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Abstract

Modulo 2"+1 adders and/or multipliers are used in digital filters, cryptographic systems, and digital signal processors based on residue
number systems (RNS). The module set {2"-1, 2", 2"+1} is popular in RNS applications, where the design of modulo 2"+1 multipliers is
more challenging than the case of other two module. One reason is that the natural representation of residues in the range [0, 2"] requires
n+ 1 bit. However, a number of modulo 2"+1 addition or multiplication schemes have used n-bit diminished-1 representation of residues,
where zero operands are supposed to be treated separately. On the other hand, double-LSB encoding of modulo 2"+1 residue (i.e., an n-bit
code word with a second least significant bit) has been used in the design of an efficient modulo 2"+1 adder. We are therefore, motivated to
study the impact of the double-LSB encoding of residues on the design of modulo 2"+1 multipliers. We describe the operation of such
multipliers in dot-notation representation and show that the corresponding circuitry uses only standard off the shelf arithmetic cells such as
full adders, half adders and carry look-ahead logic. Synthesis based comparison with previously reported multipliers shows the advantages of
the proposed design.

Keywords: Modular Multiplier, Residue Number System, Double-Lsb Encoding.

provisions, bearing additional complexity, for handling the
end-around carry. Double-LSB encoding [16] of modulo
2™ + 1 residues has been used in the design of a modulo
2™ + 1 adder [17], where each operand is represented by a
normal n-bit number that is augmented with a second least
significant bit (LSB). This encoding provides a faithful
representation, where there would be no code word that
evaluates to a number out of the valid range [0,2"].
Therefore, in this paper, we are motivated to study the impact
of double-LSB encoding on the design of modulo 2™ + 1
multipliers.

The rest of the paper is organized as follows. Some recent
designs for modulo 2™+ 1 multipliers are addressed in
Section Il and the proposed multiplier is presented in Section

1. Introduction

Modulo 2™ + 1 adders and/or multipliers are used in a
number of applications including digital filters [1],
cryptography [2-4], and generally in digital signal processing
based on residue number systems (RNS) [5]. The moduli set
{2n —1,2",2™ + 1} is popular in RNS applications, where the
same modular arithmetic operations are performed in the
three computation channels in parallel. However, the design
of modulo 2™ + 1 arithmetic circuits is more challenging than
the case of straightforward modulo 2" arithmetic and that of
modulo 2™ — 1. One reason is that the natural representation
of residues in the range [0,2"] requires n+1 bit versus the n-
bit representation for other two modules. A number of

modulo 2™ + 1 addition or multiplication schemes have used
diminished-1 representation of residues, where zero operands
are treated separately [6-13].

Some other works use normal binary (n+1)-bit encoding
of residues [4, 14, 15]. Both schemes have special

I11. We provide, in Section IV, the results of simulations and
synthesis for the best previous modulo 2™ + 1 multiplier and
those of the proposed one. Finally we draw our conclusions
in Section V.
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2. General Modulo 2"+1 Multiplication

The first contribution on memory-less modulo 2™+ 1
multiplication, as we have encountered, is due to [3]. This
and some other works are based on diminished-1
representation of residues [6, 8-13]. In this representation,
values in [1,2™] are represented by n-bit code words ™0 (i.e.,
a string of n 0s) to™1, respectively. Zero is exclusively
represented via an extra bit and a zero result is handled
separately. This zero-indicator bit is always 0 except for true
zero residue. On the other hand, [14] and [15] have used
unsigned (n+1)-bit binary numbers to represent values
in[0, 2], where the most significant bit (MSB) is always O,
except in the representation of2™. Therefore, the MSB acts
like a 2™-indicator. In some applications with no zero
operand, such as International Data Encryption Algorithm
(IDEA) [3], n-bit encoding is used [4], where 2" is
represented by the code word. In the following we briefly
look at three works on modulo-(2™ + 1) multipliers based on
the aforementioned encodings of residues; namely [4] for
zero less residues, [6] on diminished-1 and the one due to
[15] that uses (n+1)-bit encoding.

