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Abstract. This manuscript first explores the application of optimal control theory in the
formulation of arbitrage detection in exchange markets, addressing the approaches that price
makers should take to derive the fair prices. The primary purpose of this study is to develop a
robust optimal control model that enables price makers such as central banks to effectively
manage macroeconomic factor exchange rate. We utilize methodologies that integrate
stochastic control techniques and numerical simulations. In the second application, we apply
the optimal control method to red-black game. To implement the game strategies, a Monte
Carlo framework is advised.
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1 Introduction. The optimal control is useful technique which has many applications in
engineering, control theory, economics and finance. Its aim is to describe the value function
and find a control whose cost or reward achieves the optimum value over all other controls.
Optimal control theory is a mathematical framework used to find the best possible control
strategies for dynamic systems over time. The optimal control is a powerful tool for
improving decision-making processes. As financial markets grow more complex, the use of
this method will likely become even more prevalent in achieving optimal outcomes. It
provides a structured approach to dynamic systems, helping economists, investors, and
policymakers develop strategies that respond effectively to changing economic conditions. In
finance and especially in foreign exchange market management, it can be applied in various
ways to improve decision-making and optimize outcomes. Some financial key applications of
optimal control are dynamic portfolio optimization, wealth accumulation models, identifying
hedging strategies, value-at-risk optimization, credit risk management, central bank policy
rules, and efc, see references [2] and [3], for more details.

Optimal control in stochastic games also involves making decisions in a setting where
multiple players interact, and the outcomes are influenced by random events. The primary
goal 1s to develop strategies that maximize (or minimize) expected payoffs over time while
considering both the actions of other players and the inherent uncertainties in the
environment, see [12, 17].

Optimal control theory has been increasingly applied in the foreign exchange market to
enhance trading strategies, manage risks, and optimize portfolio allocations. Some highlights
key studies in this field are

-- Dynamic portfolio optimization. One of the primary applications of optimal control in the
FX market is dynamic portfolio optimization. Researchers have utilized stochastic control
methods to develop strategies that adjust currency holdings in response to market
fluctuations. For instance, see [12].
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-- Risk management. Optimal control has also been employed for risk management in FX
trading. [7] explored the use of optimal control techniques to minimize Value-at-Risk (VaR)
in currency trading. Their model adjusts the trading strategy based on the changing volatility
of currency pairs, thereby improving risk-adjusted returns.

-- Algorithmic trading strategies. The integration of optimal control with machine learning
algorithms has led to the development of sophisticated trading strategies. [6] demonstrated
how reinforcement learning can be combined with optimal control frameworks to create
adaptive trading systems that respond to market conditions in real-time, see [15, 18].

-- Market microstructure. Optimal control has been applied to study market microstructure
effects in FX markets. [10] analyzed how optimal execution strategies can be derived using
control theory to minimize market impact and transaction costs when executing large trades.
-- Macroeconomic factors. Lastly, optimal control models have been used to incorporate
macroeconomic factors influencing currency values. [15] developed a model that integrates
economic indicators into optimal control frameworks to forecast exchange rates more
accurately, see [19, 20].

Optimal control theory and stochastic games are two significant areas in mathematical
optimization and game theory. The intersection of these fields has garnered considerable
attention, particularly in the context of dynamic decision-making under uncertainty. For
example in robust control in stochastic games, see [8] who introduced robust control
techniques that account for model uncertainties, providing a framework for designing
strategies that perform well under a range of possible scenarios.

In multi-agent systems, see [1] who examined cooperative and competitive strategies among
agents using optimal control principles, demonstrating how agents can learn and adapt their
strategies in dynamic environments. Recent studies have focused on integrating machine
learning techniques with optimal control in stochastic games. [20] proposed a framework that
combines deep reinforcement learning with optimal control strategies, enabling agents to
learn optimal policies in complex environments with high-dimensional state spaces.

