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modems sufficient and necessary to cover every point in the 
plane so that the modems can be located in the exterior or 
interior of the polygon. They showed that the plane in 
presence of an orthogonal polygon on 2݉  vertices can be 
covered with a single (݉ െ 1)- modem for even ݉ and with a 
single ݉-modem for odd  ݉. This modem is located in the 
interior of the polygon. They also showed that the whole 
plane in the presence of a simple polygon or an orthogonal 
polygon ܲ on ݊ vertices can always be covered with a single 

ቒ
ଶ௡ାଵ

ଷ
ቓ- modem or a single ቒ

௡

ଷ
ቓ- modem, respectively. The 

proofs of theorems in [4] show that these modems may be 
placed in the exterior of the polygon. 

Ballinger et al. [5] gave some lower and upper bounds for 
the number of ݇-modems necessary and sufficient to cover a 
given collection of line segments, polygonal chains and 
polygons. They used the word of transmitter instead of 
modem. 

In this paper, it is shown that every monotone polygon on 

݊ vertices can be illuminated with ቒ
௡

ଶ௞ାଶ
ቓ ݇- modems. Since 

Aichhlozer et al. [1] exhibited examples of monotone 

polygons requiring ቒ
௡

ଶ௞ାଶ
ቓ  ݇- modems, our bound is tight. It 

is also shown that every orthogonal polygon on 2݉ vertices 
(with or without holes) can be covered with a single (݉ െ 4)-
modem for odd ݉ and with a single (݉ െ 3)- modem for even   
݉ . When the purpose is covering a simple orthogonal 
polygon with a single modem placed at a point in its interior 
or boundary, these bounds on the power of the modem are 
tight. The results so far are related to the cover a polygon in 
the plane. They do not consider the cover the whole plane. In 
contrast, the following result is related to the cover the whole 
plane in the presence of a polygon as an obstacle. It is shown 
that if there is a monotone orthogonal polygon in the plane, a 
single 4-modem will be enough to illuminate the plane. This 
bound on the power of the modem is tight. 

This paper is organized as follows. Section 2 gives the 

upper bound ቒ
௡

ଶ௞ାଶ
ቓ on the minimum numbers of required ݇-

modems to cover a monotone polygon and we show this 
bound is tight. In section 3 we show that every orthogonal 
polygon (with or without holes) on 2݉  vertices can be 
covered with a (݉ െ 4)-modem for odd ݉ and with a (݉ െ 3)-
modem for even ݉ . In section 4 we discuss about the 
problem of ݇- modem covering the plane. In section 5 we 
conclude some remarks and open problems.  
 

2. The ܓ -Modem Art Gallery Problem 
for Monotone Polygons 
 
In this section, we want to deal with the ݇-modem art gallery 
problem for monotone polygons. Our goal is finding the 
number of ݇ -modems which are always sufficient and 
sometimes necessary for covering an arbitrary monotone 
polygon. 

If k-modems are placed at vertices of a polygon, they are 
called vertex ݇-modems. If a modem is located at a point of 
an edge, this edge will not block any signals of the modem. 
If it is located at a vertex, the incident edges will not block. 
 
Lemma 1. Every (k ൅  3)-gon can be covered with a vertex 
k-modem. 

Proof. This is straightforward because every line segment 
joining a vertex and a point in the interior or on the boundary 
of a (k ൅  3)-gon crosses at most k edges of the polygon.ז 
 
Lemma 2. Every monotone polygon on 2k ൅ 4 vertices can 
be illuminated with a single k -modem placed on the 
boundary of the polygon, and there is a monotone polygon 
on 2k ൅  6  vertices which cannot be illuminated with a 
single vertex k-modem. 
 

 
 

Figure 1. the proof of lemma 2. (a) An example of monotone 
polygon with 2k ൅  6 vertices which cannot be illuminated 
with a single vertex k-modem, (b) some parts of the polygon 
which are adjacent to the edge  e. A k-modem placed at the 
point x′ covers the whole polygon, (c) A k-modem placed at 
the point x covers the whole polygon 
 
Proof. An example of monotone polygon with 2k ൅
 6 vertices which cannot be illuminated with a single vertex 
k-modem is shown in Figure 1ሺaሻ. As shown in this figure, 
the vertices labeled by a, b, c, d, e, and f are fixed for every 
positive value of the parameter k . When the value of k 
increases, the number of intermediate peaks increases. As the 
polygon is x-monotone, we can sort its vertices from left to 
right according to their x coordinate.  

The height or y-coordinate of convex vertices (except the 
vertices a , e , f) increase monotonically from left to right. 
Likewise, The height or y -coordinate of reflex vertices 

(except the vertex labeled by ቒ
୩

ଶ
ቓ

ᇱ
 ) decrease monotonically 

from left to right. The convex vertices of the polygon are 
denoted by 1, 2, … , k, and its reflex vertices are denoted by 
1’, 2’, … , k’, as shown in Figure 1ሺaሻ. 

  
The polygon has some special properties as follows: 
1) For every pair of a convex and a reflex vertex, 

consider the line segment joining them. All the convex 
(reflex) vertices between them lie above (below) this line 
segment. 

2) All the reflex vertices which lie to the left (right) of 

the vertex  ቒ
୩

ଶ
ቓ  , and the vertex a  ( e ) lie below the line 

segment joining the vertices ቒ
୩

ଶ
ቓ and f (kԢ). 

