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In summary, none of the above timing models 
concentrates to the exact instants of time for job execution, 
rather they are normally sensitive to the instant of job 
completion. However, time constraints of some embedded 
applications could not precisely be expressed by the previous 
models; rather, a new timing model is needed. In [7], the 
same authors proposed a different model of timing 
constraints to consider the importance of instants of time that 
the job executes.  

More precisely, the proposed model in the study, namely 
Instant Value Function (IVF), specifies the value that each 
job obtains as a function of the exact instants of time within 
which the job executes. In embedded systems with sensors 
and actuators, IVFs can be employed to specify the most 
desired instants of time for gathering the sensor information, 
as well as the most desired instants of time for doing the 
respective computations based on the received information, 
to be able to prepare the best results through the actuators  
[8-9]. On the other hand, energy consumption is one of the 
most important design constraints of real-time embedded 
systems, especially for battery-operated portable devices 
which use limited sources of energy. In the last decade, 
literally many studies have been done on applying dynamic 
voltage scaling (DVS) to real-time systems. Most of them 
have been focused on the deadline time constraint [10-15], 
and a few on the interplay of TUF and DVS [16-19] (More 
descriptions on the matter are provided in Section 7). 
However, in this paper, we study the issues related to the 
semantics of applying DVS to jobs with the IVF time 
constraints. 
 
1.1. Contributions
 
The main contributions of this paper are as follows: 1) It 
presents the precise definition of a new type of timing 
constraints called Instant Value Function (IVF) (A 
preliminary version of the current study [7] introduced the 
concept of IVF for the first time); 2) This paper explains the 
semantics of applying DVS to IVF-constrained real-time 
embedded systems. Past efforts on energy-efficient real-time 
scheduling algorithms consider the category of real-time 
systems which are sensitive to the job completion times, 
whereas IVF is concerned with the execution instants of jobs. 
To the best of the authors' knowledge, we are unaware of any 
previous study for applying power saving issues to 
execution-instant sensitive models; 3).  

The paper provides a DVS-based scheduling method to 
maximize the accrued value of the IVF-constrained real-time 
embedded systems regarding their bounded sources of 
energy. Using this model, we also present a method to 
produce an efficient schedule for a set of IVF-constrained 
tasks to maximize the accrued value in the system with a 
bounded source of energy; 4). The optimality of the proposed 
algorithm is also proved analytically. 

The rest of this paper is organized as follows. The IVF 
time constraint is explained in Section 2. In Section 3, the 
system model and the respective problem description are 
presented. The behavior of IVF with respect to frequency 
changes is discussed in Section 4. We explain our scheduling 
algorithm for energy-constrained IVF-based systems in 
Section 5. Experimental results are presented in Section 6. In 
Section 7, we discuss some related works. Finally, we 
conclude the paper in Section 8. 
 
2. Instant Value Functions 
 
In this section, we propose IVF as a different model of 
timing constraints which is concerned with the instants of job 
execution rather than the instant of job completion. IVF 
specifies the value that each job can obtain as a function of 
the exact instants of time at which the job executes. 
Accordingly, the total accrued value of a job is equal to the 
area under its IVF, corresponding to the instants of time 
allocated to that job execution.  

Figure 1 shows a few samples: The step IVF presented in 
Figure 1(a) specifies that as long as the deadline can be met, 
there is no difference among the instants of time allocated to 
the job execution. According to Figure 1(b), it is desirable to 
postpone the execution of a job insofar as possible. Based on 
Figure 1(c), early execution of the job yields in gaining more 
value. The most desirable instants of job execution in Figure 
1(d) are around the middle of the job's life-time. 

More precisely, the semantics of the latter IVF can better 
be clarified by Figure 2, where a sample job is split into two 
segments. The job starts its execution atts, is preempted attp, 
resumes its execution attr, and finally is completed at tc. The 
accrued value by this job is equal to the summation of the 
gray areas, i.e., the total area under the respective IVF at the 
exact instants of the job execution. 

To have a better insight in the semantics of IVF, we 
consider an operational supervisory system [20] as an 
example. This system is designed to address the problem of 
interception of some moving objects. In [20], two objectives 
are defined for this system: 1) intercepting a set of objects 
which pass a boundary and prior to their crossing to another 
specific boundary, 2) the interceptions should occur as far 
away from the boundaries as possible. A number of remote 
sensors track the position of the moving objects and report 
the updated coordinates to the interceptors. 

In a system that the objects do not necessarily follow a 
predictable moving pattern (e.g. the speed and acceleration of 
them change rapidly), it is desirable to obtain the most 
updated sensor information to determine the optimal 
intercepting instants. The most desirable instants of 
information gathering for optimal interception can effectively 
be specified by the respective IVF. 
 

 

 
 

Figure 1. Sample IVFs 
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Figure 2. A schematic view of accrued value by a job 

  

  
  

Figure 3. Two schedules with different accruing values for a job 

 
 

Assuming the IVF shown in Figure 2, two schedules 
shown in Figure 3 could be compared. In Figure 3(a), the 
information has been gathered so early by the first two 
segments of the job, such that intercepting suffers from the 
lack of enough precision due to inappropriate and/or non-
updated positioning data. On the other hand, if the execution 
of different segments of the job is done according to Figure 
3(b), because of more updated sensor data, considerable 
improvements may be achieved in the result of the 
intercepting operation. 

Therefore, according to the IVFs of the system jobs, the 
exact instants of job execution have considerable effects on 
the accuracy (value) of the results. Based on the instants, the 
IVF model can be used for describing the resulting behavior 
of embedded systems that interact to the environment 
through sensors/actuators. In such systems, the exact instants 
of gathering sensor data, doing the respective 
processing/computation, and actuation, all are of high 
importance and directly affect the accuracy of the system 
service. 
 
