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of d-MC candidate proposed a more efficient algorithm that 
first finds all d-MC candidates obtained from each MC and 
then checks every candidate for being a d-MC. Yan and Qian 
[15] proved new results to decrease the number of the 
obtained d-MC candidates, found some d-MCs without the 
need for testing and eliminated some duplicate d-MCs, and 
then proposed an improved algorithm to find all the d-MCs. 
Yeh [16] presented some new results, and for the first time 
proposed an algorithm that avoided the production of the 
duplicate d-MCs. Salehi-Fathabadi and Forghani-elahabad 
[17] proposed an algorithm working merely on the definition 
of d-MC. By introducing a new data structure to eliminate 
the duplicates and a simple technique to find the Lower 
Capacity Limits, Forghani-elahabad and Mahdavi-Amiri [18] 
improved the proposed algorithm in [17] and demonstrated 
the efficiency of their algorithm in comparison with other 
proposed algorithms in [15] and [16].What is certain is that 
budget constraint is a significant element for designing and 
evaluating reliability of flow networks. Some algorithms 
have been proposed for computing system reliability or 
unreliability under budget constraint in terms of Minimal 
Paths (MPs) [22, 23] or MCs [24-28]. Since the number of 
MCs is usually less than the number of MPs [29], working 
on MCs is preferred. Considering the maintenance cost 
constraint, Yeh [24] proposed a simple algorithm for finding 
all the upper boundary points meeting the cost constraint 
(called (d, b)-MCs) in a stochastic-flow network with perfect 
nodes. Lin [25] considered multi commodity networks and 
proposed a simple algorithm to find all the maximal vectors 
meeting the budget constraint and the demand level d. In 
[26], an algorithm was proposed to evaluate system 
unreliability of a stochastic-flow network whose nodes and 
arcs have several possible capacities and may fail. 
Afterwards, Lin [27] used the proposed algorithm in [26] for 
calculating all the (d, b)-MCs in a multi commodity 
stochastic-flow network. Applying a genetic algorithm and 
recursive sum of disjoint products, Lin and Yen [28] 
proposed an optimization algorithm for the network 
reliability based transmission line assignment problem with 
the budget constraint. 

Authors in [25-28] compared multi-state vectors to find 
maximal vectors, resulting in algorithms having high time 
complexities. Furthermore, the proposed algorithms in     
[25-28] may produce duplicate (d, b)-MCs from different 
MCs, contributing to further complexity. Yeh [16] presented 
a technique to avoid the generation of the duplicate d-MCs 
(without budget constraint), but the technique turned to have 
a high time complexity. Later, in absence of the budget 
constraint, Forghani-elahabad and Mahdavi-Amiri [18] 
introduced a more efficient technique. 

Here, using the introduced data structure in [18], some 
useful existing results and presenting new results, an 
improved algorithm for finding all the (d, b)-MCs is 
proposed and compared with existing algorithms in terms of 
complexity results and performance on a medium-size 
example. 

The remainder of our work is organized as follows. 
Section 2 describes the required notations, nomenclature, and 
assumptions. In Section 3, some useful existing results as 
well as some new results are given. Using the presented 
results, we propose an improved algorithm and demonstrate 
its efficiency by establishing the complexity results in 
Section 4. Moreover, a medium-size network is worked out 

to have an intuitive understanding of the efficiency of the 
proposed algorithm in comparison with other existing ones. 
In Section 5, we make use of a performance index. Then, by 
using the obtained result in Section 4 and applying the sum 
of disjoint product approach, the performance index of a 
network is computed. Finally, we conclude in Section 6. 
 

2.    Notations, Nomenclature, and 
Assumptions 

 

2.1. Notations 
 
G (N, A, M ,C) a stochastic-flow network with the set of nodes  

N ={1, 2, ..., n}, the set of arcs A={ai| 1 ≤ i ≤ m}, 
M=(M1, M2, ..., Mm) with  Mi= M(ai) denoting the 
max-capacity of ai, for 1 ≤ i ≤ m, and C=(c1,c2, ..., 
cm) with ci denoting the cost of sending one unit 
flow through ai, for i=1, 2, ..., m. Moreover, node 
1 is the source node and node n is the sink node. 

b The total budget of the system. 
n, m The number of nodes in N and arcs in A, 

respectively. 
X (ai) The capacity level of arc ai under the system-state 

vector X =(x1, x2,…, xm).  
ei ei = 0(ai) is a system-state vector in which the 

capacity level is1 for ai and 0 for other arcs.  
G (N, A, X, C) 
 

The corresponding network to G (N, A, M, C) 
with current system state vector X =(x1, x2, ..., xm). 

R (N, A, Xd, C) the corresponding residual network to G(N,A,X,C) 
after sending d units of flow from node s to node t. 