3) All the convex vertices which are to the left (right) 

of the vertex ቒ
୩

ଶ
ቓ  lie above the line segment joining the 

vertices ቒ
୩

ଶ
ቓ and f (kԢ). 

4) All the reflex vertices which lie to the left (right) of 

the vertex ቒ
୩

ଶ
ቓ

ᇱ
 , and the vertex a  ( e ) lie below the line 

segment joining the vertices ቒ
୩

ଶ
ቓ

ᇱ
  and f (d). 
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5) All the convex vertices which lie to the left (right) 

of the vertex ቒ
୩

ଶ
ቓ

ᇱ
  lie above the line segment joining the 

vertices ቒ
୩

ଶ
ቓ

ᇱ
 and f (d). 

According to the property 1, it is obvious that the only 
candidates for covering this polygon with a single vertex k-

modem are the k-modem placed at the vertex ቒ
୩

ଶ
ቓ for odd k, 

and the k -modem placed at the vertex ቒ
୩

ଶ
ቓ

ᇱ
  for even k . 

However, According to the other properties mentioned 
above, there is at least a point on the polygon which do not 
cover with these k-modems for each case. 

Without loss of generality, we suppose that P  is an x-
monotone polygon with vertices pଵ, pଶ, ڮ , pଶ୩ାସ  ordered 
from left to right. Without loss of generality, we assume that 
p୩ାଶ lies on the upper polygonal chain of P. Imagine that an 
edge of P having p୩ାଶ as its left endpoint is denoted by e. 
Thus let e୪  and e୰  be the left and right endpoints of e , 
respectively. Assume that e୰ and pଶ୩ାସ are not the same. So, 
there is an adjacent edge to e୪ denoted by m′ and the other 
adjacent edge to e୰ denoted by m. The edges m and m′ are 
on the upper polygonal chain of P. 

Draw a vertical line through p୩ାଶ . Let x  be the 
intersection point of this vertical line and the boundary of P. 
The vertical line segment joining p୩ାଶ and x is denoted by l. 
Let Pଵ

ି be the subset of P to the left of l. Let Pଵ
ା be the subset 

of P  to the right of l . We consider L ൌ  Pଵ
ି ׫   l  and            

R ൌ  Pଵ
ା ׫   l.  

If x  is a vertex of P , then L  and R  have k ൅ 3  vertices. 
According to Lemma 1, a k-modem placed at x or  p୩ାଶ, can 
cover L and R. So, it can cover L either. Now we suppose 
that x is not a vertex of P. So, the edge of P lying directly 
below P୶ାଶ is denoted by f with f୪ and f୰ as its left and right 
endpoints. The polygons L  and R  have k ൅  3  and k ൅  4 
vertices, respectively. We have two situations: 

1. e୰  lies above the horizontal line passing through 
e୪.Two cases occur. 

A. The right endpoint of m lies above the horizontal 
line through e୰, see Figure 1ሺbሻ. 
 The point x  lies below the intersection point of the 

extensions of l and m. So, There is no ray emanated 
from x which can cross both of e and m. So, the line 
segment joining x and any point of R crosses at most 
k edges of R. Therefore, a k-modem placed at x, can 
cover R. Since x is a vertex of L having k ൅  3 edges, 
a k-modem placed at x can cover L either, according 
to Lemma 1. So, it can cover all the points of P. 

 The point x lies above or on the intersection point of 
the extensions of l and m. 
 There is no rays emanated from p୩ାଶ which can 

cross both of f and m simultaneously. So, the line 
segment joining p୩ାଶ and any point of R can cross 
at most k  edges of R . As before, a k -modem 
placed at p୩ାଶ, can cover P. 

 There is at least a ray emanated from p୩ାଶ  that 
crosses both of f  and m  simultaneously. So, the 
vertex f୰  should lie above the horizontal line 
through e୰. It is obvious that e୰ and p୩ାଷ are the 
same. On the other hand, the intersection point of 
the extension of e and the edge f should lie to the 
right of the line containing l. 

Draw a vertical line through p୩ାଷ . Let xԢ  be the 
intersection point of this vertical line and the boundary of   P. 
The vertical line segment joining p୩ାଷ and xԢ is denoted by 
lԢ. Let Pଶ

ି be the subset of P to the left of lԢ. Let Pଶ
ା be the 

subset of P to the right of lԢ. We consider LԢ ൌ  Pଶ
ି ׫   lԢ and 

RԢ ൌ  Pଶ
ା ׫   lԢ. If xԢ is a vertex of P, as before, LԢ and RԢ have 

k ൅ 3 vertices. According to Lemma 1, a k-modem placed at 
xԢ or p୩ାଷ can cover L and R. So, this modem can cover P.  

Now we suppose that xԢ is not a vertex of P. So, the point 
xԢ lies on the edge f. Therefore, RԢ has k ൅  3 vertices and LԢ 
has k ൅  4 vertices. We have two situations.  

o There is no ray from xԢ  crossing both of e  and mԢ 
simultaneously. The line segment joining xԢ and any 
point of LԢ  crosses at most k  edges of LԢ 
simultaneously. Therefore, a k -modem placed at xԢ 
covers LԢ . Since xԢ  is a vertex of RԢ  having k ൅ 3 
edges, a k -modem placed at xԢ  also covers RԢ , 
according to Lemma 1. So, this modem covers P. 

o There is at least one ray emanated from xԢ crossing 
both of e and mԢ. Therefore, the left endpoint of mԢ 
should lie above the line connecting xԢ and e୪. Since xԢ 
and p୩ାଷ  lie on the same vertical line and xԢ  lies 
below p୩ାଷ, the left endpoint of mԢ should lie above 
the extension of the edge e . So, there is no ray 
emanated from p୩ାଷ  crossing both of f  and mԢ  
simultaneously. Therefore, a k-modem placed at p୩ାଷ, 
can cover LԢ. As before, this modem can cover P. 

