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Abstract

A Paralldl Packet Switch (PPS) is a multistage switch aimed at building a very high-speed switch using much slower devices. A PPS in
genera hasthree stages. Severa packet switches are placed in the centra stage, which operate slower than the external line’ s rate. Incoming
packets are spread over the center-stage switches by demultiplexers at the input stage. Packets destined to each output port need to be
collected and reordered if necessary at the output stage. The initid proposed architecture for the PPS was based on a centralized mechanism
with high complexity to distribute incoming packets over the center-stage switches [1]. To reduce the complexity, a distributed algorithm has
been proposed in [2] that performs the packet distribution at each demultiplexer independently. The agorithmic complexity of this scheme is
in the order of K ? that poses a scalahility problem at high speeds as K grows, where K is the number of center-stage switches. In addition,
each demultiplexer requires a high-speed buffer at the externd line's rate. In this paper, we have proposed a fully distributed algorithm (at
each input line level) with minima complexity of O(1). Besides demultiplexer buffer in the proposed architecture operates at the low interna
link rate. We show that the performance of our architecture is comparable to that of [2]. In particular, we prove that it is stable without any

speedup, that is, abounded delay is guaranteed. The resulting PPS architecture is more smple and implementabl e.

K eyword: system design, parallel packet switch, load balancing, synchroni zation, multistage switch

1. Introduction

Nowadays the data transmission speeds have reached the
terabit range using optical fibers. Thus, the packet switches
must be compatible with such speeds. Using optical
components in the packet switches is one approach taken to
overcome the switching speed limitations [3,4]. However,
electronic components are still used to do the complicated
tasks such as header processing and packet buffering. Thus
the optical switches must be designed in such away that their
speed can't be limited by eectronic components. Many
packet switch architectures have been proposed for now
which can't work rapidly enough because of ther
complicated scheduling algorithms[5,6,7].

In [1], a specid multisage switch architecture has been
proposed so called “Parallel Packet Switch” (PPS). Theaim
was to make a powerful switch that can operate at speeds
equivalent to the optical links using parallelization of simple
and dower packet switches. The general architecture of the

PPS is shown in Figure 1. The PPS architectureis based on a
3-stage Clos Network [8]. The main difference is that a Clos
network is a bufferless switch fabric, whereas the PPS
contains buffered packet switches in its center stage. Each
one of N input ports is connected to all of K center-stage
switches, which operate independently and in parald.
Packets arriving at an input port are examined by the
demultiplexer and then sent to one of the center-stage
switches. Packets are processed individually; i.e. there is no
guarantee that packets belonging to the same flow or to the
same output port will pass through the same center-stage
switch. In fact, the demultiplexer will ideally spread packets
equally over dl of the center-stage switches. Packets are
stored in the output queues of the center-stage switches and
are ddivered to the multiplexer. Packets from each input
operating a the line rate, R, are sent over links each
operating at a rate of at least R/K. In general, the interna
links in the center-stage switches operate at a rate s.R/K,
where s is the speedup factor and K is the number of
switches at the central stage.
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Figure 1. A paralle packet switch with 4 input ports, 4
output ports, and 3 center-stage switches

As discussed in Section 11, the previous schemes of the PPS
[1,29] suffer from complicated agorithm of the
demultiplexer and high-speed buffer requirements. In this
paper, we propose a new architecture and a fully distributed
load balancing algorithm for the demultiplexer such that it is
not only distributed at the demultiplexer level but also at
each packet type within a demultiplexer. Hence, a centralized
controller is not required in a demultiplexer. This facilitates
its hardware implementation. The proposed load balancing
algorithm has a time complexity of O(1). We have proved
this algorithm is gdable, i.e. the delays of packets are
bounded. Furthermore, all buffers work at the internal link
rate.

The rest of this paper is organized as follows. Section 2
reviews and analyzes the previous schemes of the PPS. In
Section 3, we describe the internal structure of the
demultiplexer and propose a new fully distributed design. In
Section 4, an anadysis of traffic homogeneity in the center-
stage switches is performed. In Section 5, we have analyzed
the stahility of the proposed algorithm and in Section 6 we
present the experimental results. Finally, Section 7 concludes
the paper.