V (X) The max-flow from node s to node t in G (N, A, 
X, C). 

υ V (M), the max-flow from node s to node t in  
G (N, A, M, C). 

U (X) U(X) = {a אA|X (a) <M (a)} is the set of 
unsaturated arcs in G (N, A, M, C). 

C (X) C(X) = c1x1 + c2x2 + ... + cm xm is the cost 
associated with X. 

CAPK౟
ሺXሻ The capacity of MC, Ki, under vector X=(x1, x2, 

…, xm); i. e. , CAPK౟
ሺXሻ ൌ ∑ ௄೔א௟௔೗ݔ

. 
|•| the number of elements; e.g., |N| is the number of 

nodes in N. 
 

2.2. Nomenclature 
 
Cut: A cut is a subset of A, in which there is no path from 
the source node s to the sink node t after elimination of all its 
arcs from G (N, A, M). 
 
Minimal Cut (MC): A cut so that none of its proper subsets 
is a cut. 
 
Demand level D: 0 ≤d<υ is a non-negative integer-valued 
flow or stress requirement for a given network flow. 
 
System Reliability: If d is a deterministic constant, then the 
system reliability, Rd, equals pr{X | V (X) >d}. If d is a 
random variable with distribution fd, then the system 
reliability, Rd, is equal to pr {X|V (X) >d}. fd. 
 
(d, b)-MinCut ((d, b)-MC): A system-state vector X is a       
(d, b)-MC if and only if it satisfies the budget constraint, 
V(X) = d, and V (X + ei) >d, for every ai א U(X). 
 
Y < X: A vector Y=(y1,y2, ..., ym) is less than a vector 
X=(x1,x2, ..., xm) if and only if for every i = 1, 2, ..., m, yi≤ xi, 
and for at least one 1 ≤j ≤m, yj<xj. 
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Maximal Vector: A vector Xאψ is a maximal vector in ψ if 
and only if there is no vector Y (≠ X) in ψ so that X < Y. 
 
2.3. Assumptions 
 

1. The capacity of each arc aiאA is a non-negative 
integer-valued random number less than or equal to Mi.  
2. The capacities of different arcs are statistically 
independent. 
3. The flow in G (N, A, M, C) satisfies the flow 
conservation law [30].  
Moreover, since an SFN with unreliable nodes can be 

modified to a conventional network with perfect nodes [31], 
we consider an SFN with perfect reliable nodes here. 
 

3.  Upper Boundary Point 
 
Here, we first state some useful new and existing results on 
the d-MC problem and then some useful results subject to the 
budget constraint are given. 
 
3.1. D-MC Problem 
 
An upper boundary point, called d-MinCut (d-MC), is a 
system-state vector, say X, such that V (X) = d and 
V(X+0(a))>d, for every a א U(X). The notion of d-MC 
candidate was first defined by Jane et al. [13] as follows. 
 
Definition 1. A system-state vector X=(x1, x2,…, xm) is a    
d-MC candidate if and only if there exists at least one MC, 
Ki, so that the followings hold: 
 

ቐ
ሺ1ሻCAPK౟

ሺXሻ ൌ d                  
ሺ2ሻ0 ൑ x୰ ൑ M୰    ׊a୰ א K୧
ሺ3ሻ x୪ ൌ M୰    ׊a୰ ב K୧        

                                                                 ሺ1ሻ 

 
Generally, the proposed algorithms in [12-18] for finding 

all the d-MCs consist of two stages, gathering all the d-MC 
candidates obtained from all the MCs and finding all the     
d-MCs among candidates by testing them. Thus, decreasing 
the number of d-MC candidates or shortening the time of 
testing process of candidates can be effective for solving the 
d-MC problem. The following lemma stated in [18] is 
effective for decreasing the number of d-MC candidates. 

 
Lemma 1. Let X be a d-MC candidate. If |U(X)| = 1, 
considering U(X) = {a٭}, then every d-MC Y (≠X) satisfies 
Y (a٭) >X (a٭). 

Applying Lemma 1, one can determine a Limit Capacity 
Level (LCL), Lr, for xr in inequality (2) of system (1), and 
thus somewhat avoid generation of repetitive d-MC 
candidates. In fact, by using Lemma 1, one can replace 
inequality (2) in (1) with the inequality 

 

L୰ ൑ x୰ ൑ M୰    ׊a୰ א K୧ 
 

And thus provide the following system: 
 

ቐ
ሺ1ሻCAPK౟

ሺXሻ ൌ d                   
ሺ2ሻL୰ ൑ x୰ ൑ M୰    ׊a୰ א K୧
ሺ3ሻ x୪ ൌ M୰    ׊a୰ ב K୧         

                                                              ሺ2ሻ 

 

To have an intuitive understanding of the effect of 
Lemma 1, consider Figure 1 and note that by using (1) we 
obtain five hundred and forty six 12-MC candidates, whereas 
only twenty 12-MC candidates are generated by applying (2). 