B. The right endpoint of m lies below the horizontal 
line passing through e୰ , see Figure 1ሺcሻ . In this case, 
there is no ray emanated from x crossing both of e and m 
at the same time because the polygon P is x-monotone.  
So, the line segment joining x and any point of R crosses 
at most k  edges of R . Since x  is a vertex of L  having 
k ൅  3  edges, a k -modem placed at x  also covers L , 
according to Lemma 1. So, this modem covers P. 
2. e୰  lies below the horizontal line passing through e୪ . 

Two cases occur. 
A. The left endpoint of m lies above the horizontal line 
passing through e୰. 
B. The left endpoint of m lies below the horizontal line 
passing through e୰. 
These cases are similar to the case of 1A . Analogous 

arguments show that a k-modem placed at x or xԢ or p୩ାଶ or 
p୩ାଷ can cover all the points of P.  

C. If e୰ and pଶ୩ାସ are the same, we can argue on the 
edges being adjacent to f in a similar way. ז 

 

 
 

Figure 2. (a) The monotone polygons on n vertices which 
require ڿn/ሺ2k ൅ 2ሻۀ k-modems to be covered [1], (b), (c) the 
orthogonal 2m-gons (without hole) that being illuminated 
require a single ሺm െ 4ሻ -modem for odd m and a single 
ሺm െ 3ሻ-modem for even m, (d) The lower bound on the 
power of a single modem to cover the whole plane in 
presence of the monotone orthogonal polygon is 4 
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Lemma 3. (Splitting Lemma) [1] Let P be an x-monotone 
polygon with vertices pଵ, pଶ, ڮ , p୬ , ordered from left to 
right. For every positive integer m ൏ ݊, there exist a vertical 
line segment l  and two monotone polygons L  and R , such 
that: 

 L has m vertices and R has n െ m ൅  2 vertices. 
  Either l is chord of L and an edge of R, or l is an edge 
of L and a chord of R. 
 p୫ or p୫ାଵ is an end point of l. 
 Denote as LԢ the subset of L to the left of l, and denote 
as RԢ the subset of R to the right of l; then P ൌ   LԢ ׫ RԢ ׫
 l. 

 
Theorem 1. Every x -monotone n -gon can be illuminated 

with ቒ
୬

ଶ୩ାଶ
ቓ  k-modems. This bound is tight. 

 
Proof. As before, we suppose that P  is an x -monotone 
polygon with vertices pଵ, pଶ, ڮ , p୬ , ordered from left to 
right. We apply Lemma 3 to P and obtain two x-monotone 
polygons with 2k ൅  4 and n െ 2k െ 2 vertices are denoted by 
L and R, respectively. Again, we apply Lemma 3 to R and 
obtain two x-monotone polygons with 2k ൅ 4 and n െ 4k െ 4 
vertices are denoted by LԢ and RԢ, respectively. We continue 
this process. Finally, according to Lemma 3, we obtain 

ቒ
୬

ଶ୩ାଶ
ቓ  monotone polygons with at most 2k + 4 vertices 

covering P. According to Lemma 2, any of these polygons 
can be covered with a k-modem. Therefore, P can be covered 

with ቒ
୬

ଶ୩ାଶ
ቓ  k -modems. Aichhlozer et al. [1] exhibited 

examples of monotone polygons requiring ቒ
୬

ଶ୩ାଶ
ቓ k-modems 

shown in Figure 2ሺaሻ. So, the upper bound on the minimum 
number of required k-Modems to cover a monotone polygon 
is tight. ז 
 

3. The ܓ -Modem Art Gallery Problem 
for Orthogonal Polygons  
 
In this section, the k -modem art gallery problem for 
orthogonal polygons is considered. The purpose is finding 
the lower bounds on the power of a single modem, placed in 
the interior of an orthogonal polygon to cover it.  
 
Definition 1. given a point p ൌ  ሺa, bሻ  in the plane. Let 
Cା

ାሺpሻ ൌ ሼሺx, yሻ|x ൒ a, y ൒ bሽ , Cା
ିሺpሻ ൌ ሼሺx, yሻ|x ൒ a, y ൑ bሽ , 

Cି
ାሺpሻ ൌ ሼሺx, yሻ|x ൑ a, y ൒ bሽ and Cି

ିሺpሻ ൌ ሼሺx, yሻ|x ൑ a, y ൑ bሽ. 
 
Lemma 4. [4] Let P be an orthogonal polygon and p be a 
point in the plane. Suppose that k vertices of P belong to the 
interior of Cା

ାሺpሻ, then any ray emanated from p, contained in 
Cା

ାሺpሻ, crosses at most k edges of P. This statement is also 
true for Cି

ାሺpሻ, Cା
ିሺpሻ and Cି

ିሺpሻ. 
In Lemma 5, the purpose is covering all points of the 

plane. If the goal is covering only the interior of a polygon, 
then we have the following corollary. 
 