2. Previous Work

Before begin this section, we need to have some definitions.
Definition 1: A packet of type | isdefined to be a packet that
is destined to the output port j, j=1,...,N.
Definition 2: A packet of flow (i,j) is defined to be a packet
that entered from theinput port i, i=1,...,N, and is destined to
the output port j, j=1,...,N.
Definition 3: An internal time slot or time slot in shortisa
time period used to transfer a maximal-size packet over an
interna link. An internal time dot is equa to K consecutive
time-dots over an external line

The main issue in the design of a PPS is the demultiplexer
architecture. A fast and efficient scheduling algorithm is
required to distribute the load as evenly as possible among
the center-stage switches on per output port basis. Contention
among packets sent to the same center-stage switch requires
buffering. To minimize the delay of packets in the PPS, a
centralized optimal load balancing scheme in  the
demultiplexers, buffering and processing at the externa
lin€' s rate, and high speedup factor is required. One of such
designs has been proposed in [1] that suffers from high
complexity of the distribution algorithm. An algorithm has

been proposed in [2] that relieves speedup requirements and
provides a near-optimal digributed algorithm for the
demultiplexer. In this scheme, if a packet of type j enters a
demultiplexer in an external time-dot, that demultiplexer
must construct these two sets of center-stage switches:

1. The set of center-stage switches each one has idle link
to that demultiplexer in the next idle internal time-
dot in the future.

2. The st of center-stage switches each one has idle link
to the multiplexer j in the next idle interna time-dot
in the future.

Then, an intersection of these sets determines the destination
center-stage switch for that packet.

Theorem 1: the intersection process used in [2], has a
time complexity of O(K?).

Proof: Each of these two sets consists of at most K
elements at each external time-dot. For the intersection
process, we must first consider the first element of the firs
set and search it in the second set. If the first search was not
successful, we must search the second set for the second
element of the first set. These searches must be continued
until either a shared element isfound or all of the K elements
of the first set are searched in the second set. Every search
requires at most K comparisons.

If we want the search for only the first eement of the first
set not to be successful, the second set should not contain
that dement, i.e. the second set must contain at most K-1
elements. In such a way, if we want the search for only the
first k elements of the first set not to be successful, the
second set should not contain those e ements, i.e. the second
set must contain at most K-k elements. Then, the number of
required comparisons is equal to k.(K-K). This is maximized
if k=K/2. Then, the maximum number of required

comparisons will be equal to K? /4.

Construction of these two sets at each external time-dot
has a time complexity of O(1), since at most one packet will
enter the demultiplexer at each external time-dot and then, at
most one center-stage switch may be added to or removed
from these sets. But the intersection process has a time

complexity of O(K?) based on the theorem 1. A PPS with

this complexity per external time-slot can't work at high
speeds especially with optical lines. Furthermore, this limits
the number of center-stage switches. In addition, this scheme
requires buffer at externd linesrate in each demultiplexer.
Another scheme has been proposed in [9] for a PPS with
bufferless demultiplexers. In that scheme, a backpressure
mechanism is used for each demultiplexer to have
information about the lengths of buffers of the center-stage
switches. Then for each incoming packet at each external
time-dot, the demultiplexer chooses the destination center-
stage switch one that has the minimum buffer length. This
searching process has a time complexity of O(K) and must be
done on each external time-dot and limits the speed of the
demultiplexer. Furthermore, all parts of the demultiplexer
have to work at external line'srate.