It is easily verified that the probability of obtaining d-MC 
candidates with only one unsaturated arc from an MC, say K, 
is increased as much as the capacity of K, CAPK (M), is 
decreased. Thus, to have a more efficient use of Lemma 1 in 
the proposed algorithm, all the MCs are sorted in an 
ascending order of the capacities; if there is a tie, then the 
one with fewer arcs is arranged first. 
 

 
 

Figure 1. A network flow with M= (8, 6, 2, 5, 5, 4, 1, 6, 8) 
 

For determining a number of d-MCs without the need for 
the time-consuming examination, the following result 
provides a practical tool. 
 
Theorem 1. If Ki is an MC in G (N, A, M, C) 
with CAPK౟

ሺXሻ ൌ ν, then all the d-MC candidates obtained 
from Ki are indeed d-MC. 
 
Proof. Suppose that the system-state vector X is an arbitrary 
d-MC candidate obtained from Ki. First, it is demonstrated 
that V (X) = d. Since X (a) = M (a), for all a ב U(X), we 
have  
 

෍ ൫Mሺaሻ െ Xሺaሻ൯ ൌ CAPK౟
ሺMሻ െ CAPK౟

ሺXሻ
ୟאUሺXሻ

ൌ ν െ d. 

 

On the contrary, assume that V (X) <d, and so there 
exists an MC, say Kj (≠Ki), in G (N, A, X, C) so that 
CAPKౠ

ሺXሻ ൏ ݀. this leads to  
 

CAPKౠ
ሺMሻ ൌ CAPKౠ

ሺXሻ ൅  ෍ ൫Mሺaሻ െ Xሺaሻ൯ ൑ 
ୟאUሺXሻתKౠ

CAPKౠ
ሺXሻ  

൅  ෍ ൫Mሺaሻ െ Xሺaሻ൯ ൏ d ൅ ν െ d ൌ ν
ୟאUሺXሻ

 

 

With the specification CAPKౠ
ሺMሻ ൏ ν , contradicting the 

definition of ν. Therefore, VሺXሻ ൌ CAPK౟
ሺXሻ ൌ d. Now, assume 

that a is a given arc in U(X). It is apparent that X+0(a) is a 
(d+1)-MC obtained from Ki. Analogously, by replacing d 
withd+1, it is concluded that V(X+0(a)) =d+1>d. This 
completes the proof. ■  

Considering Theorem 1, it is observed that every 
computable d-MC candidate from each MC with capacity υ 
is really a d-MC and no extra testing is required. For 
instance, consider Figure 1 as a network flow. It is seen that 
υ = 14 and K1 = {a1, a3, a6} is an MC. Since CAPKభ

ሺMሻ ൌ 8 ൅
2 ൅ 4 ൌ 14, Theorem 1 concludes that every d-MC candidate 
obtained from K1 for each demand level d<14 is a d-MC. For 
example, all the 10-MC candidates obtained from K1, 
X21=(8, 6, 2, 5, 5, 0, 1, 6, 8), X22 = (7, 6, 2, 5, 5, 1, 1, 6, 8), 
X23 = (6, 6, 2, 5, 5, 2, 1, 6, 8),X24 =(5, 6, 2, 5, 5, 3, 1, 6, 8), 
X25 =(4, 6, 2, 5, 5, 4, 1, 6, 8), X26 =(8, 6, 1, 5, 5, 1, 1, 6, 
8),X27 =(8, 6, 0, 5, 5, 2, 1, 6, 8), X28 =(7, 6, 1, 5, 5, 2, 1, 6, 8), 
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X29 =(7, 6, 0, 5, 5, 3, 1, 6, 8), X2,10 = (6, 6, 1, 5, 5, 3, 1, 6, 8), 
X2,11 = (6, 6, 0, 5, 5, 4, 1, 6, 8), and X2,12 = (5, 6, 1, 5,5, 4, 1, 
6, 8), are really 10-MC and no further check is necessary. 
This illustrates that employing Theorem 1 significantly 
reduces the number of tested d-MC candidates for being      
d-MC. 

The following theorem is the very famous and basic 
theorem regarding the cut and flow values whose proof can 
be found in textbooks on network flow theory (e.g., see 
[30]). 
 
Theorem 2. (Max-Flow Min-Cut Theorem) The maximum 
value of the flow from a source node s to a sink node t in a 
capacitated network equals the minimum capacity among all 
MCs. 

Theorem 2 shows that there exists at least one MC with 
its capacity being equal to υ, the max-flow of the network 
(usually there exist more than one such MC). Thus, Theorem 
1 can be notably useful. 