This paper is organized as follows. In section 2, two applications of optimal control are given.
They are controlling exchange rates in foreign exchange market and determining the amount
of bets in red-black game, see [5, 9]. In section 3, some real data analyses in two applications
are provided. Asymptotic and Monte Carlo based results are also given. This section
contributes to the field by providing empirical evidence of the efficacy of optimal control
methods in enhancing foreign exchange policy effectiveness and stability as well as into the
stochastic games such as red-black games. Finally, conclusions are given in section 4.

2 Two applications. Here, the mathematical aspects of two applications of optimal control in
arbitrage detection in foreign exchange market and red-black game stochastic game are
given.

2.1 Arbitrage exchange rates. Arbitrage trading in foreign exchange involves finding price
inefficiencies in different exchanges and exploiting them. Triangular arbitrage strategy
involves using the three currency pairs and to purchase and to sale them, simultaneously, see
[5,6]. Depending on their reserves, central banks may decide to buy foreign currency or sell
the local currency in order to influence its value. In this way, they try to control the price of
their currency in order to avoid either under or over-valuation.

a) Optimal control. Suppose x¢, Uz, y; are the three exchange rates, for example, Yen to US
(X¢) dollar, Yen to Eure (ug) and Euro to US dollar (), respectively. Naturally, to avoid the
arbitrage opportunities, Japanese's monetary policy makers should make regulations about
X¢, Up in such a way that

Xe = UgYe-
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Assume that policymakers have control over u; but not over x;. In practice, assuming X;, y;
and u, are integral-able, for every time t € [0, T], this equality cannot hold, and it is enough
to minimize

i
Jo (X¢ —ugyp)?dt
1s minimized with respect to u,,t € [0, T].

b) Control solution. Suppose that x’ is derivative of x with respect to time. It is assumed that, all
exchange rates are differentiable with respect to time. It is enough, to assume that, they are smooth
functions. In practice, x" is approximated, numerically. Notice that

x'=uy +yu'.
Here, to use the Hamiltonian functional of optimal control, the following assumptions are supposed.

The Hamiltonian function is, see [7]
H=(x—uy)?+n(uy +yu),

. . . H L
where 7 is the Lagrange coefficient. Notice that g—u = 0 implies that

2y(x —uy) =my'.
Next,

implies that
' =-2(x—uy) = —ny;.
Thus,
T__Y
Ty

It is seen that m = 1/y . It is concluded that

2.2 Red-Black game. From personal finance point of view, the optimal control is used to
solve the stochastic game models. In particular, consider the situation where an individual
may bet any integral amount not greater than his fortune and he will win his amount with
specific probability. The red and black is an example. This game, which was first
theoretically studied by [2], has been studied from various perspectives in the existing
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literature. Trivial types of games, and sub-fair, super-fair, fair games are well studied. The
problem is extended to roulette and stochastic games see [17]. For comprehensive review in
this field, see [18,19] and references therein. [9] presented their results in the form of a
discrete time game and found that one of the optimal strategies is the bold play. [6] studied
this game in the form of continuous time and found the optimal strategy of the game using
the method of controlling the diffusion process. In this section, we follow a similar method.
a) Problem formulation. Suppose that one plays at
O=ty<t;<-<t,=1

for some natural n's and let
X = x¢, € (0,1)
be the fortune of player at k-th game. Here, it is assumed that the betting size is

k
6 =6()

for some positive-value functions &', THET UMM NAHABISIOE PlaYerRTIHRIEpIhEre
Jk=1

if player wins at k-th game with probability of p,, and —1 if he loses with probability of

1 — p,,. One can see that

.unzzEUk) =2p, — 1

b) Asymptotic results. In the case of near unfair game, it is easy to see that

Vp, = -y

and o goes to 1 as n — oo. Let
x _ Jk—Hn
Je ===
be the standardized random variable and
sk = sp(k/n) =n="S Xi_ Ji.
Using the Lyapunov condition for central limit theorems, (for this condition, see [4]) it is
seen that sy, converges weakly in D[0,1] to standard Brownian motion B;. Notice that,
variables in the summations are independent with finite second moments. Thus, the
Lyapunov condition is satisfied.
Hereafter, the asymptotic behavior of fortune of player at k-th steps is studied. Really the
player fortune xj at the k-th step of game is written as stochastic integral with respect to
empirical measure and the continuous mapping theorem implies that the sample stochastic
integrals converges to population stochastic integral, because of strong law of large numbers.
Assuming the initial fortune of player is zero, k-th fortune is
X = Zﬁ:l]r&ﬁ
One can see that
- —~yn s X7=16r
n z2xp = opn 22r=1]r6r +\/ﬁ.unT
= [, 6D d s,(t) — ¥ [, 8()d A, (1)
where A, is the Lebesgue measure. As n gets large, then using the continuous mapping