2.1. Modulo 2"+1 Multiplier with Zero-Free
Residues

Implementation of the IDEA cryptosystem [3] requires
modulo-2™ + 1 multiplication |x X y|,nyq (lel, = e mod m),
where zero never occurs as residual values [4]. The all-0 n-
bit code word is reserved to represent 2™. Therefore, a
special 2"-handler is needed to detect the case of all-0
multiplier (i.e. "0) and compute [2™x|ynyq = |—X|pnyq =
[2 + 2™ — 1 — x|,myq = 2 + %, Where X is the multiplicand and
X is it's bitwise inverted code word. The main multiplier is
basically designed as the standard nxn binary multipliers.
However, every bit p,,.; =xy;(0<ijk<n—-1 k=i+
j—n) of the j™ partial product, is evaluated as
|2n+kpn+k,j|2n+1 = Zk(_pn+k,j)- Given that “Pn+k,j = m -
1, Pn+k,j 1S removed from position n+k and p,1y, is inserted
in position k. Moreover, a corrective value —2* shall be
compiled and evaluated with other similar values.

Figure 1 illustrates the latter operation, where the
compiled corrective values per displaced bits amount to
—(2/ —1) for the jt" partial product. The sum of these
corrective values, is computed as in Eq. 1. Therefore, the
corrective —1 value need not be actually inserted in the partial
product matrix.

|- Xri(2/ 1)), = =2t —n =1l = n+2 1)

2"+1
The nxn partial product matrix can normally be reduced
to a 2xn matrix via (n-2) carry-save adders (CSA), where
the carry-out ¢ of the leftmost full adder of each CSA is
returned to position 0 as —1 +<c. These new corrective -1
values amount to — (n-2). Adding the latter to the sum of
earlier corrective values (i.e., n+2) leads to 4 as the overall
corrective value, which can be represented as a 1 in position
2. To handle this extra 1 another level of carry-save
reduction is necessary, which calls for another corrective —1.
Therefore, the speculative corrective value is actually 3. A
mathematical derivation of this amount is given in [14].
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Xn-1 Xn-2 X2 X1 Xo
Yn-1 Yn-—2 V2 V1 Yo
Pn-1,0 Pn-2,0 D20 P10 Po,o

Pn-2,1 Pn-31 P11 Poa Pn-11
-1

Pn-3,2 Pn-a,2 Do,2 Pn-1,2 Pn-2,2
-1 -1

Pon-1 Pn-1,n-1 P3n-1 P2n-1 Pin-1
-1 -1 -1 -1

Figure 1. Zero-free modulo 2"+1 Partial product generation

2.2. Modulo 2"+1 Multiplier Based on
Diminished-1 Representation of Residues

Diminished-1 (D1) representation of a binary number a is
encoded as (a,a’), where a, =1 (0) if a=0 (# 0) and
a’ =a—1. Therefore, modulo 2™ + 1 residues in [1,2"] are
mapped to n-bit numbers in [0,2™ — 1]. Let p = x x y, where
p=(p,p), x = (x,,x") and y = (v,,¥"). In case of either or
both operands being zero the zero indicator for the product is
computed as p, = x, Vy,. The D1 product can be expressed
asp =xxy—-1=x+Dx@ +1D)-1=x"xy" +x" +y'".
To compute p’, the partial product matrix for x'xy’
(obtainable as in Section A above) is augmented by x’ and
y'. Therefore, two more corrective -1 values are generated
that reduce the overall corrective value from 3 to 1. After the
operation of the final CSA, which is a simplified one due to
representation of the third operand as 00...01, an n-bit
end-around carry modulo 2™ + 1 adder is required to compute
the final product. The most efficient architecture for this
adder [10], as reproduced in Figure 2, is a totally parallel
prefix (TPP) adder with 37"(logn—1)+2 parallel prefix
computing nodes recognized as black circles. The TPP is
considerably more complex than regular parallel prefix tree.
The latter, as depicted by Figure 3, has n.logn —n + 1 black
nodes (all single) and no backward connections, where the
white circles represent simple buffers and white squares (in
both Figure 2 and 3) produce the conventional propagate,
generate and half-sum signals. A compromise design uses
another level of black nodes, instead of reverse connections
to accommodate the end around carry [10].

