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probability of failure of components is encountered, new 
fault tolerant techniques must employ redundancy for 
assembling systems which are expected to have an extremely 
large number of components. 

Nanotechnology components are inherently unreliable 
[3] and corrective actions are required because due to the 
high density and large number of defective components [2], 
it is not possible to replace or isolate them.  As a restorative 
stage for fault tolerance, NAND multiplexing has been 
analyzed in the literature [6] [7]; bounds for the maximum 
fault probability of each device and the reliability of NAND 
multiplexing have been treated extensively [7]. In 1977, [8] 
presented a rigorous proof to improve von Neumann's result 
by showing that logarithmic redundancy is sufficient for any 
boolean function. The work of [8] was extended in [9] to a 
necessary condition for at least some boolean functions; 
these findings have been confirmed in [10]. [11] has shown 
that for so-called “noisy” NAND gates, the maximum 
probability of failure (also known as threshold) for each 

component is 
൫ଷି√଻൯

ସ
ൎ 0.08856.  

Recently, [12] has established through a reliability 
analysis of NAND multiplexing that the use of additional 
restorative stages improves performance. [13] has considered 
the use of restorative stages to improve system reliability; at 
small fault rates, an increase in the number of restorative 
stages improves reliability, while at high fault rates the 
increase in restorative stages may result in a degradation of 
reliability [13]. Also [13] has shown that the analysis of [12] 
is only partially correct. By considering a different model for 
the so-called “U” random permutation, it has been shown 
that the results of [12] are not always the upper or lower 
reliability bounds. 

The objective of this paper is to propose a new 
implementation for the restorative stage in assemblying 
nano-systems made of highly unreliable components. This 
arrangement is based on a novel model by which multi-level 
universal (MLU) operation occurs in the circuit. Dynamic 
operation refers to the capability of selectively adjusting the 
functional relation between the inputs and the output, such 
that through a multi-level implementation, multiple failures 
can be tolerated in the gates, while still providing on a 
probabilistic basis the correct value at the output.  

This effect is referred to as compensation and in this 
paper, it will be proved that in a MLU circuit, the probability 
of compensation occurrence depends only on the number of 
gates, not on the function of the model and the input values. 
A multiplexer (in a 4-to-1 arrangement) is proposed for 
implementation. The compensation provided by this 
multiplexer implementation is extremely close to the 
theoretical limit, thus providing near optimality for 
application to nano-systems. 

The paper is organized as follows. In Section 2, the basic 
principles of bifurcation analysis are provided for 
completeness using a geometric interpretation. In Section 3, a 
Generic Dynamic Model is proposed; as implementation, a 
4-to-1 multiplexer is treated in detail. Section 4 presents a 
detailed analysis of error compensation. Section 5 extends 
the bifurcation analysis to the multiplexer implementation. 
The last Section presents some very important observations 
as result of the presented analysis and concludes this     
paper. 
 

2. Bifurcation Analysis 
 
This section presents in detail the bifurcation analysis of two-
input NAND/NOR gates as in a restorative stage; this 
analysis is included for completeness and to address issues 
related to multiplexing using these gates. In particular, 
probabilistic logic and the associated concept of reliable 
computation are introduced. 
 

2.1. NAND Gates 
 
Consider an individual two-input NAND gate in NAND 
multiplexing. As for probabilistic logic, only the probability 
of an input or output being in the conventional logic state of 
“1” is relevant, then all signals in a circuit made of noisy 
gates are also analyzed as probabilities [4] [14] [11]. Let X 
and Y denote the probabilities of the two inputs being “1” 
and “0” Under the assumption that the two inputs are 
independent, the probability Z of the output being “1” is: 
 
ݖ ൌ ሺ1 െ ߳ሻሺ1 െ ܻܺሻ ൅ ܻ߳ܺ ൌ ሺ1 െ ߳ሻ ൅ ሺ2߳ െ 1ሻܻܺ   (1) 
 

As analyzed in [6], the worst case scenario in terms of 
computation reliability occurs for the equality X=Y in Eq.1.  
For this case as in previous papers [6], a full binary tree        
of faulty NAND gates (as shown in Figure 1) must be 
analyzed for assessing reliable computation on a probabilistic 
basis. 
 

 
 

Figure 1. NAND Binary Tree 
 

In the analysis, it is assumed that this is a discrete time 
system; the leaves and root of the tree correspond to the start 
and end points of the computation, respectively [6]. Under 
the assumption that all inputs to the leaf NAND gates are 
independent and have equal probabilities of being “1” 
(denoted by X1), then this structure guarantees that the inputs 
to all gates at an arbitrary stage (given by n) are also 
independent and have equal probabilities of being “1” 
(denoted by Xn). For this circuit, Eq.1 reduces to the 
following iterative equation (or commonly referred to as the 
map). 
 
ܺ௡ାଵ ൌ ݂ሺܺ௡ሻ ൌ ሺ1 െ ߳ሻ ൅ ሺ2߳ െ 1ሻܺ௡

ଶ                                   (2) 
 

A bifurcation of Eq.2 is employed to establish the 
dependence of the signal propagation in this circuit on the 
Gate Error Probability (GEP) denoted by ߳ . For each 
߳ א ሺ0,1ሻ , an arbitrary initial condition (given by X1) is 
chosen. A sequence Xi, i= 2,...,n,... is generated by iterating 
Eq.2 until convergence to the attractors is observed.          
The attractors for the Xi sequence are then plotted in      
Figure 2. 
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Figure 2. Bifurcation Map Diagram for a NAND 
 

This diagram reveals that a period-doubling bifurcation 

occurs a ߳כ ൌ
൫ଷି√଻൯

ସ
ൎ 0.08856  t. An understanding of this 

mathematical formulation can be attained as follows. Initially 
the fixed point solution for the map Xn+1=f(Xn) is found. By 
solving: 
 

௙ܺ ൌ ሺ1 െ ߳ሻ ൅ ሺ2߳ െ 1ሻ ௙ܺ
ଶ   (3) 

 
the following equation is obtained. 
 