3. A New Internal Design For The
Demultiplexer
The PPS architecture includes N demutiplexers in the first

stage, each one placed on one of the input ports. The general
architecture of the demultiplexer is shown in Figure 2. It
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includes buffers at the input and/or at the output. A
distribution network is responsible for making a decision to
send an incoming packet on which center-stage switch. The
center-stage switches have N input and N output ports. We
assume al of the center-stage switches have same
input/output rates.

link buffers

1
| g

—

DistribLtion

»  Input buffer |  HMebwork

E I
L
Figure 2. The general structure of a demultiplexer

In an ideal case, each demultiplexer must distribute the
incoming packets destined to each of the output ports equally
among the center-stage switches. That is, the state of the
center-gage switches with regard to each packet type can
differ only by one. Let us consider a distribution network
based on a pure round-robin strategy. Suppose an incoming
traffic scenario where the destination ports of packets
periodically go from 1 to K (Figure 3). Using round robin
operation, packets of type j will be sent to the j-th center-
stage switch. If this scenario is repested at al of the input
ports, each center-stage switch like k will receive packets of
type k at the externa linesrate, R, while therate of itslink to
the output k is R/K. This results in huge misbalance and loss
of traffic in the case of the finite buffers.

In order to solve the fore-mentioned |oad imbalance problem,
we envision applying the round-robin scheduling at each
packet type level, rather than applying it at thelinelevd, in a
demultiplexer (Figure 4). When packets of type j enter the
demultiplexer, they are distributed among center-stage
switches. This results in perfectly uniform distribution of
packets over center-stage switches.

[ K] 3 2 - [K]- 3 2]1]
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K
Figure 3. Operation of a pureround-robin scheduler in the
demultiplexer

In Figure 4, the input buffers need to work at the line rate.
Moreover, a collison can occur when two or more
schedul ers send packets to the same output buffer. Thisneeds
to use K multiplexers at the egress side of the demultiplexer.
Proposed Demultiplexer Architecture

We now propose a new design for the demultiplexer that is
both efficient in per-output port load balancing at each
center-dage switch and smple in its hardware
implementation. The proposed architecture is shown in
Figure 5. Its operation is described in the following.
Distributor(1):  which is the first distributor in the
demultiplexer, distributes incoming packets among allocators
according to their destination output port.

Allocator (j): which is the j-th alocator in the demultiplexer,
allocates the numbers 1,2,...K to its received packets in a
round-robin manner. This number allocated to a packet is a
center-gage switch’s sequence number which that packet
will be sent to it. There are N allocators in every
demultiplexer, each one for one of the output ports of the
PPS.

R
mpe- [ sibribaugtar

. : K

Rk
Figure 4. The architecture of a demultiplexer with round-
robin scheduling at each packet type level

Type M

Distributor(2): which is the second distributor in  the
demultiplexer, gathers packets from the alocators and
distributes them among the inputs of switching element in a
round-robin manner.

Switching Element: which is a KxK packet switch, switches
the incoming packets according to their destination center-
stage switch.

Since the allocators operate at the externa line' s rate, there
is no contention between the allocators at Didributor(2). The
duty of Digtributor(2) is to distribute packets uniformly
among the inputs of the switching e ement. Thus, there is no
need for this switch to operate at the external lin€'s rate.
Only distributors and allocators have to operate at the
external lin€'s rate, which are computationaly very simple.
In other words, the time complexity of this distribution
scheme in the demultiplexer is of O(1).

|

3w tching

Clezrznil
L]

SN: Sequence Number, O: Output port, C: Center-stage
switch of the packet
Figure 5. The proposed internal structure of the
demultiplexer

4. Traffic Homogeneity In The Center -
Stage Switches

Thereis a special problem in the scheduling of packetsin the
PPS that |eads to some other problems. That is the allocators
in a demultiplexer may be synchronized on a number like k,
and in this state, during N consecutive time-dots each
allocator may receive only one packet. Then, N consecutive
packets will be allocated to the k-th center-stage switch.
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Probability of the synchronization of N alocatorsis very low
and it usualy happens on less number of allocators.
However, theresults of this event are:
1. With assumption that the switching element is output-
gueued, the queue size of the output k in that switch grows
suddenly. This makes the sizes of queues in the various
outputs of that switch different. Although this difference is
bounded, it may lead to the results 3 and 4.
2. When a synchronization of any length is happening on a
center-gage switch, no packet is sent to some of the center-
stage switches on that time-dot and the throughput may be
decreased.
3. The difference between the sizes of various output queues
in the switching element may lead to the disordering of
packets, because two consecutive packets of flow (i,j) will
pass two different center-stage switches.
4. That difference may also lead to the loss of homogeneity
of traffic in various center-stage switches.