1
theorem, then n 2x,, converges to

1 1 1 *
Jy 8@aB, —v [} s@®dt = [ 5(t)dB;
where B = B, — yt is the Brownian motion with drift —y. Notice that



t t
x; ==y [, 8(s)ds + [ 6(s)dBs.

It is assumed that in practice §(s) and By do not have common discontinuities, see [4]. Therefore, x;

has normal

N(us, 05)
distribution where mean pg5 and variance ag are given by
us = —v f, S()dt
of = [, 82(t)dt.
The following proposition summarizes the above discussion.
Proposition 2. The k-th fortune of red-black game player converges to
Xr =—y fot 5(s)ds + f0t6(s)dBS.
¢) Monte Carlo framework. Here, the Monte Carlo method is applied to _
Xipr Xty ooer Xy
Following _ the variable symbol in parentheses indicates the distribution of
that variable. To simulate mentioned path, the bridge sampling technique is used. In fact,
instead of sampling directly from the distributions of the variables, it is sampled from the
following family of i conditional distributions.
(xt1 |xtk)» (e, 12t xtk)v ey (xtk_l |xtk_2' xtk)
Here, x;, given x;, has normal distribution with mean

t
Xe, TV ftlk 8.ds

and variance
tr 2

) , 05ds.
Here, it is assumed that all exchange rates have finite second moments, see [3]. For
simulating conditional distribution

CALRED
where s < t < u, consider two independent normal variables

X =xy— x5, Y = x — x¢,

and write this distribution as

xi+iX’X+Yi

that
XIX+Y =2z
has normal distribution with mean and variance given as below, respectively

As 6 =1, then
.ux = —)/(t - S)a
Uy = —y(u - t)a
oZ=t—s
of =u-—t.
Therefore, the mean and variance of
X X+Y=2z"

1S

(t—s) {1 B (]/ + uz—*s)} —



_(t=s)u-1)

u-—=s

The followini iroiosition summarizes the above discussion.

Algorithm 1.
i) Derive the conditional distribution
(x¢, |xtk)! (et 1%, xtk)' ey (xtk_l |xtk_2» xtk)

Usually, these distribution are estimated by a fitting a regression equation and finding the
distribution of errors of regression. If some normality test accepts the normality of
consecutive conditional distribution, then the proposition 3 is applicable. If another
distribution is accepted, that distribution should be identified with famous goodness of fit
procedures in inferential statistics.
it) Start sampling from (x, |xtk), and go ahead. It becomes a path of player' fortune.
Notice that simulation method proposed here is Monte Carlo framework for simulating path
of player's fortune which is used ion optimal control rule to find the optimal strategies. In
Example 4 of next section, this method is applied.
d) Optimal rule. In a red-black game, mimicking [6], it is enough to optimize

671 (D),
however, here, the optimal control may be applied to find the optimizer function §(t) which
minimizes

E|x; — 1] or E(x; — 1)?
with respect to &, to the [4, 11], pages 21 and 44,

n(y) = Py <y) = 2( ),
where @ is the distribution function of standard normal distribution. Notice that
1
E(x) = p = -y [, 8(0)dt.

ll

Therefore,
1 - 1
Elx; —1| =2, @(ya—gﬁ)dy —v J, 8()dt — 1.
If we are interested to compute
E(xl - 1)2
instead of

Elx; — 1],

notice that




3 Data analysis. Here, first, the applications of theoretical results of previous section are seen
in the simulated data sets. The time span for all data sets is 15 December 2022 to 15 December
2023 (263 observations). Then, an economic implication is proposed.