௙ܺ ൌ
ିଵାඥସሺଵିఢሻሺଵିଶఢሻାଵ

ଶሺଵିଶఢሻ
   (4) 

 
These fixed points are plotted in Figure 3. 

 

 
 

Figure 3. Fixed Points for a NAND Binary Tree 
 

Consider next the stability of a general map, 
 
ܺ௡ାଵ ൌ ݃ሺܺ௡ሻ (5) 
 

Let X* denote a fixed point solution of the map that 
satisfies, the condition: 
 

݃ሺܺכሻ ൌ  (6)   כܺ
 
Let Xn=X*+δn, where δn is the deviation of Xn from X*. 

Assume as initial step X1=X*+δ1, where δ1 is a small 
deviation from X*. From Eq.5, 
 
ܺଶ ൌ ݃ሺܺכ ൅  ଵሻ   (7)ߜ
 

Using a Taylor's series expansion for X*, 
 
ܺଶ ൌ ݃ሺܺכ ൅ ଵሻߜ ൌ ݃ሺܺכሻ ൅ ݃ᇱሺܺכሻߜଵ ൅ Οሺߜଵ

ଶሻ    (8) 
 

By Eq.6 and neglecting the term O(δ1
2), the following 

equation is obtained. 
 
ଶߜ ൌ ݃ᇱሺܺכሻߜଵ   (9) 
 

By repeating this process, the derivative is found as: 
 
௡ାଵߜ ൌ ൫݃ᇱሺܺכሻ൯

௡
 ଵ (10)ߜ

 
If |݃ᇱሺܺכሻ| ൏ 1 , then ߜ௡ ՜ ∞  as ݊ ՜ ∞  and the fixed 

point ܺכ is locally stable. Conversely, if |݃ᇱሺܺכሻ| ൐ 1, then the 
fixed point is unstable. For the marginal case when |݃ᇱሺܺכሻ| ൌ
1, the stability of ܺכdepends on Οሺߜଵ

ଶሻ. So, starting from a 
point in the neighborhood of ܺכ, the orbit is either attracted 
to or repelled from ܺכin the long run  depending on whether 
|݃ᇱሺܺכሻ| ൏ 1 or |݃ᇱሺܺכሻ| ൐ 1. For the stable case, the smaller 
|݃ᇱሺܺכሻ|is, the faster the convergence. ߳כ  is found such that 
|݃ᇱሺܺכሻ| ൌ 1. 

Applying the above analysis to Eq.2, it is possible to 
understand the system behavior in the two regions. So, 
 
݂ᇱሺܺכሻ ൌ ሺ4߳ െ 2ሻܺכ ൌ 1 െ √8߳ଶ െ 12߳ ൅ 5 (11) 
 

Eq.11 is plotted in Figure 4. 
 

 
 

Figure 4. Output Function Derivative for a NAND Binary 
Tree 
 

For ߳כ, 
 
|݂ᇱሺܺכሻ| ൌ 1 (12) 
 

Then, 
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√8߳ଶ െ 12߳ ൅ 5 ൌ  (13) 2 ݎ݋ 0
 

As it is known that: 
 

8߳ଶ√      :߳׊ െ 12߳ ൅ 5 ൒ √ଶ

ଶ
 (14) 

 
therefore, 

 
√8߳ଶ െ 12߳ ൅ 5 ൌ 2 (15) 
 

By the above equation, it is found that ߳כ ൌ
൫ଷି√଻൯

ସ
ൎ

0.08856. 
 

2.2. NOR Gates 
 
If NAND gates are replaced by NOR gates the analysis is 
initially different, So, 
 
ݖ ൌ ሺ1 െ ߳ሻ െ ሺ2߳ െ 1ሻܻܺ ൅ ሺ2߳ െ 1ሻሺܺ ൅ ܻሻ (16) 
 

By applying the same conditions for X and Y, 
 
݂ሺܺ௡ሻ ൌ ܺ௡ାଵ ൌ ሺ1 െ ߳ሻ െ ሺ2߳ െ 1ሻܺ௡

ଶ ൅ 2ሺ2߳ െ 1ሻܺ௡ (17) 
 

For finding the fixed points, 
 

௙ܺ ൌ ݂൫ ௙ܺ൯ 

௙ܺ ൌ ሺ1 െ 2߳ሻܺ௡
ଶ ൅ ሺ4߳ െ 2ሻ ௙ܺ ൅ ሺ1 െ ߳ሻ  

௙ܺ ൌ
ሺଷିସఢሻିඥሺସఢିଷሻమିସሺଵିଶఢሻሺଵିఢሻ

ଶሺଵିଶఢሻ
  

௙ܺ ൌ
ሺଷିସఢሻି√଼ఢమିଵଶఢାହ

ଶሺଵିଶఢሻ
 (18) 

 
Eq.18 can be written as: 

 

௙ܺ ൌ 1 െ
ିଵାඥସሺଵିఢሻሺଵିଶఢሻାଵ

ଶሺଵିଶఢሻ
 (19) 

 
Therefore for the fixed points Eq.18= 1 - Eq.4; this is 

depicted in Figure 5. 
 