Another notable fact is the possibility of duplicate d-MCs 
being produced from different MCs. The proposed 
algorithms in [12-14, 17] generate duplicate d-MCs, an 
undesired feature. Yan and Qian [15], Yeh [16], and 
Forghani-elahabad and Mahdavi-Amiri [18] presented 
different approaches to remove duplicates or avoid 
generating them. The proposed data structure in [18] turns to 
be more efficient than other proposed approaches (see [18] 
for comparative results). In fact, in [18], a unique number is 
associated with every d-MC candidate, as described below. 

For each d-MC, say X=(x1, x2, ..., xm), we know that 
xi≤Mi, i=1, 2, ...,m. Let l be the number of digits in M٭=max 
{Mi|i= 1, 2, …, m}. Obviously, the number of digits in every 
component of X is less than or equal to l. Thus, 
corresponding to each component xi of a d-MC, we can 
associate an l-digit number, ni, as follows: 

1) If xi has l digits, then let ni = xi. 
2) If xi has q digits with q < l, then place (l−q) zeros at 
the left side to make it an l-digit number, that is, 
ni= 00 … 0ᇣᇤᇥ

୪ି୯ ୲న୫ୣୱ

xనതതതതതതതതതതതതത.  

This way, we obtain an ml-digit number, NX ൌ
nଵnଶ … n୫തതതതതതതതതതതതത, associated with each d-MC, X. Then, a divide 
and conquer approach is used to detect duplicates, instead of 
comparing with all the candidates. Here, we apply the 
proposed data structure to avoid consideration of the 
duplicates. 

In [18], the introduced data structure was used to remove 
the duplicates after generating all the d-MCs. Here, however, 
we improve the efficiency by inserting each generated d-MC 
candidate into the existing sorted list of candidates by a 
binary search, immediately after the candidate’s appearance. 

3.2. Budget Constraint 
 
Considering the definition of d-MC, an upper boundary point 
meeting budget constraint b, called ((d, b)-MC), is a d-MC, 
say X, such that C(X) ≤ b. The following results are 
straightforwardly concluded from the definitions of d-MC 
and (d, b)-MCs. 
 
Corollary 1. Every (d, b)-MC is a d-MC. 

Corollary 2. Every d-MC whose total cost is less than or 
equal to b is a (d, b)-MC. 

Hence, we can find all the d-MCs and then determine the 
ones for which the budget is satisfied. In the previous 
section, we provided two very useful results to decrease the 
computations needed for finding all the d-MC candidates. 
However, our main aim here is to propose an approach to 
solve the (d, b)-MC problem. In fact, existence of the budget 
constraint by itself leads to a decrease in the number of 
candidates obtained in (1). We first solve (1) to find the       
d-MC candidates and the d-MCs. Then, by testing the budget 
constraint, we obtain the (d, b)-MCs. Although we do not use 
the budget constraint for determining the candidates, but we 
can use them to decrease the number of computations. 

Depending on the network, we may have an MC with no 
(d, b)-MC candidate or an MC with all the d-MC candidates 
being (d, b)-MC candidates. The following lemmas, whose 
proofs are easily established, are useful. 
 
Lemma 2. Let Ki be an MC and cmin=min {cr | ar א Ki}. 
If d ൈ cmin ൅  ∑ clMlalבKi

൐ ܾ, then there is no possible (d, b)-
MC obtained from Ki. 
 
Lemma 3. Let Ki be an MC and cMax=max {cr|arאKi}.If 
d ൈ cMୟ୶ ൅  ∑ c୪M୪ୟౢבK౟

൏ ܾ, then every d-MC obtained from Ki 
is a (d, b)-MC. 

Moreover, one can find both the most costly and the most 
cost-effective d-MC candidate producible from each MC, 
and so verify whether any d-MC candidate can satisfy the 
budget constraint. Furthermore, we may find some MCs such 
that every d-MC candidate obtained from them is a (d, b)-
MC candidate. Next, we construct the most costly and the 
most cost-effective d-MC candidate obtained from MC, K= 
{an1, an2, anr}, as follows. 

Without loss of generality, assume that cn1≤cn2≤ ... ≤cnr. 
Let us construct the system-state vectors 
YK

ୢ ൌ ሺyଵ, yଶ, … , y୫ሻ andZK
ୢ ൌ ሺzଵ, zଶ, … , z୫ሻ as follows: 

 

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

ሺ1ሻ y୬భ
ൌ min൛d, M୬భ

ൟ,                                              

ሺ2ሻ y୬౟
ൌ max ሼ0, minሼM୬౟

, d െ ෍ y୬ౠ
ሽሽ,

୧ିଵ

୨ୀଵ
        

i ൌ 2,3, … , r,

ሺ3ሻ z୬౟
ൌ max ሼ0, min ሼM୬౟

, d െ ෍ z୬ౠ
ሽሽ,    

୰

୨ୀ୧ାଵ

      i ൌ 1,2, … , r െ 1,
ሺ4ሻ z୬౨

ൌ min൛d, M୬౨
ൟ,                                              

ሺ5ሻy୪ ൌ z୪ ൌ M୪,     ׊ a୪ ב K.                                    

