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BSD-RNS [11], [12] are achieved. Modular adders based on 
these encodings are reported in [7], [10], and [12], 
respectively. Modular multipliers based on 2’s complement 
and 1-out-of-3 BSD encodings have been proposed in [7] and 
[13], respectively. However, Pos-Neg BSD-RNS multiplier 
has not been suggested in the open literatures. In this work, 
we utilize Pos-Neg BSD encoding to implement Pos-Neg 
BSD-RNSmultiplier and compare it with existing modular 
multipliers. The comparison results show that the proposed 
BSD-RNS multiplier is more efficient than the other BSD-
RNS multipliers from the viewpoint of delay, area, and 
power. 

The rest of this paper is prepared as follows: Section 2 
provides backgrounds on RNS, 2’s complement BSD-RNS, 
1-out-of-3 BSD-RNS, and Pos-Neg BSD-RNS. The 
proposed BSD-RNS multiplier is described in section 3. 
Synthesis results and comparisons are studied and analysed 
in section 4. Finally, this paper is concluded in the last 
section. 
 

2. Background and Discussion 
 

2.1. Background on RNS 
 
The RNS is defined in terms of primary positive integers P= 
{p1, p2, …,pr} as the moduli set where GCD (pi, pj)=1 for i≠j. 
GCD (x, y) is defined as the Greatest Common Divisor of x 
and y. In RNS, any unsigned integer A in the range [0, M-1], 
where M is the dynamic range and is defined asM = 
p1×p2×…pnis given by a unique r-tuple (A1, A2, …,Ar). The 
residue Ai is obtained as follows [14]: 
 
A୧ ൌ A mod p୧ ൌ |A|୮౟

                                                        (1) 
 

Where i Ԗ {0, 1, …, r} and Ai is in the range [0, pi-1].  
Besides, for signed integer A in the range (-M/2, M/2], its 
residue is defined as follows [14]: 
 
A୧ ൌ |A|୮౟

ൌ sign ሺAሻ ൈ |abs ሺAሻ|୮౟
െ sign ሺAሻ ൈ p୧          (2) 

 
Where, Ai is in the range (-pi/2, pi/2], sign (A) and |abs 

(A)| are defined as follows [14]: 
 

sign ሺAሻ ൌ ቄ
1, A ൒ 0

െ1, A ൑ 0                                                   (3) 

 

|abs ሺAሻ| ൌ ቄ
A, A ൒ 0

െA, A ൑ 0                                                   (4) 

 

Let’s assume A and B are two integers represented in 
RNS by (A1, A2, …,Ar) and (B1, B2, …, Br), respectively. As 
mentioned above, arithmetic operations in RNS such as 
addition/subtraction and multiplication are performed in 
parallel as follows [14]: 
 
A°B ൌ |Aଵ°Bଵ|୮భ, |Aଶ°Bଶ|୮మ, … , |A୰°B୰|୮౨                          (5) 
 

The ‘°’ symbol indicates an operation such as addition, 
subtraction, and multiplication. 
 

2.2. Background on BSD-RNS Encodings 
 
An integer number X in BSD number system with n-digit is 
represented as follows: 

X ൌ x଴r଴ ൅ xଵrଵ ൅ ڮ ൅ x୬ିଵr୬ିଵ ൌ ∑ x୧r୧୬ିଵ
୧ୀ଴                    (6) 

 
Where, xi is a binary signed-digit, 2i is the weight of i-th 

digit xi. Considering radix-2, xi is in the range {-1, 0, 1}. 
Utilizing BSD number representation in RNS, BSD-RNS 

is achieved. The residues in this system are represented by 
BSD number representation. 

Let’s assume A is a number in BSD-RNS with the moduli 
set {2n-1, 2n, 2n+1}. Then, A is represented by three residues 
{A1, A2, A3}, where Ai (iԖ {1, 2, 3}). According to (6), each 
residue Ai is represented with n-digit that each digit is 
encoded with BSD number representation as follows: 
 
A୧ ൌ a଴r଴ ൅ aଵrଵ ൅ ڮ ൅ a୬ିଵr୬ିଵ ൌ ∑ a୧r୧୬ିଵ

୧ୀ଴                   (7) 
 

In the following, we review the three existing BSD-RNS 
encodings: 
 
2.2.1.  2’s Complement BSD-RNS Encoding 
 
2’s complement BSD encoding is commonly used to 
represent residues in RNS. In the number system, the residue 
Ai in (7) is represented with n digits where each digit (ai) in 
the range {-1, 0, 1} is represented with two bits (ai

1ai
0) in 2’s 

complement format as follows: 
 
A୧ ൌ ሺa୬ିଵ

ଵ a୬ିଵ
଴ … aଵ

ଵaଵ
଴a଴

ଵa଴
଴)                                               (8) 

 
Two’s complement representation of ai Ԗ {-1, 0, 1} is 

depicted in table 1 (a). Due to the fact, the encoding is called 
2’s complement BSD-RNS. 
 