 
 

Figure 5. Fixed Points for a NOR Binary Tree 
 
the derivative of Eq.17 is: 

 
݂ᇱሺܺሻ ൌ ሺ2 െ 4߳ሻܺ ൅ 2ሺ2߳ െ 1ሻ ൌ ሺ3 െ 4߳ሻ െ √8߳ଶ െ 12߳ ൅ 5 ൅
2ሺ2߳ െ 1ሻ ൌ 1 െ √8߳ଶ െ 12߳ ൅ 5 (20) 
 

Eq.20 is the same as Eq.11; so, the same ߳כis found. Also 
as shown in Figure 6, the NOR bifurcation map diagram is 
symmetrical with the NAND bifurcation plot at X=0.5. 

 

 
 

Figure 6. Bifurcation map for a NOR Binary Tree 
 

Using bifurcation [15] [6], the error threshold value for a 
two-input NAND gate of ߳כ ൎ 0.08856 (commonly referred to 
as the threshold gate failure probability) was reported in [11] 
[6]. This threshold value reveals two parametric intervals of 
߳ for reliable computation [6]. Above analysis shows that for 
restoration a NAND/NOR structure can be used as an 
effective restorative stage provided that the GEP is less than 

כ߳ ൌ
൫ଷି√଻൯

ସ
ൎ 0.08856. Also note that for avoiding confusion 

between the “1” and “0” states, these structures must be 
applied to systems with GEP very close, albeit different from 
0. Nanotechnology exhibits high fault rates in devices and 
components [3]; a  GEP of 0.088 is very limiting at this stage 
of technology development. Therefore, different structures 
are urgently needed for assembly nano-based systems [3]. 
These structures should preferably have a very high GEP, so 
that the large density that is expected in these systems, can be 
exploited for enhancing the reliable system assembly. In the 
next section, a new generic model is proposed; using this 
model and its multi-level implementation in the restorative 
stage, it is possible to attain a ߳כ that achieves a higher GEP. 
 

3. Generic Dynamic Model 
 
In this section, a new generic model for assemblying reliable 
systems from unreliable components is proposed. This model 
utilizes as implementation the universal nature of a 
multiplexer and its flexibility in generating different circuits 
inclusive of NAND. In the proposed model, the so-called 
MLU feature of a circuit is utilized. A circuit is said to be 
MLU provided if it has the feature of changing its output 
using control signals (as selectors). Figure 7 shows a MLU 
circuit model that satisfies the previous definition. This 
circuit has four input functions and single output; few control 
lines (as selectors) are also provided. As an example of a 
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nanotechnology, a QCA implementation of this circuit would 
require fixed polarity cells for the Fi signals, so only the two 
input selector lines (as in a NAND gate) would be required 
[1]. Without loss of generality and correctness, the model can 
be extended to m input lines with log2m control lines per 
output. Examples of circuit that exhibit MLU behavior in 
implementation, are memories (such as look-up-tables) and 
multiplexers. 
 

 
 

Figure 7. Generic Dynamic Circuit Model 
 

As in previous methods found in the literature [6], the 
behavior of the proposed model is analyzed in terms of its 
functional features for fault tolerance in assemblying 
unreliable components at system level. In particular, the 
MLU behavior of the multiplexer together with its logic 
universality (i.e. the capability to generate any combinational 
function at its output) is characterized with respect to its 
ability to probabilistically handle multiple component 
failures (as defined through a gate error probability) in a 
MLU circuit. This is made possible by the control lines that 
selectively handle the functional connection between one of 
the fixed value inputs and the output. Moreover due to its 
multi-level implementation, a MLU circuit can result in a 
behavior that handles faults in a non a-priori fixed 
arrangement among its gate-level structure. 

As an example, assume only a single NAND gate (as in 
previous papers [6]) is utilized as a building block of a 
probabilistic structure for restoration. As a single gate, a 
NAND is static because no additional controllability can be 
exercised over the inputs. This is not applicable to a MLU 
circuit; under the proposed MLU model, the following 
parameters can be defined for controllability: 

 The probability of the two input signals as selectors is 
given by. 
 

ூܲ௡భ
ଵ ൌ ܺ,     ூܲ௡భ

଴ ൌ 1 െ ܺ (21) 
 

ூܲ௡మ
ଵ ൌ ܻ,     ூܲ௡మ

଴ ൌ 1 െ ܻ (22) 
 

 The probability of gate error (for both cases of faulty 
and error free, also referred to as perfect) is given as follows. 
 

௣ܲ௔௚௘ሺ݂ܽݕݐ݈ݑሻ ൌ ߳ (23) 
 

௣ܲ௔௚௘ሺ݁ݐ݂ܿ݁ݎ݁݌ ݎ݋ ݁݁ݎ݂ ݎ݋ݎݎሻ ൌ 1 െ ߳ (24) 
 

Next, consider a two-input NAND gate implemented as a 
MLU circuit under the proposed model. The multiplexer is a 
universal circuit that can implement any combinational 

function, so it is also possible to implement the functionality 
of the NAND gate through the proposed MLU circuit of 
Figure 7 as a 4-to-1 multiplexer (Figure 8). 