Corollary 1. Let P  be an orthogonal polygon and p  be a 
point in the plane. Consider m vertices of P belong to the 
interior of Cା

ାሺpሻ, then the line segment joining p and any 
point in the interior of P and Cା

ାሺpሻ, crosses at most m െ 1 

edges of P. (This statement is also true for Cି
ାሺpሻ, Cା

ିሺpሻ and 
Cି

ିሺpሻ.) 
 
Theorem 2. Every orthogonal polygon in general position 
(with or without holes) on 2m vertices can be illuminated 
with a single ሺm െ 4ሻ-modem for odd m and with a single 
ሺm െ 3ሻ-modem for even m. When the goal is to cover only 
the interior of a simple orthogonal polygon with a single 
modem placed at a point in its interior or boundary, these 
bounds on the power of the modem are tight. 
 
Proof. Let m be odd. There is a horizontal line containing a 

horizontal edge of P  so that 
୫ିଵ

ଶ
 horizontal edges of P  lie 

above and the remaining lie below it. Let L and e denote this 
line and this edge, respectively. Likewise eԢ and eԢԢ denote 
the left and the right endpoints of e, respectively. We assume 
that the polygon is in a general position, i.e. none of the two 
edges of P is collinear. 
 

Since we should have a polygon, L would cross a vertical 
edge of P which its upper endpoint lies above L and its other 
endpoint lies below it. If there is more than one vertical line 
intersecting e, we consider the rightmost one. Assume f and 
M to be this vertical edge and its extension, respectively. The 
intersection point of L and M lies on the polygon boundary. 
Let g and k denote the first horizontal edges of P lying below 
and above e , respectively. Assume G  and K  to be the 
extensions of them, respectively. Without loss of generality, 
we suppose that ൒ 4 . Three cases occur: 

1. Any of the four regions defined by L and M contains 
at least one vertex of the polygon. There are at most m െ 3 
vertices in the interior of any of these regions. According to 
Corollary 1, the line segment joining the intersection point of 
L with M and any point in the interior of the polygon crosses 
at most m െ 4  edges. So, a single ሺm െ 4ሻ-modem placed at 
the intersection point of L and M can illuminate the interior 
of the polygon. 

2. Just two regions of the whole regions defined by L 
and M contain no vertex of the polygon. So, the edge f is the 
rightmost or the leftmost vertical edge of P. If there is not a 
vertical edge (expect the edge f) such that its upper and lower 
endpoints lie above and below L, respectively, the edge f is 
the leftmost vertical edge of P. Firstly, we assume that f is 
the rightmost vertical edge of P. So, two regions which are to 
the right of M are empty. We order the vertical edges except 
f, from right to left. Suppose that the first and second vertical 
edges in the ordered list are denoted by fଵ  and fଶ 
respectively. As we suppose that m ൒ 4, these vertical edges 
actually exist.  To clarify, we have following states: 

 If the upper endpoint of the fଵ  lies above L and its 
lower endpoint lies below L, a single m െ 4-modem is 
placed at the intersection point of L and fଵ. This modem 
covers the polygon because there are at most m െ 3 
vertices in the interior of any regions defined by L and the 
extension of fଵ. 
 if the upper endpoint of fଵ lies below L, consider fଶ. 
 If the upper endpoint of the fଶ lies above L and its 

lower endpoint lies below L , a single ሺm െ 4ሻ -
modem is placed at the intersection point of L and 
fଶ. This modem covers the polygon because there 
are at most m െ 3  vertices in the interior of any 
regions defined by L and the extension of fଶ. 
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 If the upper endpoint of fଶ lies below L, a single 
ሺm െ 4ሻ-modem is placed at the intersection point 
of K  and the extension of fଶ . This intersection 
point lies inside the polygon. If this point does not 
lie inside the polygon, there should be a vertical 
edge whose lower endpoint lies below L and upper 
endpoint lies above K  which is a contradiction. 
Because we assume that the upper endpoint of fଵ 
lies below L . This modem covers the polygon 
because there are at most m െ 3  vertices in the 
interior of any regions defined by K  and the 
extension of fଶ. 

 If the lower endpoint of fଶ  lies above, a single 
ሺm െ 4ሻ-modem is placed at the intersection point 
of L and the extension ot fଶ. This modem covers 
the polygon because there are at most m െ 3 
vertices in the interior of any regions defined by L 
and the extension of fଶ. This intersection point lies 
inside the polygon. If this point does not lie inside 
the polygon, there should be a vertical edge whose 
lower endpoint lies below L and upper endpoint 
lies above L which is a contradiction. Because we 
assume that the upper endpoint of fଵ lies below L. 

 The lower endpoint of fଵ  lies above L . The 
arguments in this case are similar to the above case. 
 The lower endpoint of fଵ lies on L. So, fଵ and e have 
a common end point. Consider fଶ. 
 If the lower endpoint of the fଶ  lies above L , a 

single ሺm െ 4ሻ -modem is located at the 
intersection point of the extension of fଶ and G. 

 If the upper endpoint of the fଶ  lies below L , a 
single ሺm െ 4ሻmodem is located at the intersection 
point of the extension of fଶ and L. This point lies 
on the edge e. 

 If the lower endpoint of the fଶ lies on L, fଶ and e 
have a common end point. So, a single ሺm െ 4ሻ-
modem is located at the intersection point of the 
extension of fଶ and G. 

 If the upper endpoint of the fଶ lies on L, fଶ and e 
have a common end point. So, a single ሺm െ 4ሻ-
modem is located at the intersection point of the 
extension of fଶ and G. 