2.2.2.  1-Out-of-3 BSD-RNS Encoding 
 
1-out-of-3 BSD encoding is a subset of m-out-of-n encoding 
as described in [8], [15]. This encoding is a code of length n 
that has m numbers of ‘1’s in each code word [15]. This 
encoding is represented in table 1 (b). As shown in this table, 
{-1, 0, 1} are represented by {100, 010, 001}, respectively. 
Considering (7), in 1-out-of-3 BSD encoding, Ai is 
represented with n digits that each digit (ai) is shown by three 
bits (ai

2ai
1ai

0) as follows: 
 
A୧ ൌ ሺa୬ିଵ

ଶ a୬ିଵ
ଵ a୬ିଵ

଴ … aଵ
ଶaଵ

ଵaଵ
଴  a଴

ଶa଴
ଵa଴

଴ )                             (9) 
 
2.2.3. Pos-Neg BSD-RNS Encoding 
 
The posibit-negabit encoding has been proposed in [9]. In 
this work, this number representation is called Pos-Neg BSD 
encoding. Each BSD digit ai with this encoding is 
represented by two bits namely posibit (ai

+) and negabit (ai
-) 

with equal weight. A negabit is a bit in the range {-1, 0}, 
where -1 and 0 are encoded by 0 and 1, respectively. A 
posibit is a normal bit in the range {0, 1}. Pos-Neg BSD 
encoding is shown in table 1 (c). As shown in this table, -1 
and 1 are represented with [00] and [11], respectively. 
However, there are two representations for zero: [01] and 
[10] shown in table 1 (c). This encoding has an interesting 
feature described in the following: If we change the polarities 
of (ai

-) and (ai
+), the values of digit will not change, i.e., 

[ai
+ai

-] or [ai
-ai

+], have equal values. The residue Ai in      
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Pos-Neg BSD-RNS encoding is represented with n-digit that 
each digit (ai) is shown with (ai

+ai
-) as follows: 

 
A୧ ൌ ሺa୬ିଵ

ା a୬ିଵ
ି … aଵ

ାaଵ
ିa଴

ାa଴
ି )                                          (10) 

 
Table 1. Binary representations of the three existing BSD 
encodings 
 

BSD 

Digit 

(a) 2’s 

complement BSD 

(b) 1-out-of-3 

BSD 

(c) Pos-Neg 

BSD 

ai ai
1 ai

0 ai
2 ai

1 ai
0 ai

+ ai
- 

-1 1 1 1 0 0 0 0  

0 0 0 0 1  0 
0 1 

1 0  

1 0 1 0 0 1 1 1 

  
2.3. Background on BSD-RNS Adders 
 
2.3.1.  2’s Complement BSD-RNS Adder 
 
Generally, the addition of two n-digit BSD input Generally, 
the addition of two n-digit BSD input operands is performed 
in a constant time that equal to the addition of two redundant 
digits. Up to now, a variety of modular adders based on 2’s 
complement BSD representation have been proposed in the 
literatures and is called 2’s complement BSD-RNS adder. In 
[7], the most efficient architecture of 2’s complement BSD-
RNS adder has been proposed and its structure is shown in 
Figure 1(a) and in this work, is briefly called MSDA. As 
shown in this figure, MSDA is composed of n SDFA units 
composed of two blocks ADD1* and ADD2*.  

The inputs of ADD1* are four redundant digits (xi-1, yi-1, 
xi, and yi) and its outputs are intermediate sum (ui) and 
intermediate carry (vi) represented by one bit in the range {0, 
1}. These intermediate signals enter to the ADD2* block as 
inputs. The output of this block is final sum (si) and is 
obtained by subtracting the intermediate signals, i.e., si=vi-1-
ui.  As shown in this figure, the final carry (vn-1) produced in 
the most significant position (msp) is re-entered into the least 
significant position (lsp) based on the type of modulus. 
 