 

 
 
 

Figure 8. Multiplexer Implementation of NAND  under the 
Generic Dynamic Model 
 

As shown in Figure 9, the multiplexer implementation 
under this model has three gate levels: 

I. Output OR gate. 
II. Four AND gates. 

III. Two Inverters. 
By comparing the multiplexer implementation to the 

generic. 
MLU circuit of Figure 7, the following conditions are 

applicable (the gate-level structure of the proposed 
multiplexer implementation is depicted in Figure 9): 
 
ଵܨ ൌ ଶܨ ൌ ଷܨ ൌ "1" (25) 
 
ସܨ ൌ "0" (26) 
 
ݏݎ݋ݐ݈ܿ݁݁ܵ ൌ ,ଵ݊ܫ  ଶ  (27)݊ܫ
 

 
 

Figure 9. Gate-Level Implementation of the Multiplexer 
based NAND under the Generic Dynamic Model 
 

Assume that each faulty gate causes a bit flip in its output 
and In1=In2=”0”; in the error free circuit, the output is “1” 
(Figure 10). As shown in Figure 11, if A1 is faulty, then the 
output will be faulty too (“0”); however if both A1 and N2 are 
faulty, then the output is error free (Figure 12), i.e. the 
combination of two faulty gates results in an error free 
output. This effect is referred in this paper as compensation, 
i.e. for the above example, a fault in N2 compensates the fault 
in A1. This is a feature of MLU circuits that is caused by the 
multi-level implementation in the proposed model (assuming 
independence in the gates' failures). This behavior however, 
does not occur in a NAND gate as a single device, hence 
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static structures (such as a single NAND gate) have no 
compensation. Such feature can be analyzed on a 
probabilistic basis; for a static circuit the error compensation 
probability is 0, while its implementation as a MLU circuit 
results in a non zero probability. As a large number of faulty 
gates is present in nano scale systems [3], then it is realistic 
to expect that compensation in MLU circuits can be used for 
designing more reliable circuits. This aspect will be 
rigorously analyzed next. 

 

 
 

Figure 10. Fault-Free Multiplexer-based NAND Structure 
 

 
 

Figure 11. A1 is Faulty 
 

 
 
 

Figure 12. A1 and N2 are Faulty 

4. Error Compensation 
 
With no redundancy, it will be shown that the error 
compensation of a MLU circuit depends on the number of 
gates. The circuit is defined by the following parameters: 

 n denotes the number of gates in the circuit. 
 i is the number of faulty gates in the circuit. 
 Err(i) is the number of states for which no 

compensation occurs in the presence of i faulty gates (or 
errors). 

 Comp(i) is the number of states for which 
compensation occurs in the presence of i faulty gates (or 
compensations). 

Therefore for each i, 
 
ሺ݅ሻݎݎܧ ൅ ሺ݅ሻ݌݉݋ܥ ൌ ቀ

݊
݅ ቁ  (28) 

 
For all states, 

 
∑ ሺ݅ሻ௡ݎݎܧ

௜ୀଵ ൅ ∑ ሺ݅ሻ௡݌݉݋ܥ
௜ୀଵ ൌ ∑ ቀ

݊
݅ ቁ௡

௜ୀଵ ൌ 2௡ െ 1 (29) 

 
Also in the proposed model and implementation, four 

distinct states are possible in the system; these states are 
given as follows: 

i. All gates are fault free (perfect): no compensation and 
no error are present. 

ii. All gates are perfect except the output gate (OR 
gate): an error will be present at the output of the circuit. 
iii. All other states in which the output gate is perfect: 

ଶ೙ିଶ

ଶ
 states exist. In this case, assume that the total number of 

errors is equal to K and the total number of compensations is 
given by L, so. 
 
∑ ሺ݅ሻ௡ݎݎܧ

௜ୀଵ ൌ  (30) ܭ
 
∑ ሺ݅ሻ௡݌݉݋ܥ

௜ୀଵ ൌ  (31) ܮ
 
ܭ ൅ ܮ ൌ

ଶ೙ିଶ

ଶ
 (32) 

 
iv. All other states in which the output gate is faulty: 

again 
ଶ೙ିଶ

ଶ
 states are possible. In this case the same scenario 

as in iii above is applicable, but there is an inversion at the 
output (because the output gate is faulty). Therefore, the total 
number of errors is equal to the total number of 
compensations in the previous state L and the total number of 
compensations is equal to the total number of errors in the 
previous state K. 

So, the total numbers of errors and compensations for all 
states are as follows: 
 
∑ ሺ݅ሻ௡ݎݎܧ

௜ୀଵ ൌ ܭ ൅ ܮ ൅ 1 ൌ 2௡ିଵ (33) 
 
∑ ሺ݅ሻ௡݌݉݋ܥ

௜ୀଵ ൌ ܭ ൅ ܮ ൌ 2௡ିଵ െ 1 (34) 
 

In percentage, compensation of the proposed 
implementation of the MLU model is given by, 
 
%݁ݐܽݏ݊݁݌݉݋ܥ ൌ

∑ ஼௢௠௣ሺ௜ሻ೙
೔సభ

∑ ா௥௥ሺ௜ሻ೙
೔సభ ା∑ ஼௢௠௣ሺ௜ሻ೙

೔సభ
ൌ

ଶ೙షభିଵ

ଶ೙ିଵ
 (35) 
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The above analysis shows that compensation depends 
only to the number of gates, not on the function of the model 
or the inputs value. 