In appendix I, it has been shown that the maximum
difference of the number of packets of same type, between

each two center-stage switches is of O(N?). In other

words, when the number of packets of typej isequal to X in
a center-stage switch, in another one, in the worst case, it can
beat most X +O(N?).

Now, it is apparent that sequence of the incoming packets
may be disordered in the PPS. Thus, we use a resequencing
buffer in each multiplexer asused in [2]. In each multiplexer,
when a packet comes from the input port i, whileits previous
packets from the same input have not been received, it will
be saved into the buffer assigned to the input port i in that
multiplexer. When all of the previous packets passed that
multiplexer, that packet can continue. This operation needs
each alocator in each demultiplexer to insert another number
on its packets which specifies the incoming sequence of
packets for destination multiplexer.

According to the appendix Il, the maximum amount of
disordering for two consecutive packets of flow (i,j) is

N.(N - éN/ KC). This number is equal to the maximum

number of packets of type j that have entered to the
demultiplexer i after a specific packet, but have come to the
multiplexer j before that packet. Thus, this number is equal
to the size of buffer required in the multiplexer j for the
resequencing of packets of flow (i j).

5. Stability Analysisof The Proposed
PPS

Let's consider a pattern of traffic to the allocators of a
demultiplexer in a time interval. With this incoming traffic,

an allocator like alocator(j) counts as many as I; ; K+ g
numbers. In other words, it countsasoftenas O£ 1; ; <K

from 1 to K and once as many as O£  ; < K numbers
among 1,2,...,K. This consideration can be done for the other
alocators in that time interval with various I ;s and ¢, ; s.

When the allocator(j) counts as often as I; ; from 1 to K,

each number is counted as often as I; ; and this counting

takes I; ;K time-dlots. In this interval, an OQ switching

element can process I; ; packets passed from the allocator(j)
and going to the same center-stage switch. Thus after those
i K counts of each alocator, the size of each output queue
in the switching dement will remain unchanged.

For dlocator(j), if a number like k is among those () ;

numbers, then that alocator will send packets destined to the
center-gage switch k, to the switching element at a rate
greater than the mean rate of each allocator. Also, if k is not

among those Q) ; numbers, then that alocator will send

packets destined to the center-stage switch k, to the switching
element a a rate less than the mean rate of each alocator.
Thus, the maximum difference of the number of packets
destined to the center-stage switch k from the mean number
which an allocator sends to the switching eement in any
timeinterval isone.

Theorem 2: if the switching element is output-queued, the
maxi mum amount of the increment in queue size of the output
kin that switch on any time-slotis N - éN/ K.

Proof: if packets destined to the center-stage switch k in a
time interval are sent to the switching element a a rate
greater than the overall mean rate of the alocators, then
gueue size of the output k in that switch will be increased on
that interval. Thus in any time interval, the maximum
increment in the sze of that queue will happen when all of
the N allocators send packets destined to the center-stage
switch k to the switching element at a rate greater than their
mean rate. If that happens, since an alocator can send those
packets at most one more than its mean number during that
interval, then N packets destined to the center-stage switch k
will be sent more than the overall mean number. During send
of those packets, which takes at least N time-slots, a least
€N/ K packets destined to the center-stage switch k will
be delivered to that center-stage switch. Thus, the maximum

amount of that increment is N - éN /K. The worst case

of this number is obtained when N £ K which is N-1.

O

Theorem 3: if size of the output queue k in the switching
element is increased as many as N - éN/K( in a time
interval, then that queue has been empty just before that
interval.

Proof: Let's assume that PPS has started its work on the
time-dot 0 and has been empty on that time-dot. We

consider that time interval as [tl,tz]. Now, let's assume at
least one packet has been in that queue just before the time-
dot t; . Then, we can conclude that from a time-siot like t,

(O£t, <t,) to just before the timeslot t,, packets

destined to the center-stage switch k have been sent to the
switching el ement at arate greater than the overall mean rate.