                          ሺ3ሻ 

 
It is seen that the system vectors YK

ୢand ZK
ୢ are the d-MC 

candidates generated from K. The following results can be 
directly deduced. 
 
Corollary 3. The system state vectors YK

ୢand ZK
ୢ are the most 

costly and the most cost-effective d-MC candidates obtained 
from K, respectively. 
 
Theorem 3. Considering the constructions (3), we have 
 

1)  If ∑ c୧y୧ ൐ b୫
୧ୀଵ ,there is no possible (d, b)-MC 

candidate from K, 
2) If ∑ c୧z୧ ൑ b୫

୧ୀଵ , then every d-MC obtained from K is 
a (d, b)-MC. 
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Consider the MC, K= {a1, a3, a6}, in Figure 1. Employing 
the constructions (3), we find ZK

ଵ଴ = (4, 6, 2, 5, 5, 4, 1, 6, 8). 
Since C (ZK

ଵ଴) = 645 ≤ 650, it is concluded from Theorem 3 
that every 10-MC obtained from K is a (10,650)-MC. 
Therefore, there is no need for checking the budget constraint 
for the other 10-MCs obtained from K. 
 

4. An Improved Algorithm 
 
Here, using theorems 1, 3, Lemma 1 and the data structure 
proposed in [18] to avoid of the generation of the duplicates, 
an improved efficient algorithm, Algorithm 1, is proposed. 
Note that Algorithm 1 first finds the d-MC candidates 
obtained from each MC and then checks the budget 
constraint when it is needed. Moreover, we assume that the 
number of existing MCs is p, say K1, K2, …, Kp, in the 
stochastic-flow network. 
 
Algorithm 1. An algorithm for finding all the (d, b)-MCs in 
a stochastic-flow network. 

Step 0. Let i = j = 1, Lr = 0, for r = 1, 2, ..., m, Q ={}, and 
arrange all the MCs in an ascending order of capacities; if 
there is a tie, then arrange the one with fewer elements first. 
Then, considering constructions (3), calculate all the vectors 
ZKౢ

ୢ  andYKౢ
ୢ , for l = 1, 2, …, p. 

Step 1. If CሺYK౟
ୢ ሻ ൐ ܾ, then there is no possible (d, b)-MC 

candidate from Ki and go to Step 10. 
Step 2. Use an implicit enumeration to find a feasible 

solution (a d-MC candidate from Ki), say Xij, for system (2). 
If no such solution exists, then go to Step 10. 

Step 3. If |U (Xij)|=1, considering U (Xij)={ak}, then let 
Lk=Xij(ak) + 1. 

Step 4. If CAPK౟
ሺMሻ ൐ ν, and then go to Step 6. 

Step 5. If CሺZK౟
ୢ ሻ  ൑ b, Xij is a (d, b)-MC, then go to Step 

9, else go to Step 8. 
Step 6. If V (Xij) ≠d, then Xij is not a (d, b)-MC, let j = j 

+1 and go to Step 2. 
Step 7. If there is a א U(Xij) such that V (Xij + 0(a)) ≤ d, 

then Xij is not a(d, b)-MC, let j = j + 1 and go to Step 2. 
Step 8. If C(Xij) ≤b, Xij is a (d, b)-MC, then go to Step 9, 

else go to Step 10. 
Step 9. Construct the associating number with Xij, i.e., nij, 

and search Q. If nij is not in Q, then add it to Q. Let j = j + 1 
and go to Step 2. 

Step 10. If i < p, then let i = i + 1, j = 1 and go to Step 1. 
First, by an example, we show how the algorithm 

searches for and finds all the (d, b)-MCs in a stochastic-flow 
network. 

 
Example 1. The bridge benchmark [used in 13-17, 24-28] 
given in Figure 2 shows a simple computer network in which 
each arc represents a transmission line (it consists of several 
physical transmission lines, e.g., T3 cable, E1 cable, optical 
fiber) and each node represents a computer center. The 
probability distributions of arcs are given in Table 1. Thus, 
M= (4, 3, 3, 4, 3, 3). Also, assume that C= (15, 10, 20, 20, 
20, 10) and b= 290. The supervisor would like to know the 
probability that the maximum flow equals the demand level 
of 5 with the budget of b = 290. 