3. System Model 
 
3.1. Processor and Application Models 
 
We consider a single DVS-enabled processor whose 
frequencyfr can vary continuously between a lower bound 

frmin and an upper boundfrmax. The ratio offrmax tofrmin is 
shown bymax-ratio. The operating frequency at t is 
represented by fr(t). 

The intended system is composed of a set of periodic 
preemptive real-time tasks denoted by 

1 2, , , nT T T T . 
Furthermore, tasks are independent of each other, and do not 
share any non-CPU resources. The task Tiis characterized by 
a pair (pi, ei), where pi represents its period and ei denotes the 
worst case execution time ofTi at frmax. Each task has a 
sequence of jobs. Thejth job of Ti is shown by Ji,j.  

The arrival time and deadline ofJi,jare given by ri,j and di,j, 
respectively, where ri,j is equal to 1 . ij p , and di,j is equal to

. ij p . The worst case execution time ofJi,j is equal toei, and 
is shown by ei,j. The hyper-period of the tasks is shown byH. 
There existl jobs in H, where

1

n
ii

l H p . 

As the system is preemptive,Ji,j  can be split into some 
arbitrary number of segments. Thekth segment of Ji,jis 
denoted asJi,j,k. The length ofJi,j,kat operating frequency fr is 
represented by max

, , max , ,. frfr
i j k i j kJ fr fr J . The starting point of 

Ji,j,kis shown withsi,j,k, and the finishing point of it is denoted 
as fi,j,k. The sum of the lengths of Ji,jsegments executing 
atfrmax  is equal toei,j, i.e, if Ji,j splits intom segments, we have

, max
, , ,1

i jm fr
i j i j kk

e J . 
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3.2. Energy Consumption Model 
 
We consider a system with a limited source of energy that 
relies on battery and has an energybudget bound,Eb. As 
recharging the battery is infeasible in the considered system, 
it is subject to a hard energy constraintEb. 

When the processor operates at frequencyfr, the dynamic 
power consumption of the processor, denoted asPd, is given 
by 2. .d ef ddP C V fr , whereCef is the effective switch 
capacitance and Vdd is the supply voltage. On the other hand, 

2. dd t ddfr k V V V , where k is constant and Vt is a 
threshold voltage [21]. As it is done in [18], we approximate 
this expression by . ddfr V , where  is a constant. Thus, we 
obtain 2 3.d efP C fr . This expression is equivalent to

3.dP fr , where 2
efC .  

Iffr is constant during the execution ofJi,j,k, the 
relationship between the consumed energy and Pd can be 
described as

, , , , .fr
i j k i j k dE J P . Here Ei,j,krepresents the 

consumed energy during the execution ofJi,j,k. Further, the 
consumed energy inH is denoted asEH, which is equal to the 
consumed energy by the job segments inH, i.e.,

,

, ,1 1 1
i i jn H p m

H i j ki j k
E E . 

As the system is operating on the bounded energyEb, the 
system life-time is limited to a bounded number of hyper-
periods NH. Using Eb and EH, NH can be calculated as

H b HN E E . As
H bE E , NH can be approximated by an 

integer. 
 
3.3. Value Function Model 
 
The value of instantaneous execution of taskTi at time t at 
operating frequency fr is specified by an IVF such as fr

iV t . 
This function is defined for a task; thus, all jobs of the task 
have the same value function. Accordingly, we use

,i j

fr
JV t  as 

the value function ofJi,j. We refer to the maximum value of
maxfr

iV t as max
iV . Usually, maxfr

iV t  is given as a task 
property. However, we can calculate fr

iV t  for different 
frequencies based on the value of maxfr

iV t . More details on 
this subject will be presented in Section 4. 

Note that fr
iV t is defined for a task, but 

,i j

fr
JV t  specifies 

a job time constraint. Therefore, fr
iV t  is defined in [0, pi], 

while
,i j

fr
JV t  is defined in the range of [ri,j,di,j]. Thus, the 

relationship between fr
iV t  and

,i j

fr
JV t  can be expressed as

,
1 .

i j

fr fr
J i iV t V t j p . 

 
3.4. Problem Description 
 
In this paper, we consider hard real-time systems, i.e, 
systems in which all jobs must be executed completely 
before their deadlines. When time constraints are described 
by IVFs, the scheduling objective is to maximize the total 
gained value of the system through executing the jobs as 
close as possible to their optimal instants of execution. As 

the system is energy bounded, the goal of maximizing 
accrued value in H would not necessarily lead to gain the 
maximum possible value in the system life-time. To get the 
maximum value inH, jobs have to be split into some 
segments and each job segment must be executed as close as 
possible to the optimal instants of execution at operating 
frequency offrmax. Doing so, the system consumes lots of 
energy, andNHis decreased. Thus, there must be a tradeoff 
between the accrued value inH and the value ofNH. In this 
case, the problem is to execute jobs in order to maximize the 
total accrued value through the system life-time while 
meeting all the deadlines.  

To better formalizing the problem, we define a new 
metric, called EAV (Execution Accrued Value), to measure 
the amount of value gained in the system life-time. We refer 
to the accrued value ofJi,j as

,i jJEAV , which is formally 

defined as follows:  
 

, ,,

, ,

, ,
1

i j ki j

i j i j

i j k

fm
fr

J J
k s

EAV V t dt                                                      (1) 

 
By this definition, the scheduling objective is to 

maximize the total obtained EAV of the jobs throughout the 
system life-time. Thus, through segmenting the jobs and 
findingfr(t), the scheduling objective can be formulated as 
follows:  
 

,

,

max

1 1

, , ,
1

, , , , , ,

,

min max

max

1, ,

1, ,
1, ,

1, ,
1, ,

i

i j

i j

H pn

J H
i j

m
fr

i j k i j
k

i

i j i j k i j k i j

i

i j

EAV N

subject to

J e i n

j H p
r s f d i n

j H p
k m

fr fr t fr                                 (2)

 

 
The 2ndconstraint in (2) guarantees that each job segment 

executes completely between its release time and deadline. 
 