Thus in the interval [to,tl), Sze of that queue has been

increased at least by one packet.
According to the assumption of this theorem, the size of that

queue has been increased as many as N - éN/K{ in the
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interval [tl , tz] . Thusin the interval [t0 ,tz] , the size of that

queue has been increased more than N - éN/K{(. This
result is against the theorem 2 and thus, that queue has been
empty just before the interval [tl,tz] .

Theorem 4: The maximum size of the queue k in an OQ
switching elementis N - éN /K.
Proof: Let's assume the size of that queue is one packet
morethan N - ¢N /K in atime-dot. Then, thereisatime

interval that sze of the queue k had been at least one packet
just before that interval and during it, the size of that queue

has been increased as many as N - N/ K| packets. This
result is againg the theorem 3 and the theorem 4 is proven.

Coroallary 1: The maximum difference between the sizes of
various queuesin an OQ switching elementis N - éN/K{(.

6. Simulation Results

In the previous sections we have demonstrate that our PPS
can impose a delay on packets which is a most O(N?)
externa time-dots greater than the packet’s delay in an NxN
output-queued switch. In this section, we compare the two
switches by simulation.

Figure 6 shows average delay both in the PPS and in the

OQ switch. Considering reality, we have aso simulated the
PPS with VOQ center-stage switches instead of OQ ones.
The simulation is repeated for different traffic distributions.
It is apparent from the figure that the PPS and the OQ switch
have had approximately equal average delays under burst
arrivals. Since the alocators have the most probability to be
synchronized under a uniformly distributed arrival, the
difference of the smulated switches is increased under the
uniform traffic.
By increasing the uniformity of traffic, the delays have
generally been decreased in all the switches, because fewer
outputs were overloaded. A PPS with VOQ center-stage
switch can not naturally operate as well as a PPS with OQ
ones. Thisfact isalso visible in the figure.

250

A\ —+— OQ-Switch
X —=— PPS with OQ switches | |
—— PPS with VOQ switches

200

150

R S
——

Full Burst

Average Delay (External TimeSlots)

Large Burst Small Burst  Uniform
Traffic Type
Figure 6. Comparing average delay between an NxN PPS

and an NxN output-queued switch
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—— OQ-Switch
—— PPS with OQ switches | |
—— PPS with VOQ switches

Maximum Delay (External TimeSlots)

Uniform
Traffic Type
Figure 7. Comparing maximum delay between an NxN PPS
and an NxN output-queued switch

Figure 7 shows maximum delay of packets both in the PPS
and in the OQ switch. The observations are similar to those
of Fig. 6. In general, we can conclude that the performances
of the PPS and the OQ switch are comparable. That is, the

O(N?) external time-slots delay penalty of PPS is too rare
to happen.

7. Conclusions

We have tried to make the PPS proposed in [2] more simple
and implementable in this paper. In our scheme, there are N
allocatorsin the demultiplexer each one for one of the packet
types. Each allocator allocates the packets of a particular type
uniformly to the center-stage switches of the PPS. Thereisa
switching element in each demultiplexer to switch these
packets from the allocators to various center-stage switches.
We have proved that the maximum amount of the
disordering and delay of the packets in this scheme is of

O(N?) . While the delay in the previous schemes of the

PPS [1,2,9] is bounded like our scheme, those schemes
require high speed buffers and have a complicated load
balancing agorithm in the demultiplexer and our load
balancing algorithm has a complexity of O(1). The
simulations show that the performance of our PPS is
comparable to that of an equivalent OQ switch. In other

words, the O(N?) external time-slots delay penalty of our
PPS istoo rare to happen.
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APPENDIX |: CALCULATING THE MAXIMUM
DIFFERENCE OF LOAD BETWEEN THE CENTER-
STAGE SWITCHES

To smplify the calculations, we assumethat all of the center-
stage switches and the switching elements are output-queued
reaching 100% port utilization under heavy load. We
therefore leave the impact of fabric scheduling algorithm out.
Definition 4: We define the PPS to be in the stationary
state if any synchronization of the allocators in the
demultiplexers has not happened for a long time. Hence, in
the stationary state, (a) the sizes of all of the output queuesin
a switching element and (b) conditions in al of the center-
stage switches are approximately the same.