There are four MCs in Figure 2: D1 = {a1, a3}, D2 = {a1, 
a4, a5}, D3= {a2, a3, a5}, and D4 = {a2, a4}. The maximum 

flow of the network is υ = 7. Here, we find all the (5,290)-
MCs by using Algorithm 1. In the next section, busing the 
sum of disjoint product approach, we compute the 
performance index of the given network for demand level 5. 

Step 0. Let i=j=1, Lr=0, r = 1, 2, …, 5, Q= {}. We have 
K1=D1, K2=D4, K3=D3, and K4=D2. Then, υ=7 and we also 
have YKభ

ହ =(4, 3, 1, 4, 3, 3), ZKభ
ହ =(2, 3, 3, 4, 3, 3), YKమ

ହ =(4, 3, 3, 
2, 3, 3), ZKమ

ହ  =(4, 1, 3, 4, 3, 3),YKయ
ହ = (4, 3, 0, 4,3, 2), ZKయ

ହ = (4, 
0, 3, 4, 3, 2), YKర

ହ = (4, 3, 3, 1, 0, 3), ZKర
ହ = (0, 3, 3, 2, 3, 3). 

Step 1. C (YKభ
ହ ) = 280 ≤ 290. 

Step 2. X11= (2, 3, 3, 4, 3, 3) is obtained. 
Step 3. Since U(X11) = {a1}, let L1 = X11(a1) + 1 = 3. 
Step 4. CAPKభ

ሺMሻ ൌ ج 7 7. 
Step 5. Since C(ZKభ

ହ ) = 290 ≤ 290, X11 is a 5-MC and 
transfer is made to Step 9. 

Step 9. Since n11=233433 is not in Q, then let Q= 
{233433}, j= 2 and transfer is made to Step 2. 

 

 
 

Figure 2. The network for Example 1. 
 

Table 1. Probability distributions of the arc capacities for 
Figure 2. 
 

Arc 0 1 2 3 4 

a1 0 0 0.05 0.05 0.9 
a2 0 0 0.1 0.9 0 
a3 0 0 0.1 0.9 0 
a4 0 0 0.05 0.05 0.9 
a5 0 0 0.1 0.9 0 
a6 0 0 0.1 0.9 0 

 
Step 2. X12 = (4, 3, 1, 4, 3, 3) is obtained. 
Step 3. Since U(X12) = {a3}, let L3 = X12(a3) + 1 = 2. 
Step 4. CAPKభ

ሺMሻ ൌ ج 7 7. 
Step 5. Since C (ZKభ

ହ ) = 290 ≤ 290, X12 is a 5-MC and 
transfer is made to Step 9. 

Step 9. Since n12 = 431433 is not in Q, then let Q = 
{233433, 431433}, j = 3and transfer is made to Step 2. 

Step 2.X13 = (3, 3, 2, 4, 3, 3) is obtained. 
 ڭ       

and continuing the process, we obtain X21=(4, 3, 3, 2, 3, 
3), X31=(4, 3, 2, 4, 3, 0), X32=(4, 2, 3, 4, 3, 0), X33=(4, 2, 2,4, 
3,1) as the (5,290)-MCs. 

Note that there are thirty four producible (5,290)-MC 
candidates, seven of which are real (5,290)-MCs in Figure 2. 
Using Lemma 1 causes Algorithm 1 to obtain only eight 
candidates instead of all the producible candidates.  

Because of applying Theorem 1, Algorithm 1 did 
determine six (5,290)-MCs without the need for testing based 
on the definition. Moreover, owing to employing Theorem 3, 
Algorithm 1 did not need to incur the cost of (5,290)-MCs 
generated from K1 and K3. 
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4.1. Time Complexity of Algorithm 1 
 
For calculating the capacity of all the MCs and arranging 
them in order of their capacities, we need at most O(mp+ 
plop) computations. Also, the time complexity of computing 
the vectors YK౟

ୢ and ZK౟
ୢ , for i=1, 2, …, p, is O(m2p). Since 

O(p) =O(2n−2) [32] and O(n) ≤ O(m) ≤ O(n2), then the time 
complexity of Step 0 is O(m2p). The time complexity of Step 
1 is vividly O(m). Let σ be an upper bound for the number of 
all the solutions obtained in Step 2 corresponding to each 
MC. So, pσ is an upper bound for the number of all the 
obtained candidates in Step 2of the algorithm. The time 
complexities of steps 3, 4, and 5 are obviously O(m). 

To find V(Xij) in Step 6 and V(Xij + 0(a)) in Step 7, we 
utilize the max flow algorithm in [30]. Since the time 
complexity of the max-flow algorithm is O(n2√m) and m is 
an upper bound for |U(Xij)|, the number of arcs in U(Xij), the 
time complexity of steps 6 and 7 is O(m√mn2). 