Figure 2. The end-around carry modulo-2"+1 TPP adder [10]
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The aforementioned D1 scheme has been implemented in
[6]. However, the zero-output case xxy=2"+1=
[0],n+1 = p, = 1, that can occur for nonprime moduli (e.g., 9,
33, 65, 129, for n =3, 5, 6, 7), is not duly addressed.

ba, ba, Dbsas b,a, ba, ba, ba ba

Figure 3. Regular parallel prefix adder

2.3. Modulo 2"+1 Multiplier Based on (n+1)-Bit
Representation of Residues

The range of modulo-(2™ + 1) residues is [0,2"]. The straight
forward representation for these values uses an (n+1)-bit
code word, where the most significant bit is 0 but for 2".
Therefore, there are 2™ — 1 code words that represent invalid
values in [2™ + 1,2™"*1 — 1]. Vergos et al. [15] have used such
representation in the design of modulo-(2™ + 1) multipliers
with a special partial product generation scheme. This
method leads to a provisional, diamond shape, nxn partial
product bit matrix, which is achieved at the cost of four logic
levels delay, while the corresponding delays in the previous
two Subsections equal to that of one AND gate. Similar
analysis as was explained in Section A can be used to
rearrange the partial products as a straight rectangle (see
Figurel). Then standard carry-save adders are used to reduce
the depth of partial product matrix to two. The corrective
value before the final addition is 3. Therefore, the final CSA
is again a simplified one. This leads to representation of the
product as two equally weighted n-bit numbers, which
should be added modulo-(2™ + 1).

3. Modulo 2"+1 Multiplier Based on
Double-LSB Representation of Residues

Double-LSB (DLSB) encoding of modulo 2™ + 1 residues is
basically an n-bit unsigned binary number that is augmented
with an extra least significant bit (LSB). The encoding
faithfully (i.e., without any invalid code word) represents
residues in [0,2"]. In particular, the code word representing
the singular value 2™ contains only 1-valued bits. Figure 4
depicts the partial products generated as the first step of
multiplying two double-LSB residues x = x,,_; ...xox", and
Y =Yno1--YoY o, Where primed variables denote second
LSBs.

Let pr.n = x;y; denote an arbitrary bit, in Figure 4, that is
on and beyond position n, where i +j = k + n fork = 0. The

following Equation shows that the modulo-2™ + 1 arithmetic
worth of any such bit p,,,, is equal to that of a negabit, in
position k, with the same logical value.

|2k+npk+n|2n_'_1 = |2k(2n +1- 1)pk+n|2n+1 = _kak+n
Xn1 o X1 Xo
Xo'
x Yo - Y1 Yo
Yo'
YoXn-1 ... YoX1 YoXo
YoXo'
YoXn1 --- YoX1 Yo'Xo
Yo'Xo'
Y1Xn-1 YiX1 Y1Xo
YaXo'
yn-lxn-l yn-lxl Yn-1X0
Yn-lxo‘

Figure 4. Partial products for multiplying two DLSB
numbers

Figure 5 depicts a mixed symbolic dot notation
representation after the above transformations, where white
(black) circles denote negabits (posibits). Note that the
megabit expressions are inverted for reasons to be explained

below. Let N; and P; denote the number of negabits
and posibits in position i(0<i<n-1), respectively,
which can be computed via Eq. set 2, except for P, = 4.
Therefore, the number of partial products amounts to
N;+ P, =n+2.

Ny=n—(@+1),

.
.

N\ N

n-1Xn-2) <o w n-1X1

Pp=2+(+1) 2)

)

)

'n-1Xn-1

00 O
L 1

Figure 5. Partial
multiplication

products of DLSB modulo- (2" + 1)
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It has been shown elsewhere [18, 19] that standard full
(half) adders may accept any 3- (2-) collection of posibits
and inversely encoded negabits and produce correct sum and
carry bits. Inverted encoding of negabits uses logical states O
and 1 for arithmetic values —1 and 0, respectively. Figure 6
depicts all the different posibit/megabit arrangements that
can be correctly handled by standard full adders and half
adders, where e (o) denotes a posibit (inversely encoded
megabit).