For a very large number of gates, 
 

lim௡՜ஶ ቀ
ଶ೙షభିଵ

ଶ೙ିଵ
ቁ ൌ

ଵ

ଶ
ൌ 50% (36) 

 
In the proposed 4-to-1 multiplexer based implementation 

of a NAND, n=7, so its compensation is given by, 
 

݊݋݅ݐܽݏ݊݁݌݉݋ܥ ൌ
ଶలିଵ

ଶళିଵ
ൌ

଺ଷ

ଵଶ଻
ൌ 49.606299% (37) 

 
For n=1 (a single NAND gate), the compensation is 0, 

thus proving the limitations of existing NAND multiplexing 
arrangements. The above analysis proves also that for the 
proposed NAND MLU implementation (using a 4-to-1 
multiplexer as an instance of a circuit), compensation is very 
close to the maximum theoretical limit. 

Table 1 shows the implementations of the 4-to-1 
multiplexer using two-input NAND and NOR gates as of a 
MLU circuits. Each table relates to a input value for the two 
control lines (in all cases n=7 as number of gates in the 
implementation). The “# of Faulty Gates” is the number of 
injected faults (or faulty gates) in the multiplexer 
implementation. The “# of Err (Comp)” denotes the number 

of cases for which we have an error (compensation occurs) at 
the output for each case of possible fault(s). Note that the 
sum of “# of Err” and “# of Comp” is equal to the “# of 
Faulty Gates”. “% comp” is the percentage of the ratio of (“# 
of Comp”) and (“# of Comp” + “# of Err”). Error 
compensation is depend on the inputs and the number of 
faulty gates but the total compensation are equal 
(49.606299%) for different input set. Considering the most 
frequent input set which a circuit may use and the error 
compensation of different gates, it is possible to select the 
best gate for implementing the proposed multiplexer used in 
a Nand-Maultiplexing system. 

 

5. Bifurcation of Multiplexer-based 
NAND 
 
As proved in previous sections, compensation is a powerful 
feature to consider when assemblying nano-systems using 
unreliable components. The multiplexer implementation as 
instance of a MLU circuit has a compensation very near to its 
theoretical limit; this feature will be further analyzed in the 
binary tree structure by replacing the NAND gates with the 
multiplexer implementation of a MLU circuit; bifurcation is 
used to generate its map. 

 
Table 1: Multiplexer error compensation using NAND and NOR gates 

 
NAND (In : 00) NAND (In : 11) 

# Faulty Gates # Err # Comp % Comp # Faulty Gates # Err # Comp % Comp 
1 4 3 42.857143 1 7 0 0 
2 4 17 80.952377 2 13 8 38.095238 
3 14 21 60 3 22 13 37.142857 
4 20 15 42.857143 4 15 20 57.142857 
5 15 6 28.571428 5 5 16 76.190475 
6 6 1 14.285714 6 2 5 71.428574 
7 1 0 0 7 0 1 100 

Total Compensation = 49.606299 Total Compensation = 49.606299 
NAND (In : 01) NAND (In : 10) 

1 3 4 57.142857 1 3 4 57.142857 
2 5 16 76.190475 2 5 16 76.190475 
3 15 20 57.142857 3 15 20 57.142857 
4 19 16 45.714287 4 19 16 45.714287 
5 15 6 28.571428 5 15 6 28.571428 
6 6 1 14.285714 6 6 1 14.285714 
7 1 0 0 7 1 0 0 

Total Compensation = 49.606299 Total Compensation = 49.606299 

NOR (In : 00) NOR (In : 11) 
# Faulty Gates # Err # Comp % Comp # Faulty Gates # Err # Comp % Comp 

1 4 3 42.857143 1 5 2 28.571428 
2 4 17 80.952377 2 17 4 19.047619 
3 14 21 60 3 19 16 45.714287 
4 20 15 42.857143 4 16 19 54.285713 
5 15 6 28.571428 5 6 15 71.428574 
6 6 1 14.285714 6 1 6 85.714287 
7 1 0 0 7 0 1 100 

Total Compensation = 49.606299 Total Compensation = 49.606299 
NOR (In : 01) NOR (In : 10) 

1 6 1 14.285714 1 6 1 14.285714 
2 14 7 33.333332 2 14 7 33.333332 
3 22 13 37.142857 3 22 13 37.142857 
4 15 20 57.142857 4 15 20 57.142857 
5 6 15 71.428574 5 6 15 71.428574 
6 1 6 85.714287 6 1 6 85.714287 
7 0 1 100 7 0 1 100 

Total Compensation = 49.606299 Total Compensation = 49.606299 
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In the multiplexer structure, it is assumed (as commonly 
found in existing literature [6]) that all gates have the same 
GEP (߳) and all connections are fault free (perfect).  

In the analysis, Ni=0 denotes that “Inverter i is error free” 
while Ni=1 denotes that “Inverter i is faulty”. 

Similar definitions apply also to the AND gates (Ai) and 
OR gate (O). These are binary variables, so ∑ ௜ܣ

ସ
௜ୀଵ ൒ 1 

means that “at least one of the AND gates is faulty”. 
For calculating the probability of having “1” at the 

output, all cases must be considered. Four states are possible 
for the values of the inputs of the two control lines under the 
exhaustive combination of the status of the two inverters. 
 