2.3.2.  1-Out-of-3 BSD-RNS Adder 
 
The 1-out-of-3 BSD-RNS adder has been recently proposed 
in [10] and the block diagram of this adder is shown in 
Figure 1(b). As mentioned above, the addition of two n-digit 
BSD input operands is performed in a constant time. 
Therefore, the performance of 1-out-of-3 BSD-RNS adder is 
reliant on BSD_FA basic component. This basic component 
is composed of two blocks namely, Generate and Compute. 
Intermediate signals i.e. intermediate sum (Ui) and 
intermediate carry (Ci) are generated in the Generate block 
and encoded with 1-out-of-3 BSD number representation. 
The final sum is obtained by this formula (Si=Ui+Ci-1) in the 
Compute block.  

For each position like i-th position, there are five inputs 
(xi, yi, xi-1, yi-1, and ci-1) and two outputs (Ci, Si). For the first 
position, the inputs and outputs are (x0, y0, x-1, y-1, and c-1) 
and (C0, S0), respectively. Three inputs (x-1, y-1, c-1) are 

obtained by re-entering of (xn-1), (yn-1), and (cn-1) based on the 
type of modulus. In modulo 2n-1, these signals are rotated 
without any change; however, in modulo 2n+1, they are 
replaced with opposite sign, i.e., (x-1=-xn-1), (y-1=-yn-1), and 
(c-1=-cn-1). Also, in modulo 2n, the re-entered signals are 
replaced with zero value. 
 

 
(a) 

 

 
(b) 

 

Figure 1. BSD-RNS adders for (a) 2’s complement operands 
[7], and (b) 1-out-of-3 operands [10] 
 
2.3.3. Pos-Neg BSD-RNS Adder 
 
A Pos-Neg BSD-RNS adder is recently proposed in [12]. 
This modular adder is constructed of n basic components 
shown in Figure 2(a). The basic component of Pos-Neg 
BSD-RNS adder structure is a standard 4:2 compressor that 
is described in [11]. As shown in Figure 2(a), this component 
is composed of two full adders, namely FA1 and FA2. The 
inputs of FA1 are (xi

+, xi
-, and yi

+) with the same weight 
which produce two outputs: Ui

- (intermediate sum) with the 
same weight and di

+ (output carry) with double-weight. The 
output carry (di

+) in position i, where i Ԗ {0, 1, …, n-1}, is 
absorbed by the next position (i+1) as input carry.  

The inputs of FA2 are (yi
-, di-1

+, and Ui
-) with the same 

weight and produce two outputs, namely, Si
+ (Pos-final sum) 

with the same weight and Si+1
- (Neg-final sum) with double-

weight. In Pos-Neg BSD-RNS adder, the final output carry 
(dn-1

+) and Neg-final sum (Sn
-) in the msp are re-entered into 

the lsp based on the type of moduli as d-1
+ and S0

-, 
respectively. For modulo 2n-1, these values are re-entered 
into the lsp without any changes. For modulo 2n, an input 
carry in the lsp (d-1

+) is ‘0’ with zero value and Neg-final 
sum (S0

-) is ‘1’ with zero value. While, in modulo 2n+1, dn-1
+ 

and Sn
- are first inverted and re-entered into the lsp as shown 

in Figure 2(b). In this module, the final signal in the lsp are 
represented by [S0

-S-1
+]. As mentioned above, this reversal of 

posibit and negabit positions are not important and don’t 
have any effect in the final result. 
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(a) 

 

(b) 
 

Figure 2. The Pos-Neg BSD-RNS adder: (a) The basic 
component of Pos-Neg BSD-RNS adder in position i [11], 
and (b) the Pos-Neg BSD-RNS adder for modulo 2n+1 [12] 
 
2.4. Background on BSD-RNS Multiplier 
 
2.4.1.  2’s Complement BSD-RNS Multiplier 
 

Generally, any modular multiplier is composed of two 
fundamental parts namely, partial product generation and 
partial product reduction. Therefore, the efficiency of 
multiplication is improved by reducing the number of partial 
products or accelerating their accumulation. Besides, the 
performance of partial products accumulation depends on the 
numbering system used to represent the operands. So far, a 
variety of modular multi pliers tructures based on 2’s 
complement BSD number representation have been 
proposedin the literatures. In these modular multipliers, 
generation of partial products has been performed in the 
same way. The only difference among these structures is the 
type of 2’s complement BSD-RNS adder utilized for 
accumulation of partial products. In [7], one of the most 
efficient 2’s complement BSD-RNS multiplier has been 
discussed and its structure is shown in Figure 3(a). As shown 
in this figure, the accumulations of partial products are 
performed according to 2’s complement BSD-RNS adder 
that is described in section 2.3.1. 