4. Speed Scaling and IVF 
 
In the last decade, power and energy saving issues in real-
time systems have been extensively studied [12-14, 16, 18]. 
As described in Section 7, most of the previous attempts 
have been done on the deadline time constraint [12-14]. 
There is also few studies on the interplay of TUF and DVS 
[16, 18].  

As can be derived from the definitions of deadline and 
TUF, DVS has no effect on the shape and characteristics of 
these types of time constraints. However, changing 
frequency directly affects the IVF shape. Suppose that 
atfrmax, an amount of work of sizeI work can be executed in 
the time interval t. Now, if the operating frequency is 
switched to

maxfr fr fr , the amount of work that can be 
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executed in t  is diminished to

max.I fr fr . Accordingly, the 
accrued value in t  also decreases with the ratio of

maxfr fr . 
Because IVF is defined as the accruable value of executing a 
job at instantt, the accruable value in timet decreases in line 
with the frequency as follows: 
 

max

max

. frfr frV t V t
fr

                                                          (3) 

 
For more illustrations, we discuss the following example. 

 

 
 

Figure 4. A sample IVF 
 
Example: Suppose we have a job Ji,j (ri,j=0, di,j=4, andei,j=2), 
with an IVF as shown in Figure 4 Now, consider three 
suggestionsfor the execution of Ji,j: 

1) fris equal to frmax, andJi,j 's execution starts at the 
release time. Thus, it will be executed in the time interval [0, 
2]. In this case, the accrued value is equal to 1×1+1×2=3. 

2) fr=frmaxand Ji,jis executed such that it finishes at 
deadline. Therefore, it will be executed in the time interval 
[2, 4]. The accrued value of this case is calculated as 
1×3+1×4=7. According to the shape of the IVF and due to 
the required execution time of the job, the most 
updatedsensor information and the most valuable respective 
computations are gained in this case. Therefore, the most 
accruable value for this job is 7. 

3) fr=frmax/2 and Ji,jis executed such that it finishes at 
deadline. In this case, to meet the deadline,Ji,j should be 
started at time 0 and finished at time 4. Using (3), the IVF of 
this case is transformed as follows: 
 

 
 

Figure 5. The effect of applying DVS to the IVF of Figure 4 
 

max

,max max

, ,

2 max

max

2 .
2

i j

i j i j

fr
Jfr fr

J J

V tfrV t V t
fr

                               (4) 

The resulting IVF is shown in Figure 5 The computation 
of the accrued value of this case is based on (4), and is done 
as 1×1/2+ 1×1+1×3/2+1×2=5. The justification for the 
relatively lower value in this case (with respect to the second 
case) is as follows: Since the job execution is lengthened to 4 
time units, some sensor information may not be updated 
enough to get the best result, and thus, the accrued value of 
this case is lower. 
 
 
5. Energy Bounded Value Accrual 
Scheduling Algorithm 
 
In this section, we describe our approach for scheduling 
energy bounded systems in which time constraints are 
described by IVF. The intended scheduling algorithm 
provides a suboptimal solution and we call it Energy 
Bounded Sub Optimal Value Accrual (EBSOVA). Without 
loss of generality, we describe EBSOVA algorithm for non-
decreasing IVFs. However, it can simply be applied to 
arbitrary shaped IVFs. As mentioned in Section 3.4, the goal 
for the intended system can be expressed as follows: 1) all 
the jobs should meet their deadlines, 2) while all deadlines 
are met, the system is to accrue the maximum possible value 
regarding the energy bound Eb. Since missing a job deadline 
causes a system failure and imposes a substantial non-
compensable negative value to the system, thus we first 
discuss a method to guarantee that all deadlines are met.  

Therefore, we have to specify the permissible time 
intervals for each job. To do this, the arrival times and the 
deadlines of all jobs are sorted in the ascending order. In this 
manner, 2l points are produced which divide H in at most to
2 1l distinctsubintervals (lis the number of jobs in a hyper-
period). We refer to eachsubinterval as , 1, 2,s s . A 
schematic view of subintervals is shown in Figure 6 The 
starting time of

s
is represented by st

s
, and its end time is 

shown by e
s
. The length of 

s
is denoted as

s
. Each

s
 

may be shared among some jobs, and the problem is to 
allocate the intervals to the jobs in order to satisfy (2). 

Each
s
has a list of jobs, which is denoted as 

sJ , i.e., 
if 

,i j sJ J , then
, ,

st e
i j s s i jr d .

s
is allocated to jobs 

of 
sJ , thus, it may be divided into some chunks. We 

refer to the collection of these chunks as
sJS , i.e., we 

have
, ,i j k sJ JS  for some

,1 i jk m , if
,i j sJ J . 

Accordingly, we have 
, ,

, ,
i j k s

fr
i j k sJ JS

J . As an 

example, consider Figure 6 here 
1 1,1 1,2 1,, , , nJ J J J . In 

addition, 
1 1,1,1 1,2,1 1, ,1, , ,fr fr fr

nJS J J J and

1,1,1 1,2,1 1, ,1 1
fr fr fr

nJ J J . 