5.1.  In1=In2=1 
 

When the two control input lines are in the “1” state, the 
probability of having “1” at the output can be calculated as 
follow: 
 

5.1.1. N1 and N2 Both Perfect 
 

When the inverters are perfect, a “0” value will be present at 
the inputs of all AND gates (for In1=In2=”1”). So for an 
error free circuit, “0” is the correct value at the output; 
however, if a fault is present in one of the gates at the AND 
or Output levels, the output will change to “1”. Therefore, 
the probability of having a “1” at the output is given as 
follows: 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

቎ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔

ర
೔సభ ஹଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅ ሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔

ర
೔సభ ୀ଴

ณ߳
ைୀଵ

቏  

 (38) 
 

5.1.2. N1 Perfect and N2 Faulty 
 

In this case, an AND gate with all inputs equal to “1” (A3) is 
present; therefore, a “1” will appear at the output of the 
multiplexer for the states given below. 

i. A3 and at least one of the other AND gates are faulty 
and the output gate is fault free. 

ii. A3 and the output gate are fault free.  
iii. A3 and the output gate are faulty and the other AND 

gate is fault free. 
So for this state, the following is applicable: 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ณ߳
ேమୀଵ

቎ቌ ณ߳
஺యୀଵ

ሺ1 െ ሺ1 െ ߳ሻଷሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔೔సభ,మ,ర ஹଵ

൅ሺ1 െ ߳ሻᇣᇧᇧᇤᇧᇧᇥ
஺యୀ଴

ቍ ൈ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅

ሺ1 െ ߳ሻଷᇣᇧᇤᇧᇥ
∑ ஺೔೔సభ,మ,ర ୀ଴

ณ߳
஺యୀଵ

ณ߳
ைୀଵ

቏ (39) 

 
5.1.3. N1 Faulty and N2 Perfect 
 
Also in this case, an AND gate with all inputs equal to “1” 
(A2), is present. Hence, a “1” will appear at the output of the 
multiplexer for the following states: 

i. A2 and at least one of the other AND gates are faulty 
and the output gate is fault free. 

ii. A2 and the output gate are fault free.  
iii. A2 and the output gate are faulty, while the other AND 

gates is fault free. 

So for this state, 
 

ณ߳
ேభୀଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

቎ቌ ณ߳
஺మୀଵ

ሺ1 െ ሺ1 െ ߳ሻଷሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔೔సభ,య,ర ஹଵ

൅ሺ1 െ ߳ሻᇣᇧᇧᇤᇧᇧᇥ
஺మୀ଴

ቍ ൈ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅

ሺ1 െ ߳ሻଷᇣᇧᇤᇧᇥ
∑ ஺೔೔సభ,య,ర ୀ଴

ณ߳
஺మୀଵ

ณ߳
ைୀଵ

቏ (40) 

 

5.1.4. N1 and N2 Both Faulty 
 
Three AND gates have all inputs equal to “1” (A1,A2,A3). So, 
the probability of having “1” at the output is. 
 

ณ߳
ேభୀଵ

ณ߳
ேమୀଵ

ൈ

ۏ
ێ
ێ
ۍ
1 െ

ۉ

ଷሺ1߳ۇ െ ߳ሻ ሺ1 െ ߳ሻᇩᇭᇪᇭᇫ
ைୀ଴

൅ ቆ1 െ ߳ଷሺ1 െ ߳ሻ ฎ߳
ைୀଵ

ቇ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

஺మୀଵ ی

ۊ

ے
ۑ
ۑ
ې

 (41) 
 

By adding Eq.38, Eq.39, Eq.40, Eq.41 the following 
equation holds for In1=In2=1. 
 

ூܲ௡భୀூ௡మୀଵ
ଵ ൌ 4߳଻ െ 28߳଺ ൅ 67߳ହ െ 83߳ସ ൅ 62߳ଷ െ 29߳ଶ ൅ 7߳

 (42) 
 

5.2. In1=In2=0 
 
5.2.1. N1 and N2 Both Perfect 
 
An AND gate has all inputs equal to “1” (A1). So, the 
probability of having “1” at the output is. 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

቎ቌሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
஺భୀ଴

൅ ณ߳
஺భୀଵ

ሺ1 െ ሺ1 െ ߳ሻଷሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔೔సమ,య,ర ஹଵ

ቍ ൈ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅

ณ߳
஺భୀଵ

ሺ1 െ ߳ሻଷ ณ߳
ைୀଵ

቏ (43) 

 
5.2.2. N1 Perfect and N2 Faulty 
 
In this case all AND gates have at least one input equal to 
“0”, so the probability of having “1” at the output is. 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ณ߳
ேమୀଵ

൦൮ሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔

ర
೔సభ ୀ଴

ณ߳
ைୀଵ

൅ ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔

ర
೔సభ ஹଵ

ሺ1 െ ߳ሻ൲൪ (44) 

 
5.2.3. N1 Faulty and N2 Perfect 
 
Again, all AND gates have at least one input equal to “0” and 
the probability of having a “1” at the output is the same as 
Eq.44. 
 