2.4.2.  1-Out-of-3 BSD-RNS Multiplier 

The 1-out-of-3 BSD-RNS multiplier has been recently 
reported in [13]. As shown in Figure 3(b), its structure is the 
same way with 2’s complement BSD-RNS multiplier. This 
structure is composed of two important parts. The first part: 
Generation of partial products with 1-out-of-3 BSD encoding 

and the second part: Reduction of these partial products by 1-
out-of-3 BSD-RNS adder. The partial products generation is 
similar to the process of 2’s complement BSD-RNS partial 
products generation, but they are represented by 1-out-of-3 
BSD encoding instead of 2’s complement BSD 
representation. Also, the partial product reduction is 
performed with 1-out-of-3 BSD-RNS adder that proposed in 
[10]. 
 

 
(a) 

 
 

(b) 
 

Figure 3. BSD-RNS multipliers for (a) 2’s complement [7] 
and, (b) 1-out-of-3 [13] operands 
 
2.5. Discussion 
 
In this section, for clear discussion, we present examples for 
2’s complement BSD-RNS, 1-out-of-3 BSD-RNS, and Pos-
Neg BSD-RNS encodings and additions. 
 
Example 1: 
Let’s assume an integer number A and the moduli set P= {p1, 
p2, p3} = {2h-1, 2h, 2h+1} with h=4, where n= [log2

p1], m= 
[log2

p2], v= [log2
p3]. Find the residue Ai with 2’s complement 

BSD-RNS, 1-out-of-3 BSD-RNS, and Pos-Neg BSD-RNS 
encodings. 
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Solution 1: 
The three residues A1, A2, and A3 are represented in BSD-
RNS by (an-1,…, a1, a0)BSD-RNS,  (am-1

/,…, a1
/, a0

/)BSD-RNS, and 
(av-1

//, …, a1
//, a0

//)BSD-RNS, respectively, where ai, aj
�, ak

��Ԗ {-
1, 0, 1} and iԖ{0, 1, …, n-1}, jԖ{0, 1, m-1}, and kԖ{0, 1, …, 
v-1}, as show in table 2. 
 
 

 

Example 2: 
Let’s assume X and Y are BSD numbers, X=(1 1ത 1 1)BSD, Y= 
(1 1 1ത  0)BSD. Find |X+Y|P based on 2’s complement BSD-
RNS, 1-out-of-3 BSD-RNS, and Pos-Neg BSD-RNS 
addition for the moduli set {2n-1, 2n, 2n+1} where n=4. 
 
Solution 2: 
The results are shown in tables 3, 4, and 5. 

Table 2. Solution to example 1 
 

 General Representation Example 

Integer A 137 

RNS moduli p1,p2, p3 15,16,17 

RNS residues A1,A2,A3 A1=2,     A2=9,    A3 =1 

BSD-RNS 

A1=(an-1, …, a1, a0)BSD-RNS, 
A2=(am-1

/, …, a1
/, a0

/)BSD-

RNS, 
A3=(av-1

//, …, a1
//, a0

//)BSD-

RNS 

A1=2 = (1 1ത 0)BSD-RNS, 
A2=9 = (1 0 1 1ത)BSD-RNS, 
A3 =1 = (0 0 1 1ത)BSD-RNS 

2’s complement  
BSD-RNS 

(at
1at

0…a1
1a1

0   a0
1a0

0) 
tԖ{n, m, v} 

A1=2 = (01 11 00), 
A2=9 = (01 00 01 11), 
A3 =1 = (00 00 01 11) 

1-out-of-3  
BSD-RNS 

(at
2at

1at
0…. a1

2a1
1a1

0 
a0

2a0
1a0

0) 
tԖ{n, m, v} 

A1=2 = (001 100 010), 
A2=9 = (001 010 001 100), 
A3 =1 = (010 010 001 100) 

Pos-Neg 
BSD-RNS 

(at
+at

-… a1
+a1

-  a0
+a0

-) 
tԖ{n, m, v} 

A1=2 = (11 00 01), 
A2=9 = (11 01 11 00), 
A3 =1 = (01 10 11 00) 

 
Table 3. Two’s complement BSD-RNS addition of Example2 

 