 The upper endpoint of fଵ  lies on L . So, the 
discussion about this case is similar to the above. 
Therefore, we ignore it. 
If the edge f is the leftmost vertical edge of P, we can 

argue about it in a very similar way. However, we should 
sort the vertical line from left to right. 

3.  Just one region of the whole regions defined by L and 
M contains no vertex of the polygon. Assume p to be the 
intersection point of f and L. Without loss of generality, we 
suppose that Cା

ିሺpሻ  is empty. So, there are at most m െ 4 , 
m െ 3, and m െ 2 vertices inside Cି

ାሺpሻ, Cା
ାሺpሻ, and Cି

ିሺpሻ, 
respectively. 

Without loss of generality, we assume that the endpoints 
of e are different from those of f. (If their endpoints are the 
same, than there is at least one vertical edge having the 
properties of f and its endpoints and the endpoints of e are 
not the same.) 

Now we suppose that there are at least two vertices inside 
Cି

ାሺpሻ . Therefore, there are at most m െ 4  vertices inside 
Cା

ାሺpሻ. We order the vertical edges that their upper endpoint 

lies inside Cି
ାሺpሻ from right to left. Let us consider the first 

one. If its lower endpoint lies below L, then a single ሺm െ 4ሻ-
modem is placed at the intersection point of L  and that 
vertical edge. Otherwise, a single ሺm െ 4ሻ-modem is placed 
at the intersection point of G  and that vertical edge. This 
intersection point lies inside the polygon. 

If there is one vertex inside Cି
ାሺpሻ , two situations are 

observed. 
 The x-coordinate of the right endpoint of e is less 
than that of the intersection point of L and M. A single 
ሺm െ 4ሻ-modem is placed at the intersection point of M 
and G . This intersection point lies inside f  because g 
denotes the first horizontal edges of P lying below e. 
 The x -coordinate of the left endpoint of e is more 
than that of the intersection point of L and M. 

Since we have a polygon in the general position, i.e. 
none of the two edges of P is collinear, L crosses another 
vertical edge of P that its upper endpoint lies above L and 
its other endpoint lies below L. Assume fԢ and MԢ to be 
this vertical edge and its extension, respectively. Lines L 
and MԢ define four regions, as before. 

If there is at least one vertex in any of these regions, 
then, a single ሺm െ 4ሻ-modem is placed at the intersection 
point of L and MԢ. if just two regions of the whole regions 
defined by L and MԢ contain no vertex of the polygon. So, 
fԢ  is leftmost vertical edge of P. We order the vertical 
edges that their upper endpoint lies above L  except fԢ , 
from left to right. Similar to the case 2, the suitable 
placement can be found for a single ሺm െ 4ሻ-modem. 

Now suppose that just one region of the whole regions 
defined by L and MԢ contains no vertex of the polygon. 
Assume pԢ  to be the intersection point of fԢ  and L . 
Therefore, one of Cି

ାሺpԢሻ and Cି
ିሺpԢሻ is empty. 

Firstly, we suppose that Cି
ାሺpԢሻ is empty. So, there are 

at most m െ 4 , m െ 3 , and m െ 2  vertices inside Cା
ିሺpԢሻ , 

Cି
ିሺpԢሻ, and Cା

ାሺpԢሻ, respectively. 
If there is one vertex inside Cା

ିሺpԢሻ , then a single 
ሺm െ 4ሻ-modem is placed at the intersection point of MԢ 
and K  This intersection point lies inside fԢ  because k 
denotes the first horizontal edges of P lying above e. 

Now we suppose that there are at least two vertices 
inside Cା

ିሺpԢሻ Therefore, there are at most m െ 4 vertices 
inside Cି

ିሺpԢሻ. We order the vertical edges that their lower 
endpoint lies inside Cା

ିሺpԢሻ , from left to right. Let us 
consider the first one. If its upper endpoint lies above L, 
then a single ሺm െ 4ሻ-modem is placed at the intersection 
point of L  and that vertical edge. Otherwise, a single 
ሺm െ 4ሻ- modem is placed at the intersection point of K 
and the extension of that vertical edge. This intersection 
point lies inside the polygon because k denotes the first 
horizontal edges of P lying above e and we consider the 
first vertical edge in the ordered list. 

 

Secondly, we suppose that Cି
ିሺpԢሻ is empty. So, there 

are at most m െ 2 , m െ 5 , and m െ 4  vertices inside 
Cା

ିሺpԢሻ , Cି
ାሺpԢሻ , and Cା

ାሺpԢሻ , respectively. We order the 
vertical edges that their lower endpoint lies inside Cା

ିሺpԢሻ, 
from left to right. Let us consider the first one. If its upper 
endpoint lies above L, then a single ሺm െ 4ሻ-modem is 
placed at the intersection point of L and that vertical edge. 
Otherwise, a single ሺm െ 4ሻ -modem is placed at the 
intersection point of L and the extension of that vertical 
edge. This intersection point lies inside the polygon 
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because we consider the first vertical edge in the ordered 
list. 
Now let m be even. There exists a horizontal line which 

contains a horizontal edge of P such that 
୫

ଶ
 horizontal edges 

of P lies above and the rest lie below it. As before, let L 
denote this line. Since we have a polygon, L should cross at 
least a vertical edge of P. 