3.1. Simulated examples. Here, some simulated examples are proposed.

Example 1: Euro to US. Consider the daily Euro to US dollar y;. Time increment is ﬁ = 0.0038.

Both ;. (t) and ug.(t) are computed for ,t = 1, ...,263. Then, their absolute values of errors are
computed. The following table gives the descriptive summaries of errors. It is seen that errors are
negligible and thus, the optimal control exchange rate works well. In this way, we can avoid the
triangular arbitrage. The following Table gives summaries of

er = |uope(t) — Ugee |, £ =1, ...,263.

Table 1: Summaries of e,

mean | stdev | max | min | Q1 Q2 Q3
0.408 | 0.332 | 1.098 | 0 | 0.158 | 0.338 | 0.583
Here, Qi, i = 1,2,3 are the first, second and third quartile of e;'s.

Example 2: Portfolio of currencies. Suppose that decision makers are going to control Yen to
US dollar (x;) by a relative price of Yen to a portfolio of currencies (u;) (a portfolio of
exchange rates which are controllable) Therefore, y, is the relative price of given portfolio to
US dollar. Suppose that

y; = 0.5(GBP/USD) + 0.5(CHF/USD).

Again, the following Table gives the necessary summarizes:
Table 2: Summaries of e,

mean | Stdev | max | min | QI Q2 Q3
0.344 1 0.289 | 1.05| 0 | 0.134 | 0.275 | 0.483

It is seen that the method (optimal control for determining optimal exchange rate) works well
for a portfolio of exchange rates.

Example 3: Monte Carlo. Here, a study on how changes in mixing portion of a portfolio
model affect the results of Monte Carlo simulations is conducted. Consider a portfolio of
exchange rate with

ye = a(go) + (1 — @) (CHF/USD).

The following plot gives the mean of absolute errors e, for t =1,...,263 versus a =
0.05 (0.05)0.95. It is seen that the method works well-diversified portfolios. That is, as a
closes to 0.5, the mean absolute of errors is less.
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Fig. 1: Mean of ||e¢| vs.«

Applying the optimal control method proposed in the current paper to a portfolio of
currencies will increase the reliability of the conclusions and allow for a better assessment of
the stability of the applied method.



Example 4: red-black game. Lety = 0.1 and 6(t) = 1, then
us = —0.1 and g5 = 1.

Therefore,
E(x; —1)2=2.21
Elx, — 1| =2 [ &(y — 0.1)dy — 1.1,
Remark 3. The quantity
J, @(y = 0.1)dy = E(#(U — 0.1))
where U is a uniform random variable. It is estimated using Monte Carlo simulation with 1000
repetitions. It is 0.655.
The optimal amount of betting is a switching rule
1 > 0.1
) = {0 & ow
Example 4: Simulation of player path. Let, again, y = 0.1, us = —0.1 and g5 = 1. The

following plot gives different paths of fortunes player. The amount of bet is random variable
with uniformly distributed on (0,1) law.
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Fig. 2: Different paths of player's fortune
This figure shows the importance of optimal control of betting amount. It is seen that
variability of path is too much.
Example 5: Euro to GBP. Consider the daily Great Britain Pound (GBP) to US dollar y;. Time

increment 1s = = 0.0038.
264

Table 3: Summaries of e,

mean | Stdev | max | min | Q1 Q2 Q3
041510399 [ 1.10| 0 | 0.194 | 0.265 | 0.485

It is seen that the method works well for this exchange rate. However, the result is much
better in Example 1 and for daily Euro to US dollar.

Example 6: Consider the case of example 1. Here, we incorporate a comparative analysis of
optimal control (maximum principle) with alternative methods. The results of these methods
are summarized in the following table. To obtain the simulation results for each method, we
utilized ready-made MATLAB code rather than deriving a closed-form solution for each
method. Based on these results, maximum principle method after reinforcement learning has
the best results.