In the following, we first discuss the case which all IVFs 
have constant values within the range of the subintervals. 
Then we generalize the problem to an approximate solution 
for systems with non-constant IVFs in the subintervals. To 
divide

s
 among the jobs of 

sJ , suppose that any
,i j

fr
JV t  

(
,i j sJ J  and st e

s st ) is equal to a constantvalue in 
the time interval

s
 (Figure 7(a)). 
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Figure 6. A schematic view of the relationship between subintervals and corresponding jobs 
  

  
  

Figure 7. Two cases of IVFs in a time interval: (a) constant IVF (b) non-constant IVF 
  

  
  

Figure 8. A sample of IVF estimation (a) main IVF (b) estimated IVF 
 

 
This constant valueis called

, ,
fr

i j sV . When
,i j

fr
JV t  is constant 

in
s
, the operating frequency at which Ji,j,k is executed does 

not affect the job segment accrued value (Lemma 1), and 
therefore, could be considered as a constant shown by fri,j,s. 
In this regards, the notation of , ,

, ,
i j sfr

i j kJ  represents the length of 

Ji,j,k when it is executed at fri,j,s. 
When IVFs are constant in

s
, there is no difference that 

which pieces of 
s
are allocated to which jobs in 

sJ , and 
the total accrued value of

s
 can be calculated as follows: 

 
, , , ,

, ,
, , , ,.i j s i j s

i j k s

fr fr
i j s i j kJ JS

V J                                                         (5) 

 
In this case, the permutation of job segments has no 

effect on the amount of accrued value. On the other hand, if 
job IVFs in 

sJ  are non-constant, the permutation of 
segments would change thetotal accrued value (Figure 7(b)). 

In this regards, a reasonable policy will split
s
into some 

smaller subintervals (shown again with 
s
) until any

,i j

fr
JV t  (

,i j sJ J ) can be estimated with a constant. After this 
step, the primary IVF will be converted into a multi-step 
function. A schematic view of this process is shown in 
Figure 8 The procedure of this splitting is discussed with 
moredetails in Section 5.1.  
 
5.1. Estimation of IVF 
 
This section describes the procedure of estimating an IVF by 
a multi-step function. As 

,i j

fr
JV t  is unknown a prior, and we 

know only max

,i j

fr
JV t , we must find a way to use max

,i j

fr
JV t

instead of
,i j

fr
JV t  for the estimation. To do so, we first 

present the following lemma: 
Lemma 1:If 

,i j

fr
JV t is constant in 

s
, the operating 

frequency does not affect the accrued value of Ji,j,k.  
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Proof: Using (3), the relation between , ,

, ,
i j sfr

i j sV and max
, ,
fr

i j sV  is 

calculated as , , max
, , , , max , , , ,. ,i j sfr fr

i j s i j s i j s i j k sV fr fr V J JS . 

Therefore, the accrued value gained from executing Ji,j,kis 
derived as follows: 

 

, , , , max max max max, , max
, , , , , , , , , , , ,

max , ,

. . . . .i j s i j sfr fr i j s fr fr fr fr
i j s i j k i j s i j k i j s i j k

i j s

fr frV J V J V J
fr fr

 

 

Thus, if , ,
, ,

i j sfr
i j sV  is constant, the amount of accrued value by

, ,
, ,

i j sfr
i j kJ  is equalto max max

, , , ,.fr fr
i j s i j kV J , which is independent of the 

value of fr(t) and the proof is completed.  
As 

,i j

fr
JV t  is estimated by a constant value in

s
,the 

accrued value in
s

 can be calculated using (5). After 
applying Lemma 1, (5) can be rewritten as: 
 

max max

, ,
, , , ,.

i j k s

fr fr
i j s i j kJ JS

V J
                                                        (6)

 

 
There fore, max

,i j

fr
JV t  can be used in the estimation. 

Here, we define two parameters:  
1) : This parameter determines the minimum 

acceptable length of
s
 for a system, i.e., 

s
 

2) : This parameter determines the maximum 
acceptable mean slope of any max

, ,i j

fr
J i j sV t J J  in the 

scope of 
s
. As also indicated previously, the intended IVF 

is considered as non-decreasing, thus the maximum value is 
equal to max

,i j

fr e
J sV , and the minimum value is equal to 

max

,i j

fr st
J sV . Therefore this condition can be expressed as 

max max

, ,i j i j

fr fre st
J s J s sV V . 

Accordingly, each 
s
 will repeatedly be broken into two 

equal segments until one of the above thresholds is exceeded. 
In other words, 

s
 will be split as long as its length is more 

than and the slope of the value function of at least one    
job in 

sJ is more than . Then, max

,i j

fr
JV t in 

s
will          

be estimated with a constant value. We refer to this   
estimated constant value as , ,

mean
i j sv , which is calculated as 

follows:  
 

max

,

, ,

e
s

i j
st
s

fr
J

mean
i j s

s

V t dt

v
                                                             (7)

 

 
After applying this procedure, the total number of 

achieved subintervals will be increased with respect to the 
initial number of subintervals. The set of subintervals is 
shown byS and the number of subintervals in S is represented 
by |S|. Therefore, the value of |S| depends both on and . 
 