5.2.4. N1 and N2 Both Faulty 
 
All AND gates have at least two inputs equal to “0”, so the 
following equation is applicable. 
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ณ߳
ேభୀଵ

ณ߳
ேమୀଵ

቎ቌሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔

ర
೔సభ ୀ଴

ณ߳
ைୀଵ

൅ ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔

ర
೔సభ ஹଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

ቍ቏ (45) 

 
By adding these equations, the equation for total 

probability of the output for the case of In1=In2=0, is given 
by 
 

ூܲ௡భୀூ௡మୀ଴
ଵ ൌ െ4߳଻ ൅ 24߳଺ െ 59߳ହ ൅ 76߳ସ െ 54߳ଷ ൅ 20߳ଶ െ

4߳ ൅ 1 (46) 
 

5.3. In1=0, In2=1 or In1=1, In2=0 
 

5.3.1. N1 and N2 Both Perfect 
 
For the In1=0, In2=1 case, an AND gate with all inputs equal 
to “1” (A2) is present, while for the In1=1, In2=0 case, the 
same scenario of gate A3 is applicable. Therefore, the output 
probability is 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

቎ቌሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
஺యୀ଴

൅ ณ߳
஺యୀଵ

ሺ1 െ ሺ1 െ ߳ሻଷሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔೔సభ,మ,ర ஹଵ

ቍ ൈ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅

ณ߳
஺యୀଵ

ሺ1 െ ߳ሻଷ ณ߳
ைୀଵ

቏ (47) 

 

5.3.2. N1 Perfect and N2 Faulty 
 
For the In1=0, In2=1 case, two AND gates with all inputs 
equal to “1” (A1,A2) are present, so, 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ณ߳
ேమୀଵ

቎ሺ1 െ ߳ଶሻᇣᇧᇤᇧᇥ
஺భା஺మஸଵ

൅ ߳ଶ ሺ1 െ ሺ1 െ ߳ሻଶሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔೔సయ,ర ஹଵ

൅ ߳ଶሺ1 െ ߳ሻଶ ณ߳
ைୀଵ

቏ (48) 

 
For the In1=1, In2=0 case, all AND gates have at least 

one input equal to “0”, i.e. 
 

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேభୀ଴

ณ߳
ேమୀଵ

቎ሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔ୀ଴ర

೔సభ

ณ߳
ைୀଵ

൅ ߳ଶ ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔ஹଵర

೔సభ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

቏ (49) 

 

5.3.3. N1 Faulty and N2 Perfect 
 
For the In1=0, In2=1 case, all AND gates have at least one 
input equal to “0” and, 
 

ณ߳
ேభୀଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

ۏ
ێ
ێ
ۍ
ሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔ୀ଴ర

೔సభ

ณ߳
ைୀଵ

൅ ߳ଶ ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

∑ ஺೔ஹଵర
೔సభ ے

ۑ
ۑ
ې
 (50) 

 
For the In1=1, In2=0 case, two AND gates with all inputs 

equal to “1” (A1,A3) are present, therefore. 
 

ณ߳
ேభୀଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ேమୀ଴

ۏ
ێ
ێ
ێ
ۍ
ሺ1 െ ߳ଶሻᇣᇧᇤᇧᇥ
஺భା஺యஸଵ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

൅ ߳ଶ ሺ1 െ ሺ1 െ ߳ሻଶሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

∑ ஺೔೔సమ,ర ஹଵ

൅

߳ଶሺ1 െ ߳ሻଶ ณ߳
ைୀଵ൩

 (51) 

5.3.4. N1 and N2 Both Faulty 
 
For both input states (In1=0, In2=1 and In1=1, In2=0) all 
AND gates have at least one input equal to “0”, hence. 
 

ณ߳
ேభୀଵ

ณ߳
ேమୀଵ

቎ሺ1 െ ߳ሻସᇣᇧᇤᇧᇥ
∑ ஺೔ୀ଴ర

೔సభ

ณ߳
ைୀଵ

൅ ߳ଶ ሺ1 െ ሺ1 െ ߳ሻସሻᇣᇧᇧᇧᇤᇧᇧᇧᇥ
∑ ஺೔ஹଵర

೔సభ

ሺ1 െ ߳ሻᇣᇧᇤᇧᇥ
ைୀ଴

቏ (52) 

 
By adding the above equations the following equation is 

obtained for In1=0, In2=1 or In1=1, In2=0: 
 

ூܲ௡భୀଵ,ூ௡మୀ଴
ଵ ൌ ூܲ௡భୀ଴,ூ௡మୀଵ

ଵ ൌ െ4߳଻ ൅ 20߳଺ െ 43߳ହ ൅ 51߳ସ െ
35߳ଷ ൅ 13߳ଶ െ 3߳ ൅ 1  
 

Therefore, it is now possible to establish the probability 
of having “1” at the output under the new proposed model 
for the 4-to-1 implementation as. 
 
ܼ ൌ ݂ሺܺ, ܻሻ ൌ ܺ ூܲ௡భୀூ௡మୀଵ

ଵ ൅ ሺ1 െ ܺሻሺ1 െ ܻሻ ூܲ௡భୀூ௡మୀ଴
ଵ ൅

ሺ1 െ ܺሻܻ ூܲ௡భୀ଴,ூ௡మୀଵ
ଵ ൅ ൅ܺሺ1 െ ܻሻ ூܲ௡భୀଵ,ூ௡మୀ଴

ଵ  (53) 
 

With the same probability for having “1” at the gate 
inputs (X=Y) and also P1 In1=1, In2=0 = P1 In1=0, In2=1, then. 
 