The time complexity of Step 8 is clearly O(m). In Step 9, 
Algorithm 1 uses a divide and conquers approach to insert 
the number or find a duplicate. Thus, since the number of all 
the (d, b)-MCs is bounded by pσ, the time complexity of 
Step 9 is O(pσlog (pσ)). The time complexity of Step 10 is 
vividly O(1). 

Now, since Step 0 is executed only once and pσ is an 
upper bound of the number of all the candidates obtained in 
Step 2, the time complexity of Algorithm 1 is 
O(m2p+pσlog(pσ)+mp) + O(pσ(m+m+n2 √m +m2+m)) = 
O(pσ(n2√m+m2))< O(m2√npσ).  
Thus, we have the following result. 
 
Theorem 4. The time complexity of Algorithm 1 is less than 
O(m2√n pσ).  

The proposed algorithm in [26] employed a comparative 
method to find all the maximal vectors among all the (d, b)-
MC candidates. Since the number of all the candidates is 
bounded by pσ and each candidate is an m-tuple vector, the 
time complexity of comparing all the candidates and so the 
time complexity of the proposed algorithm in [26] is      
O(mp2σ2). The proposed algorithm in [24] generates all the 
producible candidates and tests every candidate for being a 
(d, b)-MC. However, the algorithm generates duplicate (d, 
b)-MCs, and the duplicates need to be removed by 
comparing them. Therefore, the time complexity of the 
proposed algorithm in [24] is O(mp2σ2). As a result, 
according to Table 2, Algorithm 1 is far more efficient than 
the proposed algorithms in [24] and [26]. In the next section, 
to have an intuitive understanding of the efficiency of 
Algorithm 1 in comparison with other existing algorithms in 
[24] and [26], a medium-size network is employed. 
 
4.2. Performance on a Medium-Size Network 
 
Here, to realize the effect of using Lemma 1 and Theorem 1, 
we assume that there is enough budget (b= ). 

Consider Figure1 as a network flow. There are nine MCs: 
K1={a1, a2}, K2={a1, a3, a6}, K3={a1, a3, a5, a7, a9}, K4={a2, 
a3, a4, a5}, K5={a2, a3, a5, a7, a8},K6={a4, a5, a6}, K7={a4, a7, 
a9}, K8={a5, a6, a7, a8}, and K9={a8, a9}. We use the proposed 
algorithms in [24, 26] and Algorithm 1 here to find all the 
(12, )-MCs of Figure 1 and the final results are given in 

Table 3. In Table 3, there are 3 columns. NCan shows the 
number of all the obtained candidates, NTest shows the 
number of tested candidates, and NReal is the number of 
obtained (12, )-MCs by the algorithms. 

Note that in the given flow network in Figure 1, there are 
4286520 possible system state vectors, 546 of which are 
producible 12-MC candidates. As seen in the table, our 
proposed algorithm obtained only twenty candidates, 
nineteen of which were correctly determined as (12, )-MC. 
 
Table 2. The time complexity of the proposed algorithms in 
[24, 26] and Algorithm 1 
 

Algorithms Time complexities 
Algorithm 1 here less than O(m2√npσ) 

The proposed algorithm in [24] O(mp2σ2) 

The proposed algorithm in [26] O(mp2σ2) 

 
Table 3. The final results obtained by the algorithms on     
Figure 1 
 

Algorithms NCan NTest NReal 
Algorithm 1 here 20 1 19 

The proposed algorithm in [24] 546 546 19 
The proposed algorithm in [26] 546 546 19 

 
Without testing and only one candidate was tested and 

determined for not being a (12, )-MC. However, the 
proposed algorithm in [24, 26] obtained all the five hundred 
and forty six producible (12, )-MCs and needed to test all 
of them to find the nineteen (12, )-MCs. 
 

5. Performance Index 
 
Recall that if the demand level d is a constant, then the 
system reliability equals Rd = pr {X|V (X)>d}, for X=(x1, x2, 
…, xm) being a system-state vector. There are several 
methods such as the inclusion-exclusion [7] and sum of 
disjoint products [21], or approximating methods such as the 
Monte-Carlo simulation [5, 19] to calculate the system 
reliability. 

To analyze a network flow, a performance index, PId, is 
considered here as the probability of being the maximum 
flow of the network being equal to the demand level d. 
According to the definition of system reliability, it is easily 
deduced that the performance index can be computed from 
the following formula: 
 
PIୢ ൌ Rୢିଵ െ Rୢ                                                                                    ሺ4ሻ 
 

Note that it is generally assumed that the capacity for 
each arc ai is an integer-valued random variable from the set 
{0, 1, 2, …, Mi}, with a given distribution. Moreover, the 
capacities of the arcs are considered to be statistically 
independent. 