[ 1]
[ ] 00O

F
(oI e]
1

Figure 6. FA/HA with mixed polarity inputs and outputs

Figure 7 illustrates the partial product reduction, for n =
4, where the number of negabits and posibits in each column
are derived via Eq. set 2. Standard carry-save adders (CSA)
are used to reduce the depth of partial products to two. The
HCSA stage consists of half adders and is used to
appropriately change the bit polarities such that the output of
the final carry propagate adder (CPA) is represented by
posibits only. This stage is not always necessary. For
example, in the case of n = 5 (Figure 8), the result after CSA
IV is readily in the desired form.

e o o o
X [
e o o o
°
i e o o o .
re e e e CSAl
e e e e,
‘e o o o
e e O O CSA I,
e o o o,
______________ -
i e o o o i
re e e o CSAIl
re O e e
e o o o
o
‘e o e o
e e o | CSAIN
‘e O O O
il -
o e o o) HeSA
A E)_d
° o
e O O o© CPA
°
e o o o
°

Figure 7. Modulo 17 multiplier

Figure 9 shows an actual high level circuit
implementation of the proposed multiplier for n = 4. Note
that the final n-bit adder is generic and can be replaced by
any desired architecture. For example, in case of n = 5, the
parallel prefix adder (PPA) of Figure 3 works fine, where the
inputs for positions 5 to 7 are obviously zero. However, for n
= 4, we can leave the posibit in position 0 intact, as the final
second LSB, and use the end around carry architecture of
Figure 2 for summing the two n-bit numbers modulo 2™ + 1.

4. Comparison with the Best Previous
Work

The best previous modulo 2™ + 1 multiplier, as we have
investigated, is due to [15], which was briefly described in
Section 2.3. There are three improving design decisions that
are undertaken in the proposed double-LSB scheme:

e o o o o
X °
e o o o o
°
e o o o o
ie o e e e CSAI
1o e e o e
‘e o o o o
ie e e o o1 CSAI
i® ® O O O
e o o o o
o
e © © o o
‘e o e o o CSAIl
e © O e e!
e e o0 o o
e O O O o CSA1l,
o |
e ©¢ 0 o O
e o o o o!CSAl
e O o e O
e 0 o o o
e o o e o
e o o o o:CSAIV
e o o o o
e o o o O
o o o o o CPA
e o o o o
°

Figure 8. Modulo 33 multiplier

= Partial product generation (PPG): The PPG matrix,
in the proposed design, is composed of n(n + 1)/2 + 2n +
1 AND and n(n — 1)/2 energy-efficient NAND gates (see
figure 7 and 8). However, the latency and gate
complexity of PPG in [15] is determined by a collection
of an XOR, an AND, and a 3-input OR gate that is used
for some nodes in the PPG matrix.

= Partial product reduction (PPR): The effective
depth (i.e., except for rightmost column) of PPR tree, in
the proposed scheme, is n+2 and in that of [15] is n+1.
Since both schemes use CSA reduction cells, this
minimal difference translates to equal number of
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reduction levels (RL) in most cases. For example, for
4 <n <7, RL is equal in both schemes, except forn =5
and for 64 <n <1024, there are only six cases (i.e.,
n € {93,140,210,315,473,710}) that the proposed scheme
requires one more RL. Both schemes can make use of (4;
2) compressors and deeper ones for faster performance
and/or more VVLSI regularity. The presence of negabits in
the proposed PPR tree does not jeopardize this
improvement for the proposed scheme. The reason is that
conventional compressors can handle any mix of posibits
and inversely encoded negabits [20].