To calculate the maximum difference of load based on
packet types between the center-stage switches, let us
consider the following.

1. If we don’t have any synchronization in a demultiplexer,
the sizes of various queues in the switching e ement of that
demultiplexer will approximately be equal. If size of the
queue k of the switching element is

OE£L, <N-¢N/K(, Then for any k and K
(LEKKEK)wehave|L;, - L, [£1.

2. If any synchronization happens on the queue k of the
switching e ement, then the size of that queue will become as

many as 0<d £ N - éN/K| packets greater than the
size of another queue likek’ in that switch.

3. We assume the number of packets of typej is ij in the
center-stage switch k and Vk,j in the center-stage switch k'
just before the synchronization. Then, if the PPS is in the
stationary state we have |ij -V, | £1.

4. We assume the alocator(j) of the demultiplexer i sends
Wk"J packets (of type j) toward the center-stage switch k

and Wk,i’j packets toward the center-stage switch k' after

the synchronization. Then we have |\/Vki’j - Wk,i’j|£1.

5. Only one packet among d packets synchronized on the
gueue k of the switching element, is of typej.

6. The difference in the number of packets of type j between
the center-stage switches k and k' will be made because the
demultiplexer i will send only one packet of type j to the
center-gtage switch k during transmission of those d packets
synchronized on the queue k of the switching element, while
it may send at most d packets of type j to another center-
stage switch like k' in the same time interval. Thus, the
maximum difference will be made when d has its maximum
value. According to the theorem 2, the maximum value of d

is N- éN/K{. Then according to the theorem 3, the

gueue k consists of only the synchronized packets just after
that synchronization.
7. The demultiplexer i, in the worst case, can send

N - €N /K| packets of typej to the center-stage switch K

after d time-dots. If this event happens for al of the
demultiplexers just like the demultiplexer i, then the number
of packets of type j which are sent to the center-stage switch

K during those d time-slatsis NL(N - ¢N /K ().
8. We assume that synchronization happens on the time-d ot
t, . Now we consider the time-dlot t; which is the time-slot
just after transmission of al of those d synchronized packets
to the center-stage switch k. On the time-dlot t, , the number
of packets of type j in the center-gage switch k is
v, - Serv([to,tl), K, j) and in the center-stage switch Kk
is
Vk'j + N-a?\l B (ﬂug' Serv([tmtl)’ K', J)

g &K Hg
where Serv(t, k', j) is the number of packets of type j that

have been serviced in the center-stage switch k' during the
interval t. Also, we have

t, =t, +(N- éN/KY).
9. Now, we consider the time-dot t, which is the time-slot
just after transmission of all of those W’ packets. On the

time-dot t,, the number of packets of type j in the center-
stage switch K is

. N .
Vel + QW™ - serv(to t,) K, §)

m=1

C';l m,j . .
where g W, is the number of packets of type j that
m=1
have been transmitted to the center-stage switch k' by al of
the demultiplexers during the interval [to,tz) . On that time-

dot, the number of packets of type j in the center-stage
switch kis
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10. Now we consider the time-dlot t, which is the time-slot

- Serv([tmtz)’ k’ J)

just after transmission of all of those W, "’ packets. On this

time-dot, the number of packets of type | in the center-stage
switch kis

) N )
Vi raw™ - serv(ft t) k )
m=1
and in the center-stage switch K’ is

. N .
Vel +aw™ - serv(ft,, t,) k', ).
m=1
11. We assume all of the center-stage switches are same and
their throughput is 100%. If there have been some packets of
typej in the center-stage switch k before that synchronization

suchthat V' 3 (N - @N/KY), then according to the part

8, the maximum difference in the number of packets of type j
between the center-stage switches k and k' on the time-dot

t, will bemadewhen V,.' 3 V, /. Then we have
Serv((to, )k, 1) = Servlfto ) Ky ) =N - €N

Then, that difference between the center-stage switches k and
K onthetime-dot t; will be
. . AN (10
V-V o+ N.E?\I AT
&K Uz
12. If there has not been any packet of type j in the center-
stage switches k and K’ just before that synchronization (i.e.