Assume f and M to be this vertical edge and its extension, 
respectively. Let g  denote the first horizontal edges of P 
lying below L and G denote the extensions of g. As before, 
three situations are considered in which the first and second 
are similar to odd m. 

Now suppose that one region of the total regions defined 
by L and M contains no vertex of the polygon. A modem is 
placed at the intersection point of G and M. It is easy to see 
that the intersection point lies inside the f. In the following, it 
is shown the orthogonal 2m-gons (without hole) that being 
illuminated require a single ሺm െ 4ሻ-modem for odd m and a 
single ሺm െ 3ሻ-modem for even m. So, it is shown when the 
purpose is illuminating the interior of the polygon with a 
single modem placed at a point in the interior or boundary of 
the polygon, these bounds on the power of the modem are 
tight. See Figure 2(b) and 2(c). ז 

Note that Fabila-Monroy et al. [4] showed that the plane 
in presence of an orthogonal polygon on 2m  vertices can 
covered with a single ሺm െ 1ሻ-modem for even m and with a 
single m-modem for odd m which this modem located in the 
interior or boundary of polygon. It seems strange that our 
upper bounds in this theorem are larger for even m, we get 
one ሺm െ 3ሻ-modem for even m, and one ሺm െ 4ሻ-modem for 
odd m. Whereas the previous result [4] had a larger bound 
for odd m, they got one ሺm െ 1ሻ-modem for even m and one 
m -modem for odd m. Now suppose that m is odd and the 
goal is covering the whole plane.  

In Theorem 2, there exists at most m െ 2 vertices in each 
regions defined by L and M. According to Lemma 5 [4], any 
ray emanated from the intersection of L  and M  crosses at 
most m െ 2  edges of the polygon for covering the whole 
plane. So, a single ሺm െ 2)-modem which is placed at the 
intersection of L  and M  can cover the whole plane. 
Therefore, the plane in presence of an orthogonal polygon on 
2m vertices can covered with a single ሺm െ 1) -modem for 
even m and with a single ሺm െ 2)-modem for odd m which 
this modem located in the interior or boundary of polygon. 
Therefore, there is not any reversal for odd/even m.  
 
Theorem 3. Every orthogonal polygon which has r                 

reflex vertices (r ൐ 0 ) would be illuminated with ቒ
୰

ଶ
ቓ  2-

modems. 
 
Proof. The proof is by induction on r, the number of reflex 
vertices of the orthogonal polygon. It is obvious that the base 
of the induction is true. If the orthogonal polygon has one 
reflex vertex, a single 2-modem is enough for covering the 
polygon. This modem should be placed at the reflex vertex. 
If the orthogonal polygon has two reflex vertices, a single 2-
modem is enough for covering the polygon. This modem 
should be placed at the convex vertex being between the two 
reflex vertices.  

We assume that any orthogonal polygon with r’ reflex 

vertices (0 ൏ ’ݎ ൏ can be covered with ቂ (ݎ
୰ᇱ

ଶ
ቃ 2-modems, as 

the induction assumption. Now, suppose that P is an 
orthogonal polygon with r reflex vertices. We are going to 

show that it can be covered with ቂ
୰

ଶ
ቃ 2-modems. We consider 

a reflex vertex of the polygon P  and continue one of its 
incident edges to the interior of the polygon so that it would 
hit boundary at the first time. So, two sub polygons with rଵ 
and rଶ reflex vertices will be obtained. These polygons are 
called Pଵ and Pଶ, respectively. It is clear that both of Pଵ and 
Pଶ are orthogonal. Therefore we apply the induction 
assumption on them. It is clear that r ൌ rଵ ൅ rଶ ൅ 1. Four 
cases occur as follows: 

 Both of rଵ and rଶ are even. So, there exist the integers 
kଵ and kଶ such that rଵ ൌ 2kଵ and rଶ ൌ 2kଶ. Based on the 
induction assumption, ቒ

୰భ

ଶ
ቓ ൌ kଵ  and ቒ

୰మ

ଶ
ቓ ൌ kଶ  are the 

numbers of 2-modems that are sufficient for covering Pଵ 
and Pଶ , respectively. So, the number of 2-modems that 
are sufficient for covering P is kଵ ൅ kଶ. We want to show 
that kଵ ൅ kଶ ൑ ቒ

୰

ଶ
ቓ . Based on the substitution, we have 

ቒ
୰

ଶ
ቓ ൌ ቒ

୰భା୰మାଵ

ଶ
ቓ ൌ ቒ

ଶ୩భାଶ୩మାଵ

ଶ
ቓ ൌ kଵ ൅ kଶ ൅ 1 ൐ ݇1 ൅

݇2.,Since the polygon P can be covered with kଵ ൅ kଶ2-
modems, it can be covered with ቒ୰

ଶ
ቓ 2-modems.  

 rଵ is even and rଶ is odd. So, there exist the integers kଵ 
and kଶ  such that rଵ ൌ 2kଵ  and rଶ ൌ 2kଶ ൅ 1. Based on 
the induction assumption, ቒ

୰భ

ଶ
ቓ ൌ kଵ  and ቒ

୰మ

ଶ
ቓ ൌ kଶ ൅ 1  are 

the numbers of 2-modems that are sufficient for covering 
Pଵ and Pଶ, respectively. So, the number of 2-modems that 
are sufficient for covering P is kଵ ൅ kଶ ൅ 1. We want to 
show that kଵ ൅ kଶ ൅ 1 ൌ ቒ