 P=24-1 P=24 P=24+1 

position i 3 2 1 0 3 2 1 0 3 2 1 0 

BSD number X 1 -1 1 1 1 -1 1 1 1 -1 1 1 

BSD number Y 1 1 -1 0 1 1 -1 0 1 1 -1 0 

Intermediate sum ui 0 0 0 1 0 0 0 1 0 0 0 0 

Intermediate carry vi-1 0 0 1 1 0 0 1 0 0 0 0 0 

Final sum si 0 0 1 0 0 0 1 -1 0 0 0 0 

 
Table 4. 1-out-of-3 BSD-RNS addition of Example 2 

 
 

 P=24-1 P=24 P=24+1 

position i 3 2 1 0 3 2 1 0 3 2 1 0 

BSD number X 1 -1 1 1 1 -1 1 1 1 -1 1 1 

BSD number Y 1 1 -1 0 1 1 -1 0 1 1 -1 0 

Intermediate sum Ui 0 0 0 -1 0 0 0 -1 0 0 0 1 

Intermediate carry Ci-1 0 0 1 1 0 0 1 0 0 0 0 -1 

Final sum si 0 0 1 0 0 0 1 -1 0 0 0 0 
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Table 5. Pos-Neg BSD-RNS addition of example 2 
 

 P=24-1 P=24 P=24+1 

position i 3 2 1 0 3 2 1 0 3 2 1 0 

BSD number X 1 -1 1 1 1 -1 1 1 1 -1 1 1 

BSD number Y 1 1 -1 0 1 1 -1 0 1 1 -1 0 

FA1 input Xi
+ 1 0 1 1 1 0 1 1 1 0 1 1 

FA1 input Xi
- 1 0 1 1 1 0 1 1 1 0 1 1 

FA1 input Yi
+ 1 1 0 0 1 1 0 0 1 1 0 0 

FA2 input Yiا
- 1 1 0 1 1 1 0 1 1 1 0 1 

FA2 input di-1
+ 0 1 1 1 0 1 1 0 0 1 1 0 

FA2 input Ui
- 1 1 0 0 1 1 0 0 1 1 0 0 

Final sum Si-1
- 1 0 1 1 1 0 0 1 1 0 0 0 

Final sum Si
+ 0 1 1 0 0 1 1 1 0 1 1 1 

Final sum si 0 0 1 0 0 0 0 1 0 0 0 0 

 
3. Proposed Pos-Neg Bsd-Rns Multiplier 
 
Let's assume the BSD-RNS with the moduli set {2n-1, 2n, 
2n+1}. The multiplication operations in the three moduli are 
performed in parallel. Assuming Pos-Neg BSD-RNS, in this 
section, we generally discuss on modulo m multiplication of 
two Pos-Neg BSD residues where m Ԗ {2n-1, 2n, 2n+1}. Any 
modular multiplier is composed of two important steps 
namely: a) modular partial product generation and b) 
modular reduction of the partial products. In the following, 
we first discuss about modular partial product generation 
step and then, we focus on the reduction structure. 
 
3.1. Modular Partial Product Generation and 
Digit Production 
 
The first step of multiplication is consisting of the two 
following levels: 1) Pos-Neg BSD digit production and 
generation of normal BSD partial products, 2) rotating BSD 
partial products according to modulo m rotation rules. Let’s 
assume X and Y are two Pos-Neg BSD residues in modulo p 
Ԗ {2n-1, 2n, 2n+1}. The multiplication X×Y is expanded as 
follows: 
 

X ൈ Y ൌ ሺx୬ିଵ2୬ିଵ ൅ x୬ିଶ2୬ିଶ ൅ ڮ ൅ x଴ሻ ൈ ሺy୬ିଵ2୬ିଵ

൅ y୬ିଶ2୬ିଶ ൅ ڮ ൅ y଴ሻ 
             ൌ ∑ y୧ ൈ ሺx୬ିଵ2୬ିଵ ൅ x୬ିଶ2୬ିଶ ൅ ڮ ൅ x଴ሻ୬ିଵ

୧ୀ଴     (11) 
 

Since X and Y are n-digit numbers, there are n partial 
products represented by pp (0), pp (1), …, and pp (n-1) 
where obtained as follows: 

X ൈ Y ൌ ෍ pp୧

୬ିଵ

୧ୀ଴

 

pp୧ ൌ y୧ ൈ ሺx୬ିଵ2୬ିଵ ൅ x୬ିଶ2୬ିଶ ൅ ڮ ൅ x଴ሻ  = 
(z୬ିଵ, z୬ିଶ, … , z଴)                                                 (12)