5.2. Computing the Total Accrued Value 
 
By estimating the value functions with multi-step functions, 
we will have an estimation of

,i jJEAV ,which is referred to as

,i jJEEAV  (EEAV is defined as estimated EAV). According to 

(1), (6), and (7), the 
,i jJEEAV can be calculated as follows:  

 
max

,

, ,

| |

, , , ,
1

.
i j

i j k s

S
frmean

J i j s i j k
s J JS

EEAV v J
                                        (8)

 

 
If the frequency is equal to fri,j,s during the execution of 

Ji,j,k, Ei,j,k can be calculated as follows: 
 

, ,3
, , , , , , , ,. . ,i j sfr

i j k d i j s i j k i j k sE P fr J J JS
                      (9)

 

 
Using (9), NH can be computed in the following manner: 

 

,

, ,

, , , ,

, ,1 1 1

3
, , , , , ,1 1

. .

i i j

i j s

i j k s i j k s

b b
H n H p m

H i j ki j k

b b
S S fr

i j k i j s i j ks J JS s J JS

E EN
E E

E E
E fr J

                                                                                           

(10) 
 

Now, according to the recent definitions, some inequality 
constraints in (2)are replaced with some new ones. More 
precisely, the first inequality in (2) can be replaced as 
follows. By the definition of 

s
, the allocated time to jobs in 

thesthtime interval must be less than
s
:  

 
, ,

, ,

, ,
i j s

i j k s

fr
i j k s

J JS
J

                                                           (11)

 

 
By combining (2), (8), (10), and (11), the intended 

problem can be specified in the following form:  
 

max

, ,

, ,

, ,

,

max

,
, ,

, , , ,1

3
, , , ,1

, , ,
1

, ,
1

min , , max

.
max

.

1, ,

1, ,

1, ,| |

1, ,

1, ,

i j k s

i j s

i j k s

i j

i j
i j s

S frmean
i j s i j ks J JS

S fr
i j s i j ks J JS

m
fr

i j k i j
k

i
m

fr
i j k s

k

i j s

i

v J

fr J

subject to

J e i n

j H p

J s S

fr fr fr i n
j H p
s 1, ,| |S                              (12)

 

 
As , ,

, ,
i j sfr

i j kJ  and max
, ,
fr

i j kJ  are dependent parameters                

( , , max
, , , , max , ,.i j sfr fr

i j k i j s i j kJ fr fr J ), one of them can be omitted 

from (12). By substitution of , ,
, ,

i j sfr
i j kJ  with max

, , max , ,. fr
i j s i j kfr fr J , 

(12) can be written as: 
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max

, ,

, ,

, ,

,

max

,

max

, , , ,1

3
, , , ,1

, , ,
1

, ,
, ,

1 max

min , , max

.
max

.

1, ,

1, ,

. 1, ,| |

1, ,

i j k s

i j s

i j k s

i j

i j

S frmean
i j s i j ks J JS

S fr
i j s i j ks J JS

m
fr

i j k i j
k

i

m
i j s fr

i j k s
k

i j s

v J

fr J

subject to

J e i n

j H p
fr

J s S
fr

fr fr fr i n

1, ,
1, ,| |

ij H p
s S                              (13)

 

 
Now, for computing EEAV, (13) is to be solved. The 

complete solution is given in Appendix B. The given 
solution determines all job segments and the corresponding 
frequencies in a hyper-period. Then, EEAV can be calculated 
as follows:  
 

max

,
max, ,

, ,

| |

, , , , | |
21

max , , , ,
1

. .
. .

i j
i j k s

i j k s

S
frmean b

J i j s i j k S
frs J JS

i j s i j k
s J JS

EEEAV v J
fr fr J

     

                                                                                      

(14)  
 
5.3. Determination of the Operating Frequency 
in

s

 
As it is shown in Appendix A, when , ,i j s sfr fr  with the 
formulation of the  
 

max

, ,

max , ,

min

.
min , i j k s

fr
i j k

J JS
s

s

fr J
fr fr

                               (15)
 

The consumed energy in 
s

 is minimized. Using frs, 
EEAV is calculated as follows:  
 

max

,
max, ,

, ,

| |

, , , , | |
21

max , ,
1

. .
. .

i j

i j k s

i j k s

S
frmean b

J i j s i j k S
frs J JS

s i j k
s J JS

EEEAV v J
fr fr J

                                                                                           

(16) 
 

This result has another important outcome. If each job 
segment has a different operating frequency, a great amount 
of timing and energy is imposed due to frequency switching 
overhead. However, as it is proved in Appendix A, the 
frequency in the entire 

s
 is the same for all job segments; 

thus, the frequency switching overhead becomes negligible 
through the system if  and are chosen properly. We will 
use this result in Section 6. 
 

6. Experimental Results 
 
In this section, we evaluate EBSOVA with several different 
task sets and IVFs. EBSOVA is compared with SOVA [7] 

and Earliest Deadline First (EDF) [22]. EDF does not 
consider the value functions in its decision makings and the 
only criterion for its scheduling is meeting deadlines. 
Moreover, a hypothetical optimal condition is considered, in 
which the maximum possible value that could be achieved by 
a job - without the presence of other jobs - is computed. Such 
computed values for all jobs are then summed together and 
considered as the optimal value of the system. This optimal 
value simply referred to as Optimal Accrual Value (OAV). 
Although OAV is an unrealistic measure, it provides a good 
reference for evaluating the effectiveness of EBSOVA.  

Three IVFs are examined: non-increasing, non-
decreasing and sine-shaped. The non-increasing IVF is 
computed as max

i iV p , and non-decreasing IVF is set to
max

i iV p . Sine-shaped IVF is expressed as max sini iV p . In 
these experiments max

iV is set to pi.  
The phases of all tasks are set to 0 in all experiments. In 

our configuration, we vary the system utilization in the range 
of [0.1, 0.9]. We perform several experiments with different 
task sets for evaluating EBSOVA. Each task set is composed 
of 5 periodic tasks. The period of each task is uniformly 
distributed in the interval [1, 40]. The execution times are 
randomly chosen with uniform distribution in a way that the 
generated task set has the desired utilization. 