V! =V..) =0), then we have Serv([to,tl), k,j)=0
and Serv([t,,t,), k", j) = N - éN/K(.

Then, that difference between the center-stage switches k and
K onthetime-dot t; will be

(N-1(N- eN/KY).
13. In the time-dlot t, depending on ij and Vk,j , that

difference remains same as the time-dot t,, because the
arrivals of packets of typej to the center-stage switchesk and
K arethesamein theinterval [tl,tz).
14. For that synchronization, we have

Servi(ty t;).k, i) =Serv([ty.t, ).k, )+
Serv([t,,t; ) k. 1)+ Serv([t, t) k. )
Serv([to,t, ).k, j) =Serv(fty ) k', i) +
Serv([t, t;) k', )+ Servift, ta) K, )
N , N ,
If the numbers é W™ and é W™ arelarge enough,

m=1 m=1

then the last two terms of Serv([to,tg),k,j) and

Serv([to,tg), k', j) will be equal. If the condition of part
11 is satisfied, then we have

Serv(to t,) k, )= Serv(fto ) k', j) = N - €N/ K

;I'hen, that difference between the center-stage switches k and
k' onthetime-dlot t; will ber,j - ij :

15. If the condition of pat 12 is sdisfied (i.e
V,) =V,.) =0), then we have Serv([to,tl), K, j)=0
and Serv([to,tl),k',j):N- EN/K(. Then, tha
difference on thetime-slot t, will be - (N - €N/ KC).

16. Thus, if such synchronizations happen on the center-stage
switch k, the number of packets of typej in another center-
stage switch like k', in the worst case which happens on the
gtart of the synchronizations, will become at most

Vk,j - ij + N.(N - N/ K[J) packets greater than their
number in the center-stage switch k. This event happens if
V.3 '3 (N . éN/KL‘D. Now we should calculate
the maximum value of Vk,j - ij . The value of Vk,j will

become greater than ij if

(a) Before those discussed synchronizations, the number of
packets of type j in the center-stage switch k' becomes
greater than the number of them in the center-stage switch k
because of another synchronization on the center-stage
switch k. Then this difference will be transent and according
to the parts 14 and 15, the number of those packets in the
center-stage switch k' will become equal or less than the
number of them in the center-stage switch k on the end of
that synchronization.

(b) Before those discussed synchronizations, the number of
packets of type j in the center-stage switch k' becomes
greater than the number of them in the center-stage switch k
in the end of another synchronization on the center-stage
switch k' according to the part 15.

Thus, the worst case will happens in the state (b) which is

V.. - V,' =(N- @/KY). Then, that difference will be
equal to

@ eNUO, & eNuO_ @ 6N
A gty VRN Bl
Ascanbe%n,itisofO(Nz).

APPENDIX 1l: CALCULATING THE MAXIMUM
AMOUNT OF THE DISORDERING FOR TWO
CONSECUTIVE PACKETSOF THE SAME FLOW
Here we again consider the assumptions taken in the
beginning of the appendix I. Now we want to calculate
amount of disordering, in the worst case, for two consecutive
packets of flow (i,j) if one of them was added to end of the
gueue k and the other to end of the queue k' of the switching
element in the demultiplexer i. For this purpose, let's
consider the following. We assume the parts 1,2,3 are same
as appendix I.