 
 

Where, zk (kԖ {0, 1, …, n-1}) is achieved by multiplying 
the i-th digit of Y (yi) by the k-th digit of X (xk). Each digit 
(zk) of any partial product is represented with Pos-Neg BSD 
encoding (zk

+zk
-) as shown in table 6. According to the table, 

there are eight different combinations for (xk×yi). If one of 
the two digits (xk or yi) is zero i.e. “01” or “10”, then the 
result will be ‘0’. If both digits have same sign, then digit 
production will be ‘1’ with “11” representation. Finally, if 
two digits have the opposite sign, i.e., (00, 11) or (11, 00), 
then zk will be ‘-1’ with “00” representation.  

After simplifying table 6, (zk
+), (zk

-) are calculated by 
(13) and (14), respectively. 

z୩
ା ൌ ሺx୩

ିതതത. yన
ାሻ ൅ ሺx୩

ା. yన
ିതതതሻതതതതതതതതതതതതതതതതതതതതതതതത(13)z୩

ି ൌ ሺx୩
ା. y୧

ାሻ ൅ ሺx୩
ିതതത. yన

ିതതതሻ   (14) 
 
Table 6. Digit production of two digits with posibit-negabit 
BSD encoding 
 

Digit 

Production (zk) 
yi xk 

11 00 00 

11 11 11 

01 Don’t care 01 

01 01 Don’t care 

10 Don’t care 10 

10 10 Don’t care 

00 11 00 

00 00 11 
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(a) 
 

(b) 
 

Figure 4. Modular partial products generation in: (a) BSD, and (b) BSD-RNS 

 
Table 7. Rules of partial products rotation for modulo: 2n-1 and 2n+1  

 

2n-1 2n+1 

  1 0
2

2 12
12 + 20  +

nn
n n

npp a a a 
 


     1 0

2

2 12
12 + 20  +

nn
n n

npp a a a 
 


   

  1
1

12 201 2 + 2 2 0 +
n

n n
n npp a a a

   
 

1
2 0 1 2

| 2 ... 2 | n

n
n na a a
    

  1
1

12 201 2 + 2 2 0 +
n

n n
n npp a a a

   
 

1
2 0 1 2

| 2 ... 2 | n

n
n na a a
    

1 2
1 2 0 2 1

(2) 2 2 ... 2 0 0
n

n n
n npp a a a
  

     
 

1 2
3 0 1 2 2
2 ... 2 2

n

n
n n na a a a
      

1 2
1 2 0 2 1

(2) 2 2 ... 2 0 0
n

n n
n npp a a a
  

     
 

1 2
3 0 1 2 2
2 ... 2 2

n

n
n n na a a a
      

 

2 2 1
1 0

1 2 1

( 1) 2 ... 2 0 ... 0
n

n n
n

n

pp n a a 


 

     
 

1 2
0 1 2 1 2
2 2 ... 2

n

n n
na a a a 
    

2 2 1
1 0

1 2 1

( 1) 2 ... 2 0 ... 0
n

n n
n

n

pp n a a 


 

     
 

1 2
0 1 2 1 2
2 2 ... 2

n

n n
na a a a 
    

 

 
The final partial products of two input operands are 

shown in Figure 4(a). According to this figure, the generated 
partial products are not aligned and have to be rotated 
considering modulo m rotation rules. Utilizing RNS rotation 
rules for modulo p Ԗ {2n-1, 2n, 2n+1}, the generated partial 
products are aligned. 

Table 7 indicates the rotation rules of partial products for 
the moduli set {2n-1, 2n, 2n+1}. As shown in this table, the i 
most significant digits of (i+1)-th partial product (i.e. pp'(i)) 
are rotated into the least significant positions based on the 
modulus. In modulo 2n-1, the i rotated digits are located in 
the least significant i digits without any changes. However, 
in modulo 2n+1, the i lest significant digits are replaced by 
the i most significant digits with opposite sign, and in 
modulo 2n, they are replaced with zero. The rotated partial 
products achieved according to the rules are shown in Figure 
4(b). 
 