In these experiments, we setfrmax and frminusing the 
specification of the AMD Athlon processors [23]. The 
required LPs in Appendix B aresolved using MATLAB 7.4  
[24] running on a Pentium 4 processor with the speed of 3 
GHz and 1 GB of RAM. 

must be considered very small, so that the difference 
between the total accrued EAV and the obtained EEAV 
becomes negligible. While it is impractical to measure 
accrued EAV of the system (because this leads to converge 

 to zero), by selecting a small ,  H becomes negligible, 
which provides good estimation of the total accrued EAV.  

Beside the accuracy of computations, other factors can 
also affect the determination of  and . For example, the 
overhead of context switching and frequency switching may 
motivate us to select larger parameters. As it is mentioned in 
Section 5.3, frequency switching is occurred on the 

s
s' 

boundaries. Thus, the amount of overhead can be controlled 
by tuning the values of  and . 
 
6.1. Effectiveness of EBSOVA
 
In this section, we study the effectiveness of our energy 
saving method. The comparison of EBSOVA with SOVA 
and EDF for non-increasing, non-decreasing and sine-shaped 
IVFs are shown in Figures 9, 10, and 11, respectively. The 
results are normalized by OAV. In these set of experiments, 
frmax is set to 1000MHz, and frminis equal to 360MHZ.  

As it is shown in Figures 9, 10, and 11, for task sets of 
any utilization, EBSOVA results in gaining more accrued 
EEAV. From these figures, weobserve that EBSOVA 
performs well when load is low. This is due to the fact that in 
the low utilization, sis occupied partially, and thus, frs is low. 
Therefore, in this case the consumed Energy in sis low. As 
the load increases, frs is also increases. As a consequence, the 
difference between the performances of the methods 
decreases. 
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Figure 9. Non-decreasing IVF 
 

 
 

Figure 10. Non-increasing IVF 
 

 
 

Figure 11. Sine-shaped IVF 
 
Figure 12 shows some results to compare the accrued 

EEAV by EBSOVA using different IVFs. The attained 
results are normalized with respect to SOVA. As shown in 
this figure, the behaviors of all IVFs with respect to different 
loads are similarto each other which is an indication of the 
effectiveness of EBSOVA. 
 

 
 

Figure 12. Comparison between different IVFs 
 

 
 

Figure 13. Comparison between different processorspeeds 
 
6.2. The Effect of Max-Ratio on the 
Performance
 
An important factor in the determination of EBSOVA's 
effectiveness comparing to SOVA is the amount of max-
ratio. Here, we examine two cases: 

1) frmax=1000MHZ and frmin=360MHZ, and hence, max-
ratio 2.8.
2) frmax=500MHZ and frmin=300MHZ, and hence, max-
ratio 1.7.
Figure 13 shows the gathered EEAV by EBSOVA in 

both cases for non-decreasing IVF. The attained results are 
normalized with respect to SOVA. As shown in the figure, 
the difference between the curves is much higher when the 
load is low. As the load increases, the gap between them 
decreases. This is due to the fact that, typically, when the 
load is low, max

, ,
max , ,.

i j k s

fr
i j k sJ JS

fr J  is less than frmin. 

Thus, frmin is chosen as the working frequency, and the ratio 
of the EBSOVA's EEAV to the SOVA's EEAV is 
proportional to 2 2

max minfr fr . However, when the load is 

high,frs is set to max

, ,
max , ,.

i j k s

fr
i j k sJ JS

fr J ,and max-ratio 

losses its effect on the determination of the amount of 
obtained EEAV. 
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7. Related Work 
 
The most related works to this study that consider more 
general timing constraints with respect to classic deadlines, 
are those that take the TUF and gravitational time constraints 
for the jobs into account. TUF was first introduced by Jensen 
[2]. In [25], Strayer presents a similar framework called 
''importance function''. However, no new scheduling 
algorithm is introduced in this reference. In general, both 
TUF and ''importance function'' can take arbitrary shapes and 
have similar meanings.  

The first utility-accrual (UA) scheduling algorithm was 
proposed by Locke [3]. This algorithm considers arbitrary-
shaped TUFs for independent task model. Locke's work was 
then extended in several studies, including [16-17,26-28]. 
The main criteria that most of the UA scheduling algorithms 
[16-17,26,29] use in their decision makings is Potential 
Utility Density (PUD). The PUD of a job simply measures 
the amount of utility that can be accrued per unit of time by 
executing the job and the jobs that they depend upon. Most 
efforts on UA scheduling algorithms [16-17, 29-31] consider 
some specific shapes of TUFs (e.g., step or non-increasing 
TUFs) rather than the general shapes of TUFs studied in [3].  

In [4], Clark has proposed a UA scheduling algorithm, 
called DASA, which allows jobs mutuallyexclusively share 
non-CPU resources under the single-unit resource request 
model. DASA also provides assurance on timeliness 
behavior during under-load situations. However, DASA is 
restricted to step TUFs. In [32], a probabilistic method that 
guarantees a lower bound on tasks' accrued utilities is 
provided.  

In addition to [3], [26] also considers arbitrary-shaped 
TUFs. The paper assumes the TUF as a ''black box'' that 
simply gets a job completion time and returns the respective 
definite utility. The problem of scheduling tasks with 
arbitrarily shaped TUFs and mutual exclusion resource 
constraints is also addressed in the latter study.  

Another time constraint model that has a closer concept 
to IVF is the gravitational model [5]. This model describes 
the behavior of applications that have instant sensitive time 
constraints. Each job in the model has a specific instant, 
namely target point, at which execution results in the highest 
utility. Further, according to the job importance, the 
execution of each job can shift around this instant which 
resultin lower utility accrual based on the respective 
deviation from the target point.  