LN N ] L N ) LN ) CSAI|
[ 3N ) [ N ] [ 2N ] [ N ]
1 T T0»L __T@[ _
[ 11 [l [ 11 [ 11
LN N ] cee coo0e o oe
CSA I,
L N ] e O o e oe
=1 =T |-
| ] ]
— | —
= 1
00 coee [ N N ) coee CSAH
L N ) ® O [ N ] ® O
[ I [ 1
] —I‘_l
=0 [T [T o
00 oeo [ NN ) 00O
CSA IIT
[ 3N ) oe ® O o o
] UQW
|
[ ] o e o o o o o
HCSA

S Y ey
Modulo-17 Adder

[ | gl §0
s’

S3 SZ
0

Figure 9. A high level circuit implementation of Figure 7

= Final -carry-propagating addition: We use a
conventional n-bit adder, as in Figure 8, that can be
replaced by any carry-accelerating adder (e.g., Figure 3).
However, [15] uses a specialized parallel prefix adder
(Figure 2) that is more complex than a regular one in
terms of wiring, regularity, and the number of computing
nodes [17].

The above differences hint at improvements in delay,
area and power. To confirm the latter claim we have
synthesized the proposed multiplier and that of [15] for n =8
and 16 under TSMC 0.13 um CMOS technology with
conservative wire model using Synopsys Design Compiler.

Power results are calculated using with 50% static
probability on all inputs. The results are shown in Table 1
where the ratio of DLSB measures to that of [15] show the
advantages of our design, especially in 9% more speed.

Table 1. Performance comparison

) Delay(ns) | Area(um) | Power (mW)
Design
8 16 8 16 8 16
DLSB | 2.16 | 2.55 | 3825 | 5733 | 3.63 | 5.91
[15] | 2.37 [ 2.80 | 4091 | 5910 | 3.72 | 6.02

Ratio | 0.91 | 091 | 0.93 | 097 | 0.97 | 0.98

5. Conversion Between DLSB and
Natural Encoding

Let a,a,_; ...a, denote the natural (n+1)-bit representation of
integer A €[0,2"] and A,_;..A,A'y represents its DLSB
encoding. The singular case [a, = 1] implies both [a,_, =
w=ay=0] and [A,_; =-=4,=4"=1]. Also [a, = 0]
leads to 4;,=a;, for 0<i<n-1 and A3 =a, . This
concludes an easy conversion to DLSB via the following
equations:
Ai=a;@a, foro<i<n—-1,4,=a,

The reverse conversion can be done via the simple
increment 4,,_, ... Ay+A’,. However, the CPA stage of Figure
7 can use an inverted end around carry adder to directly

generate the natural (n+1)-bit representation of A. Here is
how it works: We use a full adder in the rightmost position
of the HCSA stage of Figure 7, which leads to the 2-deep
representation of Figure 9, where an inverted end around
carry adder, like the one in Figure 2, can take over to produce
the desired result. Note that the most significant bit of the
result comes from the G output of the bottom leftmost black
node of Figure 2.

Figure 10. Generation of (n+1)-bit product

6. Conclusion

We have used double-LSB encoding for faithful
representation of modulo 2™ + 1 residues. Given that the
relevant modulo 2™ + 1 adder has been previously designed,
we presented the design details of the corresponding modulo
2"+1 multiplier. The design procedure is quite simpler than
that of similar works that have appeared in the literature,
where the main characteristics and benefits are:
= The mixed use of posibits and negabits in the partial
product matrix obviates the need for complex, though
off-line, computation of the collective value of corrective
—1 constants.
= The practice of inverted encoding of negabits has
allowed for the use of standard compression cells (e.g.,
full adder) and conventional n-bit adders.
= The main benefit of double-LSB encoding is the
possibility of storing the final end-around carry as the
second LSB of the product, thus no need for another
round of carry propagation nor using complex specialized
parallel prefix adders to avoid the latter.
The synthesis of the best previous modulo-2™ + 1 adder
and the proposed one, both for n = 8 (16) under 0.13 um
CMOS technology shows 9% (9%), 7% (3%) and 3% (2%)
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savings in latency, area consumption and power dissipation,
respectively.

Further research can explore the possible benefits of
modulo 2™ + 1 multiply-accumulator with double-LSB inputs
and output.
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