3.2. Reduction of Partial Products 
 
The second step utilizes the Pos-Neg BSD-RNS adder 
proposed in [12] to reduce the partial products and obtain the 

final result as shown in Figure 5. In this structure, each 
partial product is shown in a row with a rectangular shape 
that is divided into n squares. Each square in a partial product 
is explanatory of a digit with Pos-Neg BSD encoding. The 
reduction of partial products in this structure is performed in 
log2

n steps (n is the length of input operands). In the first 
step, n/2 Pos-Neg BSD-RNS addition operations are 
performed in parallel for n/2 groups of partial products i.e., 
{pp (0), pp (1)}, {pp (2), pp (3)}, …, and {pp (n-2), pp (n-
1)}. In this step, the partial products are reduced to n/2 and 
denoted as pp1 (0), pp1 (1), …, and pp1(n/2-1). In the second 
step, the same process is performed for the results of the first 
step and this process will continue until the numbers of 
partial products reduces to two. In the last step, two 
remainder partial products are accumulated together with 
Pos-Neg BSD-RNS adder and the final result is achieved. 
The delay of a reduction step of partial products is depicted 
with T adder that is equal by delay of performing a Pos-Neg 
BSD-RNS adder proposed in [12]. 

Pos-Neg BSD-RNS multiplication algorithm, |X×Y|p , 
where X and Y are two 8-digit Pos-Neg BSD numbers is 
shown in Fig 6, symbolically. The Pos-Neg Modular Partial 
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Product Generator, as the first step, generates 8 partial 
products. The reduction of partial products is done in the 
second step. As shown in the figure, the reduction is 
performed in 3 levels that equal to log2

8. In the first level, 
four Pos-Neg BSD-RNS addition operations are performed 
for four groups of partial products as shown in the figure. 
The results of the additions are denoted as    pp1 (0), pp1(1), 
pp1(2), and pp1(3). Then, the same addition process is 
performed for the results of first level. We consider two 
addition operations for the two pairs {pp1(0), pp1(1)} and 
{pp1(2), pp1(3)}. The results are symbolized as pp2(0) and 
pp2(1), respectively. The two partial products pp2 (0) and 
pp2 (1) are accumulated together and the final result is 
obtained. 
 

 

Figure 5. The tree structure for accumulation of partial 
products proposed in [12] 
 

 

Figure 6. Proposed BSD-RNS multiplier with Pos-Neg BSD 
encoding 
 

4. Synthesis Results and Comparisons 
 
In this paper, we utilized posibit-negabit encoding in RNS to 
implement BSD-RNS multiplier. To evaluate speed, area, and 
power dissipation of the proposed BSD-RNS multiplier, 
firstly, we generated the structural VHDL descriptions of 
them for the moduli set {2n-1, 2n, 2n+1} where (n=8 and 
n=16). Secondly, we synthesized the structures using 
Synopsys Design Vision tool and the TSMC 180 nm CMOS 
standard cell library with typical conditions (1.8 V, 25�c). 
Then, we compared the proposed structure with existing 2’s 
complement BSD-RNS and 1-out-of-3 BSD-RNS multipliers 
proposed in [7] and [13], respectively.  

The synthesis results of area, delay, and power of 2’s 
complement BSD-RNS, 1- out-of-3 BSD-RNS, and Pos-Neg 
BSD-RNS multipliers are reported in tables 8, 9, and 10, 
respectively. Delay, area, and power results are given in ns, 
μm2, and mw, respectively. 
 

 
Table 8. Area of BSD-RNS multipliers for the moduli set {2n-1, 2n, 2n+1} (n=8 and 16) in µm2 

 

n 

2’s complement BSD-RNS 1-out-of-3 BSD-RNS Pos-Neg BSD-RNS 

2n-1 2n 2n+1 2n-1 2n 2n+1 2n-1 2n 2n+1 

8 36690.2 22712.65 38170.44 34810.77 21954.24 34854.01 30193.73 21531.48 31073.56 

16 135614.1 90770.8 142303.3 129303.8 87727.14 129410.2 96036.49 68826.54 120106.3 

 
Table 9. Delay of BSD-RNS multipliers for the moduli set {2n-1, 2n, 2n+1} (n=8 and16) in ns 

 