The gravitational model is based on a pendulum. A 
pendulum is an object that is attached to a pivot point and 
can swing freely. The equilibrium state of a single object in a 
pendulum is the central point. An object placed in this 
position will not swing. If there is more than one object, they 
will push each other aside and their equilibrium state will 
depend on their relations between weight and size. The 
equilibrium state of the objects is mapped to the state of 
gaining maximum utility in the corresponding real-time 
system. 

The gravitational model mentioned above can be 
considered as a special case of IVF-constrained systems. The 
solution provided in [6] for scheduling task sets described 
with the gravitational model is mapped to the problem of 
scheduling the IVF constrained task sets with half-elliptical 
IVFs. As also mentioned in Section 2, in spite of the 

gravitational model that has only one importantinstant as the 
target execution time, IVF specifies the value of all instants 
of job execution. In addition, due to the physical 
interpretation of the pendulum as the basis for the 
gravitational model, it is not proper for modeling preemptive 
task sets.  

Other recent studies that consider close concepts to IVF 
are [8] and [9] which concentrate on the instants of 
performing the task input and output (I/O) operations. In the 
studies, the authors consider the effects of delays between the 
input and output operations in real-time systems on the 
accuracy of results and present some heuristic methods to 
improve the metric. However, in the current study, we focus 
on the instants of job execution rather than I/O operations, 
and propose an optimal solution for the problem. 

On the other hand, voltage scheduling for variable-
voltage processors has recently been extensively studied for 
various system models. These algorithms are classified into 
offline and online ones. Offline algorithms compute voltage 
schedules with the assumption that timing parameters of each 
job is constant and known a priori, while online algorithms 
dynamically adjust the processor's frequency along with the 
supply voltage based on the execution history. 

For static job sets, where each job has its own release 
time, deadline, and worst case execution time known offline, 
Swaminathan et al. [10] proposed an offline voltage 
scheduling algorithm using generalized network flow. In 
[33], an optimal offline voltage scheduling algorithm 
assuming EDF scheduling policy for static job sets has been 
proposed. The offline scheduling problem for the static job 
model with arbitrary priority assignment (including Rate-
Monotonic and Deadline-Monotonic) was proved as an NP-
hard problem. Then a fully polynomial time approximation 
scheme for the problem was presented [34]. The problem of 
integrating DVS mechanism into the priority driven 
schedulers has been explored in some other studies, too. 
Pillai and Shin [35] derived the minimal frequency that can 
make a task set schedulable under EDF, and proposed a near-
optimal method under RM. [36] also provides an algorithm 
to find the optimal frequency for fixed-priority assignments, 
assuming that the frequency of the processor can be varied 
continuously in a given range. 

Several online voltage scheduling algorithms have also 
been developed in the literature. Since the tasks' demands are 
not always the worst-case, some reclamation techniques have 
been proposed to reclaim the unused cycles to save more 
energy for both dynamic-priority periodic tasks [11,37] and 
fixed-priority periodic tasks [12,14]. These reclamation 
techniques first run the CPU fast (assuming the worst-case 
demand) and then decelerate when a job finishes earlier. In 
addition, more aggressive techniques that proposed in [37] 
assume that the current and future instances of a task will 
most probably present a computational demand which is 
lower than the worst-case. The aggressive techniques start a 
job with the lowest frequency required to meet the minimum 
work that must be done now, and then accelerate as it 
progresses.  

Stochastic DVS is also used to handle runtime demand 
variations [13-15, 38]. [38] aims at general-purpose 
applications. In the study, a DVS technique called PACE is 
presented with applying soft deadlines and estimating task 
work distributions. In [13-14], some real-time DVS 
techniques are proposed. In [13], offline analysis is combined 
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with online slack-time stealing and cycle-based stochastic 
DVS for hard real-timesystems. [15] introduces a stochastic 
dynamic power management policy for soft real-
timesystems. The idea is based on a Markovian model of the 
system, which presents an analytical technique for tuning the 
system performance parameters. 

The interplay of TUF and energy consumption has been 
addressed in some studies. The work in [18] considers 
system-level energy consumption, but it is restricted to 
resource-independent activities, and provides no assurances 
on timeliness behaviors. In [39], mutual exclusion resource 
constraints are also considered. [40] has also solved the 
problem of UA scheduling with the consideration of the 
system level power consumption which has been extended in 
[17] for the consideration of mutual exclusion resource 
constraints. [16]is an extension of [17], and considered 
energy constraints in TUF-based systems. In the work, the 
system is assumed to be battery-powered and must remain 
functional during a specified time with a bounded energy 
budget. A stochastic view to a TUF-constrained firm real-
time system has also been studied in [19] which proposes 
some analytical methods for the system performance 
evaluation. Also, the method is used to find the optimal 
processor speed in a DVS-enabled single-processor system to 
obtain the best utility for the jobs. 

The problem of real-time scheduling under energy 
constraints has also been considered in some different 
researches. [41] considers the IRIS (Increasing Reward with 
Increasing Service) execution model. In the reward-based 
scheduling framework, each job is divided into a mandatory 
part and an optional part. The mandatory part of a task 
should be completed by its deadline while the optional part 
can be selectively executed before the deadline. The optional 
part is assumed to follow the mandatory part in sequence and 
can be interrupted at any time. The goal of reward-based 
scheduling is to find optional parts that maximize the total 
reward while meeting all the deadlines. This goal is achieved 
in [41] regarding energy constraints. A similar problem is 
also studied in [42]. 