4. Only one packet among those d packets synchronized on
the queue k of the switching dement is of typej.

5. The disordering for two consecutive packets of flow (i,j)
happens because the first packet may be added to the queue k
of the switching element just behind those d synchronized
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packets, while the second may be added to another queue of
that switch like k'. Then, if the size of the queue K is less
than d, the second packet will be sent to the center-stage
switch before the first one. Then, the second packet may be
sent to the multiplexer before the first, too. Thus, the
maximum amount of the disordering happens when d has its
maximum value. According to the theorem 2, the maximum

value of dis N - N/ K. Then according to the theorem

3, the queue k consists of only the synchronized packets just
after that synchronization.

6. The maximum amount of the disordering happens when
those two packets are added to the queues k and K’ just after
that synchronization, since the queues k and k' have the
maximum difference on that time.

7. Since the adlocator(j) has participated in the
synchronization, for those two packets to be added to the
queues k and K just after the synchronization, al of the
packets entered to the multiplexer i mugt be of type j on the
time-dot after that synchronization.

8. We assume that synchronization happens on the time-d ot

t, . Now we consider the time-dlot t; which is the time-dlot
just after transmission of all of packets that have composed
the L; .. Then, the number of time-slots required for the
packet 2 to reach the multiplexer j is

L' +V ! +reev(ty,t,). k', ) - serv(ft t,) k', j)
where Serv(t, k', j) is the number of packets of type |
which have been serviced in the center-stage switch k' during
the interva t and I’eCV(t, k', j) is the number of packets of

type j which have been sent to the center-stage switch K
during theinterval t by all of the demultiplexers.

9. Now, we consider the time-dot t, which is the time-sot

just after transmission of all of those packets synchronized
on the center-stage switch k in the demultiplexer i such that

t,=t,+L, +d. The packet 1 should wait L' +d

time-dots in the demultiplexer i. The number of time-dots
required for this packet to reach the multiplexer j is

L' +d+V,” +reevlfty,t,) k, j)- Servifto t,) k. j)

10. Thus, the maximum amount of the disordering is equal to
the maximum value of

(I-ki +d- Lk'i)+
(recv([to,tz),k, J)' recv([to,tl),k', J))+
(Serv(lty.t,). k', 1)~ Serv(fto.t.) k. i)+ (- Vi)

11. The maximum value of (L, +d - L.') is equal to

the maximum difference of the sizes of the queuesk and k' in
the demultiplexer i. Thus according to the corollary 1, we
have

max(L,' +d- L.')=N- &N/KJ.

12. The maximum value of
(reev([ty.t, ).k, j) - recv([t,.t, ). k', j)) is obtained if
no packet of typej is sent to the center-stage switch k' during
the interval [to,tl) while packets of type j are sent to the
center-gage switch k (and probably the center-stage switch

k') with the maximum rate (one packet per time-dot) during
the interval [tl 1t ) . Then we have

max(recv([to,tz),k, J)' recv([to,tl),k', J)) =

SN 00
N- 18N - S5
( )g &K Ha
13. Since d =N - éN/K(, L, ad L. are zero,
andthen t, =t, +1.

14. We assume al of the center-sage switches are the same
and ther throughput is 100%. If there are enough packets of
type j in the center-stage switch k' just before that
synchronization, then according to the part 10, the maximum
amount of the disordering for the packets 1 and 2 is obtained

if v/ 3V, . Then we
Serv([to,tl),k, j)= Serv([to,tl), k', j) According to
the assumption of part 12, we have
Serv([t,,t,).k, j) = N - éN/K{.Then

mex(Serv([ty t,).k', i)~ Serv(fto t.) k. 1)) =

- (N- &N/KY)

Also, according to the part 16 of the appendix | we have
max(V,' - V,.)) =N - &N/K.
15. If there is no packet of typej in the center-stage switches

k and k' just before that synchronization, then according to
the assumption of the part 12, we have

Serv(ty t,) k. j) = N - éN/K{

and Serv([to,tl),k',j):O,then

max(V,’ - V,.)) =0

max (Serv([to. ).k, 1)- Servit t.). k. 1)) =

- (N- N/KY)

16. Thus, the maximum amount of the disordering is
obtained based on the pat 14 which is equal to

N.(N - ¢N/KY).

have
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