୰

ଶ
ቓ. Based on the substitution, we 

have ቒ
୰

ଶ
ቓ ൌ ቒ

୰భା୰మାଵ

ଶ
ቓ ൌ ቒ

ଶ୩భାଶ୩మାଶ

ଶ
ቓ ൌ kଵ ൅ kଶ ൅ 1 . So, the 

polygon P can be covered with ቒ
୰

ଶ
ቓ 2-modems. 

 rଵ is odd and rଶ is even. This case is similar to the 
above case. 
 Both of rଵ and rଶ are odd. So, there exist the integers 
kଵ and kଶ such that rଵ ൌ 2kଵ ൅ 1 and rଶ ൌ 2kଶ ൅ 1. Based 
on the induction assumption, ቒ୰భ

ଶ
ቓ ൌ kଵ ൅ 1 and ቒ୰మ

ଶ
ቓ ൌ kଶ ൅

1  are the numbers of 2-modems that are sufficient for 
covering Pଵ  and Pଶ , respectively. So, the number of 2-
modems that are sufficient for covering P is kଵ ൅ kଶ ൅ 2. 
We want to show that kଵ ൅ kଶ ൅ 2 ൌ ቒ

୰

ଶ
ቓ . Based on the 

substitution, we have ቒ
୰

ଶ
ቓ ൌ ቒ

୰భା୰మାଵ

ଶ
ቓ ൌ ቒ

ଶ୩భାଶ୩మାଷ

ଶ
ቓ ൌ kଵ ൅

kଶ ൅ 2 . So, the polygon P  can be covered with ቒ
୰

ଶ
ቓ  2 -

modems.ז  
 
Theorem 4. Every orthogonal polygon which has r reflex 

vertices (r൐ 0) would be illuminated with ቒ
୰

ଷ
ቓ 3-modems. 

 
Proof. The proof is similar to the proof of theorem 3. The 
proof is by induction on r, the number of reflex vertices of 
the orthogonal polygon. It is obvious that the base of the 
induction is true. If the orthogonal polygon has one reflex 
vertex, a single 3 -modem is enough for covering the 
polygon.  

This modem can be placed at the reflex vertex. If the 
orthogonal polygon has two reflex vertices, a single             
3-modem is enough for covering the polygon. This modem 
should be placed at the convex vertex being between the two 
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reflex vertices. If the orthogonal polygon has three reflex 
vertices, a single 3 -modem is enough for covering the 
polygon. This modem should be placed at the convex vertex 
being between the three reflex vertices. 

We assume that any orthogonal polygon with r’  reflex 
vertices (0 ൏ ’ݎ ൏ can be covered with ቂ୰ᇱ (ݎ

ଷ
ቃ 3-modems, as 

the induction assumption.  
Now, suppose that P  is an orthogonal polygon with r 

reflex vertices. We are going to show that it can be covered 

with ቂ
୰

ଷ
ቃ 3-modems.  

We consider a reflex vertex of the polygon P  and 
continue one of its incident edges to the interior of the 
polygon so that it would hit boundary at the first time. So, 
two orthogonal sub polygons with rଵ  and rଶ  reflex vertices 
will be obtained.  

These polygons are called Pଵ  and Pଶ , respectively. It is 
clear that both of Pଵ  and Pଶ  are orthogonal polygons. 
Therefore we apply the induction assumption on them. It is 
obvious that r ൌ rଵ ൅ rଶ ൅ 1. Some cases occur as follows: 

 

 There exist the integers kଵ and kଶ such that rଵ ൌ 3kଵ 
and rଶ ൌ 3kଶ . Based on the induction assumption, 
ቒ

୰భ

ଷ
ቓ ൌ kଵ and ቒ୰మ

ଷ
ቓ ൌ kଶ are the numbers of 3-modems that 

are sufficient for covering Pଵ and Pଶ, respectively. So, the 
number of 3-modems that are sufficient for covering P is 

kଵ ൅ kଶ. We want to show that kଵ ൅ kଶ ൑ ቒ
୰

ଷ
ቓ. Based on 

the substitution, we have ቒ
୰

ଷ
ቓ ൌ ቒ

୰భା୰మାଵ

ଷ
ቓ ൌ ቒ

ଷ୩భାଷ୩మାଵ

ଷ
ቓ ൌ

kଵ ൅ kଶ ൅ 1 ൐ ݇1 ൅ ݇2 . Since the polygon P  can be 
covered with kଵ ൅ kଶ3-modems, it can be covered with 

ቒ
୰

ଷ
ቓ 3-modems.  

 

 There exist the integers kଵ and kଶ such that rଵ ൌ 3kଵ 
and rଶ ൌ 3kଶ ൅ 1 . Based on the induction assumption, 

ቒ
୰భ

ଷ
ቓ ൌ kଵ and ቒ୰మ

ଷ
ቓ ൌ kଶ ൅ 1 are the numbers of 3-modems 

that are sufficient for covering Pଵ and Pଶ, respectively. So, 
the number of 3-modems that are sufficient for covering 
P is kଵ ൅ kଶ ൅ 1. We want to show that kଵ ൅ kଶ ൅ 1 ൌ

ቒ
୰

ଷ
ቓ. Based on the substitution, we have ቒ

୰

ଷ
ቓ ൌ ቒ

୰భା୰మାଵ

ଷ
ቓ ൌ

ቒ
ଷ୩భାଷ୩మାଶ

ଷ
ቓ ൌ kଵ ൅ kଶ ൅ 1 . So, the polygon P  can be 

covered with ቒ
୰

ଷ
ቓ 3-modems. 