Now, assume that X1,X2, ...,Xq are d-MCs and X=(x1, 
x2,..., xm) is a system state vector. Now, the system reliability 
for level d, the probability that the maximum flow of the 
network is more than d, using the sum of disjoint product 
method, is given by 
 

Rୢ ൌ prሺAሻ ൌ ෍ prሺE୧ሻ

୯

୧ୀଵ

                                                                   ሺ5ሻ 
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Where,  
 

A ൌ ራ A୧

୯

୧ୀଵ

ൌ ራ E୧

୯

୧ୀଵ

, A୧ ൌ ሼX | X ൐ X୧ሽ, 

Eଵ ൌ Aଵ, E୧ ൌ A୧ െ ራ A୨

୧ିଵ

୨ୀଵ

, i ൌ 2,3, … , q,  

prሺE୧ሻ ൌ ∑ prሺXሻXאE౟
, and prሺXሻ ൌ ∏ pr൫x୨൯.୫

୨ୀଵ  
 

According to the definition of d-MC, it is clearly 
observed that V(X)> d if and only if X א A ൌ ڂ E୧.

୯
୧ୀଵ  Thus, 

Rd=pr{X|V (X)>d} = pr {X|X א A} = pr (A), and 
consequently (5) is correct. 

Likewise, considering 
 

B୧ ൌ ሼX|X ൑ X୧ሽ, i ൌ 1,2, … , q, 
Fଵ ൌ Bଵ, F୧ ൌ B୧ െ ڂ B୨

୧ିଵ
୨ୀଵ , i ൌ 2,3, … , q,  

 

And F ൌ ڂ F୧
୯
୧ୀଵ , one can also compute Rd as follows: 

 

Rୢ ൌ 1 െ prሺFሻ ൌ 1 െ ෍ prሺF୧ሻ

୯

୧ୀଵ

.                                                     ሺ6ሻ  

 
It is seen that both (5) and (6) can be applied to compute 

the system reliability of the network. However, to lessen the 
computations, we should use (5) when d ≥υ/2, and otherwise 
use (6). 

Note that for the sum of disjoint product method is an 
improved version of inclusion-exclusion approach. In fact, 
the number of computations for the sum of disjoint product 
method is less than the one for inclusion-exclusion method 
[29]. 

 
Example 2. The probability distributions of the arc 
capacities of Figure 2 are listed in Table 1. Find the 
introduced performance index for the demand level 5 
meeting the budget constraint b=290 in Figure 2. 

Solution: 
According to (4), we first must find all the (4,290)-MCs 

in Figure 2 employing Algorithm 1. The final results are 
given in Table 4. Now, from (5) we obtain R4=0.853659 and 
R5=0.788049, and consequently it is deduced from (4) that 
PI5 = 0.853659 − 0.788049 = 0.06561.  
 
Table 4. The final results obtained by Algorithm 1 for   
Figure 2 

 

Minimal cuts (4, 290)−MCs (5, 290)−MCs 

K1 = {a1, a3} 

(4,3,0,4,3,3), 
(3,3,1,4,3,3), 
(2,3,2,4,3,3), 
(1,3,3,4,3,3) 

(2,3,3,4,3,3), 
(4,3,1,4,3,3), 
(3,3,2,4,3,3) 

K2 = {a2, a4} 

(4,0,3,4,3,3), 
(4,3,3,1,3,3), 
(4,2,3,2,3,3), 
(4,1,3,3,3,3) 

(4,3,3,2,3,3) 

K3 ={a2, a3, a5} 

(4,1,1,4,3,2), 
(4,1,2,4,3,1), 
(4,1,3,4,3,0), 
(4,2,1,4,3,1), 
(4,2,2,4,3,0), 
(4,3,1,4,3,0) 

(4,3,2,4,3,0), 
(4,2,3,4,3,0), 
(4,2,2,4,3,1) 

K4 = {a1, a4, a5} - - - - 

6. Conclusions 
 
There are a number of approaches to solve the d-MC 
problem. However, budget constraint is an important issue in 
the design of network flows. Several authors proposed 
algorithms to solve the (d, b)-MC problem, the d-MC 
problem with a budget constraint. Here, we used certain 
useful existing results as well as our own new results for the 
(d, b)-MC problem to propose an improved algorithm.  

The time complexity of the proposed algorithm was 
established and compared with other existing ones to show 
the efficiency of our algorithm. Moreover, a medium size 
network was employed to illustrate the efficiency of the 
proposed algorithm for large scale examples. We also made 
use of a performance index for evaluating a stochastic-flow 
network. Using the obtained results by our algorithm and the 
sum of disjoint product approach, we computed the 
performance index for a medium size example. 
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