Table 4: Comparative analysis
Method Advantage Max|e,|
Provides a systematic approach to finding optimal
policies; can handle multi-stage decision processes
Offers a way to derive optimal control laws directly
from the system's dynamics and performance criteria.
Provides a closed-form solution, making it

ionally efficient and casy to i

Can handle multivariable systems and constraints on

Dynamic programming 112

Pontryagin's maximum principle 1.05

Linear quadratic regulator 115

Modelpredictive control inputs and states, providing a flexible control 151
approach,

Vet oapproash v G Sforeval 1.06
and comparing different control sirategies
Provides a powerful mathematical tool for deriving

Caleulus oF variations optimal control lws. 121

Provides a framework for making optimal decisions in
Stochastic Optimal Control the presence of uncertainty. 1.35

Capable of learning optimal policies without a
Reinforcement learning predefined model of the system. 1.03




3.2 Economic implications. The economic implications of applying optimal control in
arbitrage detection within exchange rates are significant and multifaceted:

-Enhanced market efficiency. Optimal control models can improve the detection of arbitrage
opportunities, leading to quicker corrections in exchange rates. This reduces mis-pricings and
fosters more efficient markets.

-Reduced transaction costs and risks. By accurately identifying arbitrage opportunities,
traders can execute more effective strategies, minimizing unnecessary transaction costs and
exposure to exchange rate risks.

-Stabilization of exchange rates. Implementing optimal control strategies can help central
banks and financial institutions stabilize currency markets by preemptively addressing
arbitrage-driven fluctuations.

-Impact on currency valuation and policy.

Better arbitrage detection influences the perceived fair value of currencies, informing
monetary policy decisions and potentially reducing speculative attacks.

-Promotion of fair trade and investment. Accurate arbitrage detection ensures that exchange
rates reflect true market conditions, encouraging fair international trade and attracting foreign
investment.

-Potential for market manipulation. On the downside, sophisticated arbitrage detection might
be exploited for speculative gains, potentially leading to increased volatility if not properly
regulated.

-Resource allocation efficiency. Firms and investors can allocate resources more effectively
when arbitrage opportunities are swiftly identified and acted upon, contributing to overall
economic growth.

In summary, the integration of optimal control into arbitrage detection enhances the
efficiency, stability, and fairness of currency markets, with broad implications for
macroeconomic stability and international trade.

4 Conclusions. The application of optimal control techniques in stochastic games provides a
robust framework for modeling and solving dynamic decision-making problems under
uncertainty. By integrating stochastic processes with game-theoretic interactions, this
approach allows for the analysis of optimal strategies in competitive or cooperative
environments affected by randomness (e.g., noise, market fluctuations, or economical
variability). Key contributions of this work include:

1) Theoretical insights: Derivation of conditions (e.g., Hamilton-Jacobi-Bellman equations or
mean-field approximations) ensuring the existence and stability of exchange market as well
as in betting in red-black stochastic games.

2) Computational methods: Development of numerical schemes to approximate solutions.

3) Practical applications: Demonstrated decision frameworks for personal finance, central
bank's monetary policies, stochastic games, gambling, and efc, where agents adapt to
uncertain environments.

4) Future directions: It may involve extending results to partially observable systems,
incorporating machine learning for adaptive control, or addressing scalability in multi-agent
settings.

5) Potential applications: This work underscores the potential of optimal control in stochastic
games to unify dynamic optimization and strategic interaction for complex real-world
systems.

In conclusion, the application of optimal control techniques to arbitrage detection within
exchange rates offers a promising approach to enhancing market efficiency and stability. By
providing a systematic framework for identifying and exploiting arbitrage opportunities in
real-time, these methods can significantly reduce mis-pricings and mitigate excessive
volatility driven by speculative activities. The findings underscore the potential for optimal




control models to inform both traders and policymakers, leading to more accurate exchange
rate assessments and improved monetary stability. Future research should focus on refining
these models to incorporate market complexities and exploring their practical implementation
in dynamic, real-world financial environments. Overall, this study highlights the valuable role
of optimal control in advancing currency market analysis and fostering a more efficient and
resilient global financial system.
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