 

 There exist the integers kଵ and kଶ such that rଵ ൌ 3kଵ 
and rଶ ൌ 3kଶ ൅ 2 . Based on the induction assumption, 

ቒ
୰భ

ଷ
ቓ ൌ kଵ and ቒ୰మ

ଷ
ቓ ൌ kଶ ൅ 1 are the numbers of 3-modems 

that are sufficient for covering Pଵ and Pଶ, respectively. So, 
the number of 3-modems that are sufficient for covering 

P is kଵ ൅ kଶ ൅ 1. We want to show that kଵ ൅ kଶ ൅ 1 ൌ ቒ
୰

ଷ
ቓ. 

Based on the substitution, we have ቒ
୰

ଷ
ቓ ൌ ቒ

୰భା୰మାଵ

ଷ
ቓ ൌ

ቒ
ଷ୩భାଷ୩మାଷ

ଷ
ቓ ൌ kଵ ൅ kଶ ൅ 1 . So, the polygon P  can be 

covered with ቒ
୰

ଷ
ቓ 3-modems. 

 The reasoning about the other cases is similar to the 
above. ז 

 
 
 

4. The ܓ-Modem Covering the Plane in 
the Presence of a Monotone Orthogonal 
Polygons  
 
In this section, the problem of covering the whole plane in 
the presence of a monotone orthogonal polygon by using 
modems is considered. The purpose is finding lower bounds 
on the power of a single modem to cover the whole plane. 
 
Lemma 5. If P is an orthogonal polygon and L is a vertical 
line, then there is at least one point on L that any ray from 
this point crosses at most one vertical edge lying to the left of 
L and at most one vertical edge lying to the right of L. 
 
Proof. We consider any line connecting two vertices which 
not lie on a same vertical line and both of them lie to the left 
or right of L . Then, we consider the topmost intersection 
point of these lines and L denoted by x. If y is a point on L 
higher than x, any ray from x crosses at most one vertical 
edge lying to the left of x because if a ray from y crosses two 
vertical edge lying to the left of L, the intersection point of L 
and the line connecting the lower endpoint of one of them 
and upper endpoint of the other is higher than y which is a 
contradiction. In the same way, it can be proved that any ray 
from y crosses at most one vertical edge lying to the right of 
L.ז 
 
Theorem 5. The whole plane in the presence of a monotone 
orthogonal polygon can be covered with a 4-modem. This 
bound on the power of the modem covering the plane with a 
single modem is tight. 
 
Proof. Let P  be an x -monotone orthogonal polygon on n 
vertices. We assume L is a vertical line. By Lemma 9, there 
is a point on L denoted by x, such that any ray from this point 
crosses at most one vertical edge lying to the left of L and at 
most one vertical edge lying to the right of L. Suppose that 
we trace the boundary of the polygon. Two horizontal edges 
are said to be neighbor if there is only a vertical edge 
between them during tracing the boundary of P.  

We assume that there is a ray from x such that crosses 
three horizontal edges aଵ , aଶ , and aଷ  simultaneously which 
the pair aଵ  and aଶ , and the pair aଶ  and aଷ  are neighbors 
during tracing the boundary of P. Without loss of generality, 
we suppose that aଵ, aଶ, and aଷ lie to the right of the vertical 
line L. Likewise, we assume that tracing is left to right during 
the edge aଵ . If tracing is right to left during the edge aଶ , 
tracing should be right to left during the edge aଷ because of 
X-monotonicity of P. 

It is obvious that no rays from the point x can cross aଶ 
and aଷ  simultaneously which is contradiction with the 
assumption. Therefore, tracing should be left to right during 
the edge aଶ. If tracing is left to right during the edge aଷ, the 
ray from x which crosses three horizontal edges aଵ, aଶ, and 
aଷ should also cross two vertical edges simultaneously. It is 
contradiction because x  is point such that any ray from x 
crosses at most one vertical edge at the same time (Lemma 
9). So, tracing is right to left during the edge aଷ. Consider the 
line connecting the right endpoints of aଵ and aଷ Since these 
point lie on the top of the ray from x which crosses the edges 
aଵ, aଶ, and aଷ  simultaneously, the intersection point of the 
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line connecting these endpoints and the line L is upper than 
the point x. That is contradiction because of Lemma 9. 

So, any ray from x  crosses at most two neighbor 
horizontal edges. Since P  is an X -monotone orthogonal 
polygon, any ray from x  can cross at most one other 
horizontal edge which is not neighbor of the horizontal edges 
that the ray crosses.  So, any ray from x can cross at most 
three horizontal edges and one vertical edge. Therefore, a 4-
modem placed at the point x  covers the whole plane in 
presence of a monotone orthogonal polygon. 

Figure 2(d) is a monotone orthogonal polygon. If the goal 
is covering the whole plane in presence of such that 
monotone orthogonal polygon with a single modem, the 
power 4 is necessary for the modem. So, the bound 4 on the 
power of the modem to cover the plane in presence of a 
monotone orthogonal polygon with a single modem is 
tight.ז 
 

5. Conclusions 
 
In this paper, we study the k-modem art gallery problem and 
the problem of covering the plane for some special families 
of the polygons. It seems that these problems for the general 
polygons is rather challenging. So, the main open problem 
remaining is solving these problems for the general 
polygons. 
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