However, as also mentioned in Section 1, IVF is a more 
general model of timing constraints with respect to the 
previous works which can describe the behavior of specific 
real-time systems in a more precise manner. Further, to the 
best of the authors' knowledge, there exists no previous study 
on the semantics of applying DVS to IVF-basedreal-time 
systems. 
 
8. Concluding Remarks 
 
Many emerging battery-powered embedded real-time 
systems are subject to energy bounds, embodied by a battery 
with a finite lifetime. In this paper, beside a new model of 
timing behaviors for specific real-time systems, namely IVF, 
we have discussed on the semantics of applying DVS to IVF-
constrained jobs. As shown in this paper, DVS can change 
the shape of IVF for such tasks, and therefore,can affect the 
way of scheduling tasks in such a system. Accordingly, an 
IVF-based real-time scheduling algorithm, EBSOVA, is 
proposed which considers activities subject to IVF time 
constraints, periodic job arrivals, and a bounded source of 
energy. EBSOVA tries to maximize the accrued value of the 
system under the bounded budget of energy. We have shown 

the optimality of the algorithm analytically. The simulation 
experiments also confirm the superiority of EBSOVA over 
some past algorithms. 

Several aspects of the work are directions for further 
research. Examples include the considerations of more 
general task arrival models and discrete processor speed 
levels. 
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Appendix A. Determining Minimum 
Consumed Energy in s
 
In this appendix, we prove that when fri,j,s is set to frs (frs is 
defined in (15)), the consumed energy in 

s
is minimum. As 

the first step, we prove the problem for the condition that 
there is no slack remaining in

s
, i.e, , ,

, ,
, ,

i j s

i j k s

fr
i j k sJ JS

J

We define the frequency of fravg as: 
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i j k s
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i j s i j kJ JS

avg fr
i j kJ JS

fr J
fr

J
                                            (A.1)

 

 
First, the valid range of fravg must be determined. 

Lemma 2:fravgis in the range of [frmin,…,frmax] 
Proof: Since fravg is the weighted average of fri,j,s's of 

s
, 

the proof in straightforward.  
In the next step, we show that for any given set of , ,

, ,
i j sfr

i j kJ  

and fri,j,s, the consumed energy when using fravg, is minimum. 
Here we show the consumed energy of operating at fravg by

avgfrE , and the consumed energy of operating at fri,j,s by 
, ,i j sfrE . 

We must show that: 
 

, ,avg i j sfr frE E                                                                      (A.2) 
 
Lemma 3: For any given set of , ,

, ,
i j sfr

i j kJ  and fri,j,s, 

, ,avg i j sfr frE E . 
 

Proof: First we show that the following equation is a 
tautology. This can simply be done by deduction.  
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Now, to prove (A.2), (A.3) is multiplied by 

, , , ,

, , , ,
, , , , , ,. i j s i j s
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fr fr
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Using some simple algebraic manipulations, we find that: 
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By combining (A.4) and (A.5), (A.2) is derived. Thus the 
proof is complete.  

This result implies that for any given set of , ,
, ,

i j sfr
i j kJ  and 

fri,j,s, 
avgfrE  is the minimum consumed energy in 

s
. Now, 

consider the case when some slack remains in , i.e., 
, ,

, ,
, ,

i j s

i j k s

fr
i j k sJ JS

J . We define the frequency of frs as: 
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We show the consumed energy of operating atfrs by 

sfrE . 

s avgfr fr , because , ,

, ,
, ,

i j s

i j k s

fr
i j k sJ JS

J . Therefore, we 

have 
s avgfr frE E . In fact,

sfrE  is the minimum achievable 

amount of consumed energy. The reason is that the 
denominator of (A.6) shows the amount of work that must be 
executed in 

s
, and the numerator of it is the maximum 

range that the execution of jobs of 
s
 can be delayed without 

violating timing constraints. In the next step, the valid range 
of frs must be determined. Using 

s avgfr fr  and Lemma 2, 
we have: 
 

maxsfr fr                                                                          (A.7) 
 

There is no relationship between frs and frmin. It may be 
possible that , ,

, ,
, ,

i j s

i j k s

fr
i j kJ JS

J be much less than 
s
, and as 

a consequence, frs becomes less than frmin. Thus, the 
definition of frs must be modified as: 
 

s
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By substitution of , ,

, ,
i j sfr

i j kJ  by max
max , , , ,. fr

i j s i j kfr fr J  in (A.8), 

(15) is derived. 
 
Appendix B. Solving Maximization 
Problem
 
Here we present a solution for (13). Our strategy is to find an 
initial solution, and improve the solution using local search 
techniques. To find an initial solution, the limitations of 
systems' energy are temporary ignored. Therefore, fri,j,s is set 
to frmax. By substitution of fri,j,s with  frmaxin (13), the 
following equation is given: 
 

max

, ,

max

, ,

,

max

,

max

, , , ,1

3
max , ,1

, , ,
1

, ,
1

.
max

.

1, ,

1, ,

1, ,| |

i j k s

i j k s

i j

i j

S frmean
i j s i j ks J JS

S fr
i j ks J JS

m
fr

i j k i j
k

i
m

fr
i j k s

k

v J

fr J

subject to

J e i n

j H p

J s S
                           (B.1)

 

 
The numerator of (B.1) is constant as shown below: 

,
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Thus, (B.1) can be rewritten as: 
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Now, to solve (13), (B.2) is to be solved at first stage. 

This gives the initial solution of max
, ,
fr

i j kJ and
, , maxi j sfr fr . The 

solution observes the constraints of (13), and can be used as 
an initial point. After this step, using local search techniques, 
Ji,j is redistributed between corresponding 

s
s iteratively. At 

each iteration, frs and EEAV is calculated to find the 
preferred result. After some iteration, we obtain EEAV. 
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