ܼ ൌ ܺ௡ାଵ ൌ ݂ሺܺ௡ሻ ൌ
൫ ூܲ௡భୀூ௡మୀ଴

ଵ ൅ ூܲ௡భୀூ௡మୀଵ
ଵ െ 2 ூܲ௡భୀଵ,ூ௡మୀ଴

ଵ ൯ܺ௡
ଶ ൅ 2൫ ூܲ௡భୀଵ,ூ௡మୀ଴

ଵ െ

ூܲ௡భୀூ௡మୀ଴
ଵ ൯ܺ௡ ൅ ூܲ௡భୀூ௡మୀ଴

ଵ  (54) 
 

The derivative of this function is: 
 
݂ᇱሺܺ௡ାଵሻ ൌ 2൫ ூܲ௡భୀூ௡మୀ଴

ଵ ൅ ூܲ௡భୀூ௡మୀଵ
ଵ െ 2 ூܲ௡భୀଵ,ூ௡మୀ଴

ଵ ൯ܺ௡ ൅
2൫ ூܲ௡భୀଵ,ூ௡మୀ଴

ଵ െ ூܲ௡భୀூ௡మୀ଴
ଵ ൯ (55) 

 
f'(x), the fixed points and the bifurcation map of the 

multiplexer implementation of the proposed MLU model are 
similar to the single NAND gate but the most interesting 
feature of this model is the fact that the above formulation of 
this model is really close to a fractal function.  

Precisely if we had 9߳ଶ instead of 13߳ଶ in the In1=0, 
In2=1 (or In1=1, In2=0) case, the outcome would be a fractal 
function whose bifurcation map is plotted in Figure 13, 
Figure 14 shows the enlarged region of the fractal function to 
allow a reliable system assembly using unreliable 
components (prior to the fractal/chaotic region occurring at 
values higher than 0.523 for ߳כ). 

The bifurcation map of this fractal function has four 
regions in the range of 0 to 1 for ߳כ. 

1) The first region is periodic, but its error probability 
(߳) is very close to zero, so it has very limited usefulness. 

2) The second region is not periodic (fixed points). 
3) The third region is also a periodic region centered at 

כ߳ ൌ 0.5, and can be used for operation in assemblying 
reliable systems out of unreliable components. This region is 
bounded by 0.471 and 0.523 as the value for ߳כ prior to the 
fractal region. 

4) The fourth region is the so-called chaos region and 
therefore, it cannot be used. 

So using a similar model for molecular electronic devices 
with a probabilistic output, it is possible to achieve a MLU 
with fractal behavior. This makes the proposed 
implementation very attractive for nanotechnology. Current 
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research is being pursued to establish together with DNA-
based self-assembly an appropriate molecule for device 
implementation; the findings of investigation will be reported 
in future papers. Consider the model of [6]. A binary tree 
made of NAND/NOR gates is a discrete MLU system in 
which each element (NAND/NOR) on the tree has a static 
behavior in the presence of an error in the gate.  The 
bifurcation map for these two binary trees shows that a 
periodic region occurs only near ߳כ ൌ 0 while a long non-
periodic region (fixed point) occurs over the remaining range 
(up to 1) of ߳כ. If the static gate element of such binary trees 
is changed into the multiplexer-based MLU implementation 
of the NAND/NOR gate, error compensation occurs with 
beneficial consequences as reflected in a new bifurcation 
map. 

 

 
 

Figure 13. Bifurcation Map Diagram for Fractal Function 
 

 
 

Figure 14. Enlarged Periodic Region for Fractal Function 
 

6. Discussion and Conclusion 
 
The model and implementation proposed in this paper can be 
compared with a multiplexing scheme using single NANDs 
based on different features as figures of merit. 

 Figure 15 shows the plots for the derivative of a 
single NAND and the ideal fractal-based implementation 
(under the proposed model) for restoration. The derivative of 

the fractal-based implementation has two points for which 
|݂ᇱሺܺሻ| ൌ 1, so more than a single area have the feature of a 
periodic function compared with the single NAND scheme 
for NAND multiplexing. 

 Figure 16 shows the comparison of the fixed points in 
the two implementations and related models. 
 

 
 

Figure 15. The Derivative Comparison of Simple-NAND and 
Fractal-based Implementation 
 

 
 

Figure 16. Fixed Point Comparison of Simple-NAND and 
Fractal-Based Implementation 
 

 Figure 17 shows the bifurcation map for the two 
implementations. It is significant to point out that for 
כ߳ ൌ 0.4713, (up to ߳כ ൌ 0.523) reliable system assembly is 
now possible using the proposed implementation. 

These features basically prove that the multiplexer-
implementation of the NAND as an instance of a MLU 
circuit under the proposed model results in a significant 
improvement over previous arrangements (mostly single 
NAND based) for the restorative stage. As a multi-level 
implementation of a MLU circuit (such as the multiplexer) 
result in a higher overhead, the substantial increase in 
threshold failure probability (due to compensation in the 
extremely huge number of components) is a very positive 
feature for assembly nano-based systems using emerging 
technologies [3].  
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Figure 17. The Bifurcation Comparison of the Simple-
NAND and Fractal-Based Implementation 
 

The analysis reported in this paper has shown that if each 
gate fails independently and unbiased in a bitable fashion 
(such as by tossing a coin in probability theory), then over a 
long run (i.e. for large values of $n$)  the assembly of such a 
system will be probabilistically possible using restorative 
stages implemented by multiplexer-based NANDs. Moreover 
due to the large density of emerging technologies, the 
increase in complexity of the restorative stage can be easily 
accommodated (albeit a two-level implementation introduces 
a longer delay). The 4-to-1 multiplexer implementation 
presented in this paper is very close to the theoretical limit by 
which compensation due to multiple faults can 
probabilistically result in a correct output by a restorative 
stage. The use of the proposed implementation for QCA in 
molecular implementations is currently being evaluated and 
efforts for finding a molecular implementation with fractal 
behavior is under investigation. 
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