with
various pooling methods such as DiffPool [27], SAGPool
[28], Graph U Net [31], and SortPool [29]. Most of the
existing methods come with their own architecture and present
their results on graph or node classification tasks. One might
wonder how to evaluate the effectiveness of the pooling
layers. Therefore, our main goal in this set of experiments is
to assess the power of pooling layers in a fixed architecture.
However, similar to other methods, we propose our
customized architecture as well, and evaluate the results with
the existing state-of-the-art methods.

In addition, to show the interpretability of our method, we
apply the TAGSS algorithm on numerous random graphs
generated by the stochastic block model, and illustrate the
power of TAGSS in detecting the communities of the graph.

Classifier

Wy

Figure 3. The baseline architecture (left), and the baseline
plus the pooling layer (right).

A. Datasets

In these experiments we use six benchmark datasets
commonly used in graph classification tasks. We use protein
datasets such as ENZYMES [40] and PROTEINS [21],
molecular graph dataset FRANKENSTEIN [42] and
MUTAG [41], and social network datasets IMDB-BINARY
and IMDB- MULTI [22]. Table I shows the statistics of these
datasets. In each of these datasets we use 10-fold cross-
validation for model selection and model evaluation.

B. Experimental Settings

Our evaluation is based on deep graph convolution net-
works. Initially, we propose a simple baseline without any
pooling layers, and evaluate the performance of the baseline
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Table 2. Comparison of performance in the fixed architecture. The numbers represent the accuracy in percentage (%).

Model ENZYMES PROTEINS MUTAG FRANKENSTEIN IMDB-BINARY IMDB-MULTI
Baseline 40.01 53.36 59.88 31.41 49.33 35.07
DiffPool 45.01 64.28 70.50 55.63 60.28 45.62
SAGPool 43.23 66.78 72.08 58.33 66.10 49.43
Graph U Net 41.45 60.51 70.47 54.19 66.81 50.27
SortPool 38.83 65.26 71.83 58.61 63.69 47.83
TAGSS 60.13 70.03 74.84 64.34 69.38 44.17

Table 3. Comparison of performance in the hierarchical architecture. The numbers represent the accuracy in percentage (%).

Model ENZYMES PROTEINS MUTAG FRANKENSTEIN IMDB-BINARY IMDB-MULTI
DiffPool 59.13 76.25 88.87 62.57 68.40 45.62
SAGPool 52.67 72.05 92.32 61.73 72.80 49.43
Graph U Net 50.33 77.68 87.77 61.46 73.40 50.27
SortPool 38.83 76.26 85.83 60.61 70.03 47.83
TAGSS 65.23 77.45 93.35 70.28 78.13 51.33

Table 4. Parameters used by SBM to generate random
graphs in order to illustrate the stability an interpretability
of TAGSS algorithm

Parameter Value
Intra-Community Probability {0.2,0.5, 0.9}
Inter-Community Probability {0.01, 0.1, 0.2}
Community Mean {0,2,4, 6}
Community Variance 1

on different datasets. Second, we incorporate the DiffPool,
SAGPool, Graph U Net Pooling, SortPool and TAGSS
pooling layers into the baseline and compare the results.
Furthermore, we compare our results with the hierarchical
architecture (Fig. 4) with the results of other models based on
their corresponding architectures.

The baseline model consists of three GraphSAGE layers,
followed by a Readout layer which simply performs a
summation, and finally a 2-layer multi-layer perceptron
(MLP) with ReLU activation functions. The activation
function of the GraphSAGE layers is also ReLU. We use the
Adam optimizer for optimizing the models. In all the
experiments we set the hop order k to 1 and the pooling ratio
to 0.1. The architecture of the baseline and the baseline plus
the pooling layer is shown in Fig. 3. For consistency, we use
the GraphSAGE, DiffPool, SAGPool, TopKPooling (Graph U
Net) layers in PyTorch Geometric library [43], [44].

Baseline Model. For the baseline model we use three layers
of GraphSAGE as shown in Fig. 3. Each GraphSAGE unit
embeds its input to dimension 30 for small graphs or 64 for
larger graphs. After the last GraphSAGE unit we place a
Readout layer which simply sums its input in each of its
dimensions. Followed by the Readout layer we place an MLP
whose input size is 30 or 64 (the output size of the last
GraphSAGE unit). Its hidden layers contain 32 and 16 neurons
respectively, and the output layer contains as many neurons as
the number of classes. Finally, for the loss measure we use the
Cross Entropy loss.

Model Comparisons. First, we compare the models based
on the fixed architecture which is built upon the combination
of the baseline model followed by a pooling layer. However,
for each pooling method, we compare the results of the pro-

posed architecture in corresponding papers with our specific
hierarchical architecture shown in Fig. 4. In the hierarchical
architecture, we use three layers of GraphSAGE units
followed by TAGSS pooling layer followed by three
GraphSAGE layers, a Readout layer and an MLP. The output
of the first three GraphSAGE layers are concatenated to
represent the local information of the graph nodes. This local
information is passed through the TAGSS pooling layer to
summarize the graph information and structure. The output of
the latter three GraphSAGE layers which operate on the
pooled graph are also concatenated to form the global
information of the graph. The local and global information of
the graph are then aggregated in the Readout layer and form a
representation for the entire graph. This representation is fed
to the MLP classifier for further decision making. We show
that either in the fixed architecture or in our hierarchical
architecture we outperform the existing results in graph
classification tasks on the aforementioned datasets. The
experimental results of the fixed architecture with different
pooling layers and the results of the hierarchical TAGSS-
based architecture compared to proposed architectures of
other pooling layers are given in Table II and Table III,
respectively.

IMlustration on Stochastic Block Model. To show the
interpretability of the nodes sampled by TAGSS, we execute
the TAGSS algorithm on various random graphs generated by
stochastic block model (SBM). We generate three sets of
random graphs, each of which contains 10 graphs with three,
four, and five communities. Intra- and inter-community
connectivity probabilities in each set are initialized such that
each set contains dense-dense, dense-sparse, and sparse-
sparse connectivity distributions for intra- and inter-
communitiy connectivities. Further, we use Gaussian
distribution to generate random signals for the graph nodes.
For simplicity, we suppose that each community of a graph
has a different mean value but their variances are equal. Note
that, this configuration is completely static and has no
learnable parameters. Thus, we can qualitatively observe the
performance of the TAGSS algorithm. Since the TAGSS
algorithm samples the distant nodes with higher variations,
our intuition suggests that the algorithm detects various
communities and selects a node from each of them. In fact, as
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shown in Fig. 2, our results verify this intuition. The different
parameters used by SBM are given in Table I'V.

Graph
Convolution
Layer

li

Graph
Convolution
Layer

l—

Graph
Convolution
Layer

I

Concatenation

17

‘ Pooling

Layer

—

Graph
Convolution
Layer

%

Graph
Convolution
Layer

li

Graph
Convolution
Layer

lv¢—

Concatenation

lV
‘ Readout ‘

)

Classifier

Wy

Figure 4. The hierarchical architecture used by TAGSS
algorithm.

V. Conclusion

In this paper we introduced a novel method for graph signal
sampling which also considers the topology of the graph, and
further used this method as a graph pooling layer in graph
neural networks. In addition to the interpretability of the nodes
sampled by our method, we showed that it achieves the state-
of-the-art performance on several graph -classification
benchmark datasets. Our future works include reducing the
time complexity of the TAGSS method to make it more
suitable for larger graphs.
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