N 
2’s complement BSD-RNS 1-out-of-3 BSD-RNS Pos-Neg BSD-RNS 

2n-1 2n 2n+1 2n-1 2n 2n+1 2n-1 2n 2n+1 

8 1.73 1.7 1.74 1.59 1.58 1.6 1.4 1.36 1.41 

16 2.69 2.48 2.54 2.27 2.14 2.28 1.86 1.89 1.89 
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Table 10. Power consumption of BSD-RNS multipliers for the moduli set{2n-1, 2n, 2n+1}(n=8 and16) in mw 
 

n 

2’s complement BSD-RNS 1-out-of-3 BSD-RNS Pos-Neg BSD-RNS 

2n-1 2n 2n+1 2n-1 2n 2n+1 2n-1 2n 2n+1 

8 20.2079 8.9727 20.9256 22.1438 9.6099 21.7315 18.7015 7.7814 19.5201 

16 78.9516 37.8025 87.9746 90.5531 47.456 94.0302 75.4042 33.366 82.5366 

 
Table 11. Performance improvement percentage of the proposed Pos-Neg BSD-RNS multiplier in comparison to conventional 
BSD-RNS multipliers for the moduli set {28-1, 28, 28+1} 
 

BSD-RNS multiplier 

Area Improvement Delay Improvement Power Improvement 

28-1 28 28+1 28-1 28 28+1 28-1 28 28+1 

2’s Complement 17% 5% 19% 19% 20% 18.9% 7% 13% 7% 

1-out-of-3 13% 1.92% 11% 12% 14% 12% 16% 19% 10% 

 
Table 12. Performance improvement percentage of the proposed Pos-Neg BSD-RNS multiplier in comparison to conventional 
BSD-RNS multipliers for the moduli set {216-1, 216, 216+1} 
 

BSD-RNSmultiplier 

Area Improvement Delay Improvement Power Improvement 

216-1 216 216+1 216-1 216 216+1 216-1 216 216+1 

2’s Complement 29% 24% 16% 31% 24% 26% 5% 12% 6% 

1-out-of-3 26% 22% 7% 18% 12% 17% 17% 30% 12% 

 

 
 

Figure 7. Area of the BSD-RNS multipliers versus different 
delays for 28+1 
 

The synthesis results indicate that the proposed modular 
multiplier has the least delay, area, and power consumption 
among the BSD-RNS multipliers. Utilizing standard 
compressor 4:2 in the Pos-Neg BSD-RNS adder for 
accumulation of partial products leads to have more efficient 
BSD-RNS multiplier than two others BSD-RNS multipliers. 
Also, the improvement percentages of proposed modular 

multiplier in comparison to 2’s complement BSD-RNS and 
1-out-of-3 BSD-RNS multipliers are illustrated in tables 11 
and 12. 
 

 
 

Figure 8. Power consumption of the BSD-RNS multipliers 
versus different delays for 28+1 
 

Consequently, it can be concluded that the proposed Pos-
Neg BSD-RNS multiplier is the best modular multiplier 
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among the BSD-RNS multipliers from the viewpoint of 
delay, area, and power.  

For better comparison, the syntheses were done for 
different delays starting from the least delay of each 
multiplier. Area and power versus delay are shown in Figure 
7, and Figure 8 for n = 8. These figures show that the area 
and power of three BSD-RNS multipliers are increased with 
decreasing their delays. However, for different delays, the 
proposed multiplier outperform area, and power of the two 
others multipliers. 
 

5. Conclusion 
 
Binary Signed-Digit (BSD) has been utilized in RNS for 
implementation of high-speed residue arithmetic that is 
called BSD-RNS. In this paper, we focus on designing Pos-
Neg BSD-RNS multiplier. It is depicted that the proposed 
design consumes less delay, area, and power than existing 
modular multipliers with 2’s complement and 1-out-of-3 
BSD number representations. The improvement percentage 
of delay, area, and power of the proposed BSD-RNS 
multiplier for the moduli set {2n-1, 2n, 2n+1} with two 
different length (n=8 and n=16) were presented. For 
example, for modulo 28-1, the proposed structure consumes 
19% less delay, 17% less area, and 7% less power, compared 
to 2’s complement BSD-RNS multiplier. 

Besides, for the modulo 28-1 the proposed architecture 
consumes 12% less delay, 13% less area, and 16% less 
power than 1-out-of-3 BSD-RNS multiplier reported in [13]. 
So it can be concluded that the proposed Pos-Neg BSD-RNS 
multiplier in terms of delay, area, and power consumption is 
appropriate than   1-out-of-3 BSD-RNS multiplier reported 
in [13]. So it can be concluded that the proposed Pos-Neg 
BSD-RNS multiplier in terms of delay, area, and 
powerconsumption is appropriate than the other two modular 
multipliers and can be used in the applications that require 
frequent multiplications such as digital signal processing [1], 
digital filtering [2], and communication [3]. 
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